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BULLEllN  OF  THE 

AMERICAN  MATHEMATICAL  SOCIETY 


THE     SEVENTH     SUMMER    MEETING    OF    THE 
AMERICAN   MATHEMATICAL  SOCIETY. 

The  Seventh  Summer  Meeting  of  the  American  Mathe- 
matical Society  was  held  at  Columbia  University,  New 
York  City,  beginning  on  the  afternoon  of  Wednesday,  June 
27, 1900,  and  extending  through  the  two  following  days.  As 
usual,  the  meeting  was  held  in  connection  with  that  of  the 
American  association  for  the  advancement  of  science,  the 
Society  being  one  of  sixteen  scientific  bodies  which  have 
responded  to  the  invitation  of  the  Association  to  meet  simul- 
taneously with  it.  A  considerable  mutual  advantage  nat- 
urally arises  from  the  arrangement.  Attendance  is  facili- 
tated and  increased  ;  broader  interests  are  suggested  ;  and 
a  sense  of  scientific  solidarity  is  experienced.  The  afSliated 
societies  lose  nothing  of  their  individuality  or  independence, 
their  relation  to  the  Association  not  necessarily  involving 
any  more  than  mere  simultaneous  meeting.  Plans  for  a 
closer  ofScial  connection  are,  however,  under  consideration  ; 
it  may  be  found  advisable  to  give  the  societies,  as  such,  a 
representation  in  the  councils  of  the  Association.  Such  a 
federation  would  undoubtedly  be  beneficial  in  many  re- 
spects. Meanwhile,  a  cordial  spirit  of  cooperation  prevails 
between  the  societies  and  the  sections  of  the  Association. 
The  Mathematical  Society  devoted  the  two  sessions  of 
Thursday  to  a  joint  meeting  with  Section  A,  and  the  other 
sessions  of  the  two  bodies  were  arranged  for  mutual  conveni- 
ence of  attendance.  The  Society  contributed  to  the  oflBcers 
of  the  Association  their  common  president.  Professor  R.  S. 
Woodward,  and  to  Section  A  the  vice-president.  Professor 
Asaph  Hall,  Jr. ,  the  secretary.  Dr.  W.  M.  Strong,  and  the 
vice-president  elect,  Professor  James  McMahon. 

The  early  date  of  the  meeting  conflicted  to  some  ex- 
tent with  the  academic  duties  of  many  members,  and  re- 
duced the  period  of  preparation  and  accumulation  of  ma- 
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terial  from  four  to  two  months.  Nevertheless,  the  occasion 
was  in  all  renpects  one  of  the  most  successful  in  the  history 
of  the  Society.  The  attendance  reached  the  highest  point 
previously  recorded,  the  following  fifty-six  members  having 
been  registered  as  present : 

Dr.  W.  G.  BuUard,  Dr.  A.  S.  Chessin,  Professor  F.  N. 
Cole,  Dr.  J.  V.  Ck)llins,  Professor  L.  L.  Conant,  Professor 
E.  S.  Crawley,  Professor  E.  W.  Davis,  Dr.  W.  S.  Dennett, 
Professor  L.  E.  Dickson,  Professor  W.  P.  Durfee,  Dr.  J.  C. 
Fields,  Professor  H.  B.  Fine,  Professor  T.  8.  Fiske,  Mr.  W. 
B.  Ford,  Rev.  J.  G.  Hagen,  Miss  Carrie  Hammerslough, 
Professor  James  Harkness,  Mr.  H.  E.  Hawkes,  Dr.  A.  A. 
Himowich,  Professor  E.  W.  Hyde,  Dr.  8.  A.  Joffe,  Mr.  C.  J. 
Keyser,  Professor  P.  A.  Lambert,  Dr.  James  Maclay,  Pro- 
fessor W.  H.  Maltbie,  Professor  Mansfield  Merriman,  Pro- 
fessor W.  H.  Metzler,  Dr.  G.  A.  Miller,  Professor  E.  H. 
Moore,  Professor  F.  Morley,  Dr.  D.  A.  Murray,  Professor 
A.  B.  Nelson,  Professor  8imon  Newcomb,  Professor  H.  B. 
Newson,  Professor  W.  F.  Osgood,  Professor  Anna  H. 
Palmi6,  Mr.  J.  C.  Pfister,  Professor  James  Pierpont,  Dr. 
M.  B.  Porter,  Dr.  E.  D.  Roe,  Professor  F.  H.  Safford, 
Professor  T.  J.  J.  See,  Professor  P.  F.  Smith,  Dr.  Virgil 
Snyder,  Dr.  F.  H.  Stecker,  Professor  Ormond  Stoi^e,  Dr. 
W.  M.  Strong,  Professor  J.  H.  Tanner,  Professor  C.  L. 
Thornburg,  Miss  Mary  Underhill,  Professor  J.  H.  Van 
Amringe,  Professor  L.  A.  Wait,  Professor  H.  8.  White, 
Professor  C.  B.  Williams,  Professor  R.  8.  Woodward,  Pro- 
fessor J.  W.  A.  Young. 

Ex-President  Simon  Newcomb  presided  at  the  open- 
ing of  the  first  session,  on  Wednesday  afternoon,  after- 
ward yielding  the  chair  to  Vice-President  E.  H.  Moore, 
relieving  President  R.  8.  Woodward,  who  was  also  pres- 
ident of  the  Association.  Professor  H.  8.  White,  Pro- 
fessor E.  W.  Hyde,  and  the  Secretary  were  also  called  to 
the  chair  during  the  later  sessions.  Professor  Ormond 
Stone  presided  at  the  joint  session  with  Section  A  on  Thurs- 
day morning.  The  Council  announced  the  election  of  the 
following  persons  to  membership  in  the  Society  :  Mr.  J.  L. 
Coolidge,  Harvard  University  ;  Profeasor  Peter  Field,  Car- 
thage College ;  Mr.  F.  A.  Giffin,  University  of  Colorado ; 
Wm.  J.  Greenstreet,  M.A.,  Stroud,  England;  Mr.  L.  L. 
Locke,  Fredonia,  Pa. ;  Professor  J.  E.  Manchester,  Vincen- 
nes  University  ;  Professor  Wm.  J.  Vaughn,  Vanderbilt 
University.  Six  applications  for  membership  were  re- 
ported. The  Council  decided  to  set  apart  the  life  mem- 
bership fund,  now  amounting  to  $600,  as  a  special  fund  to 
be  devoted  to  such  purpose  as  may  hereafter  be  designated. 
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The  following  papers  were  read  at  this  meeting : 

(1)  Dr.  A.  S.  Chessin  :  '^  On  the  motion  of  a  top,  taking 
into  acoount  the  rotation  of  the  earth." 

(2)  Professor  F.  Moblet  :  '<  On  a  mechanism  for  draw- 
ing trochoidal  and  allied  carves." 

(3)  Mr.  H.  W.  KuHN :  **  Theorems  on  imprimitive 
groups"  (preliminary  communication). 

(4)  Dr.  H.  E.  TiMEBDiNo:  ''Some  remarks  on  tetrahe- 
dral  geometry." 

(6)  Professor  H.  B.  Nbwson:  ''On  singular  transfor- 
mations." 

(6)  Dr.  YiRQiL  Sntdeb  :  "  On  a  special  form  of  annular 
surfaces." 

(  7  )  Professor  F.  Morley  :  "  On  the  rational  quartic  curve 
in  space." 

(8)  Professor  Paul  Gk>RDAN :  "  Die  Hesse' sche  und  die 
Cayley'sche  Curve." 

(9)  Mr.  H.  E.  Hawkes:  "On  hyper-complex  number 
systems." 

(10)  Professor  Maxime  B6cher  :  "  Application  of  a 
method  of  d'Alembert  to  the  proof  of  Sturm's  theorem  of 
comparison." 

(11)  Miss  I.  M.  ScHOTTENFELS  :  "On  groups  of  order 
81/2." 

(12)  Professor  P.  F.  Smith  "On  surfaces  sibi-redpro- 
cal  under  those  contact  transformations  which  transform 
spheres  into  spheres." 

(13)  Professor  E.  H.  Moorb:  "A  simple  proof  of  the 
fundamental  Cauchy-Goursat  theorem." 

(14)  Professor  W.  F.  Osgood  :  "  On  the  existence  of  the 
Green's  function  for  the  most  general  simply  connected  plane 
region." 

(15)  Dr.  J.  V.  Collins:  "Quaternions  and  spherical 
trigonometry." 

(16)  Professor  J.  McMahon  :  "Kelvin's  treatment  of 
instantaneous  and  permanent  sources  extended  to  certain 
cases  in  which  a  source  is  in  motion." 

(17)  Dr.  F.  R.  MouLTON  :  "Oscillating  satellites." 

(18)  Miss  B.  E.  Grow:  "The  reduction  of  binary 
quantics  to  canonical  forms  by  linear  transformation." 

(19)  Dr.  M.  B.  Porter:  "Note  on  geometry  onthenon- 
singuiar  cubic." 

Mr.  Kuhn's  paper  was  presented  to  the  Society  through 
Dr.  G.  A.  Miller,  Dr.  Timerding's  and  Professor  Gordan's 
through  Professor  H.  S.  White,  Miss  Schottenfels's  through 
the  Secretary,  and  Miss  Grow's  through  Professor  H.  B. 
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Newson.  In  the  absence  of  the  authors,  Mr.  Kuhn's  paper 
was  read  by  Dr.  Miller,  Dr.  Timerding's  and  Professor 
Gordan's  by  Professor  White,  Professor  McMahon's  by  Dr. 
Snyder,  Dr.  Moulton's  by  Professor  Moore,  and  Miss  Grow's 
by  Professor  Newson.  The  papers  of  Professor  B6cher, 
Miss  Schottenfels,  and  Dr.  Porter  were  read  by  title.  The 
papers  of  Dr.  Timerding  and  Miss  Schottenfels  appeared{in 
the  Bulletin  for  July,  1900.  Abstracts  of  the  ot^er  papers 
are  given  below. 

The  Friday  afternoon  session  was  mainly  devoted  to  a 
discussion  of  the  following  question  : 

What  courses  in  mathematics  shotdd  be  offered  to  the  student  who 
desires  to  devote  one-half,  one-third,  or  one-fourth  of  his  under- 
gradtuUe  time  to  preparation  for  graduate  work  in  mathematics  f 

The  discussion  was  opened  by  the  following  papers  : 

Professor  E.  H.  Moobe  :  ^'Certain  fundamental  ideas 
which  should  be  emphasized  throughout  the  undergraduate 
course." 

Professor  J.  Harknbbs:  *'The  importance  of  some  pre- 
liminary training  in  applied  mathematics";  '^Courses  in 
differential  calculus  and  differential  equations." 

Professor  W.  F.  Osgood  :  * '  Shall  we  try  to  place  the  cal- 
culus as  early  as  possible?"  **How  early  in  the  course 
may  the  lecture  method  be  used  with  profit?"  '*  Are  the 
best  results  in  graduate  work  secured  from  students  who 
have  devoted  most  of  their  undergraduate  time  to  mathe- 
matics or  from  those  who  have  combined  a  fair  amount  of 
mathematics  with  a  more  general  culture  ?  " 

Professor  F.  Morley:  **  The  theory  of  equations ;  spher- 
ical trigonometry ;  geometric  conies." 

Professor  J.  W.  A.  Young  :  ^*  Collegiate  preparation  for 
the  teaching  of  mathematics  in  secondary  schools." 

A  separate  report  of  the  discussion,  prepared  by  Professor 
W.  H.  Maltbie,  is  printed  in  the  present  number  of  the 
Bulletin,  pages  14-24. 

Professor  Chessin's  paper  is  an  application  of  the  general 
theory  of  relative  motion  as  presented  by  the  author  in  his 
paper  '*0n  relative  motion"  in  the  Transactions,  volume  1, 
number  2,  pages  116-169.  The  top  here  considered  is  a 
body  of  revolution  with  one  point  of  its  axis  fixed  on  the 
surface  of  the  earth.  The  problem  of  this  so  called  Fou- 
cault  top  has  not  heretofore  been  solved  and,  indeed,  it  was 
thought  that  it  did  not  lend  itself  to  a  solution.  (See  the 
memoir    **Oathe  application    of  Lagrange's  method  to 
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problems  of  relative  motion,"  by  Ph.  Gilbert.)  The  motion 
of  the  earth  is  considered  as  a  perturbation  of  that  motion 
which  the  top  would  have  if  the  earth  did  not  rotate. 
Among  the  effects  oroduced  by  the  rotation  of  the  earth  may 
here  be  mentioned* more  especially  that  which  appears  in 
the  precessional  motion  of  the  top.  The  precession  may  be 
expressed  by  the  formula 

where  N  and  <w  denote,  respectively,  the  number  of  revolu- 
tions of  the  top  per  time  unit  and  the  angular  velocity  of 
rotation  of  the  earth  ;  a  and  G  are  certain  coefficients  which 
depend  on  the  initial  deviation  of  the  top  from  a  vertical 
position,  on  the  moments  of  inertia,  etc.  The  sense  of  the 
revolutions  of  the  top  being  fixed,  say  from  left  to  right  for 
an  observer  along  the  axis  of  the  top  with  his  feet  at  the 
fixed  point  of  the  axis,  the  precessional  motion  of  the  top 
may  take  place  from  left  to  right,  or  on  the  contrary  from 
right  to  left,  or  indeed  there  may  be  no  precession  at  all, 
according  as  Na  is  greater  than,  less  than,  or  equal  to  a:C. 
These  results  are  in  harmony  with  similar  conclusions 
reached  by  the  author  in  the  case  of  Foucault's  pendulum, 
previously  discussed. 

The  model  shown  by  Professor  Morley  was  an  embodi- 
ment of  the  following  idea :  A  rod  Oyi  is  pivoted  at  0  and 
a  rod  AP  is  hinged  at  ^  to  the  former  rod.  When  such  a 
system  moves  in  a  plane,  the  rods  having  constant  or  pro- 
portional angular  velocities,  then  P  describes  the  general 
trochoid.  It  is  seen  at  once  from  the  triangle  of  velocities 
that  the  normal  at  P  meets  OA  at  a  point  N  fixed  in  0-4. 
Conversely,  then,  if  a  rod  PJV  passes  through  a  point  of  0-4, 
and  has  a  toothed  wheel  at  P,  whose  axis  is  PN^  the  wheel 
will  describe  a  trochoid  on  a  drawing-board.  By  adjust- 
ments the  lengths  0-4  and  NA  can  be  altered,  so  that  the 
one  apparatus  traces  all  trochoids  within  a  certain  range  ; 
though  not  all  possible  trochoids.  Further,  by  adjusting 
the  angle  which  the  axis  of  the  wheel  makes  with  iW,  we 
can  draw  the  curve  which  cuts  at  a  given  angle  all  the  ring 
of  trochoids  obtained  by  rotating  a  trochoid  about  its  center. 

The  groups  which  can  be  represented  as  imprimitive 
groups  only  when  the  d^ree  equals  the  order  are  divided 
by  Mr.  Kuhn  into  those  that  can  be  represented  transi- 
tively only  in  the  regular  form  and  those  that  can  also 
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be  repreBented  as  primitive  groups  which  are  not  regular. 
The  latter  are  shown  to  be  the  non-cyclical  groups  of  order  j^g 
(p  and  q  being  different  prime  numbers).  The  former  in^ 
elude  (a)  the  abelian  groups  ;  (b)  the  Hamiltonian  groups ; 
and  (c)  those  groups  that  contain  non-invariant  subgroups, 
each  of  which  includes  an  invariant  subgroup.  The  last 
are  omitted  by  Dyck,  Mathematisehe  Annalen,  volume  22. 
The  paper  includes  several  theorems  relating  to  the  con- 
struction of  imprimitive  groups  whose  degree  is  the  product 
of  two  prime  numbers  and  which  are  isomorphic  to  any 
transitive  subgroup  of  the  metacyclic  group  whose  degree  is 
one  of  the  primes.  By  means  of  these  theorems  most  of  the 
imprimitive  groups  of  degree  fifteen,  for  example,  can  be 
written  down  at  once. 

Singular  transformations  in  certain  projective  groups  of 
the  plane  have  been  determined  by  Study,  Taber,  Bettger, 
and  others.  The  object  of  Professor  Newson's  paper  is  to 
determine  the  character  and  type  of  these  singular  trans- 
formations. He  finds  in  the  case  of  the  special  linear  homo- 
geneous group  in  the  plane,  Study's  case,  that  the  singular 
transformations  are  of  type  II.,  while  the  continuous  sub- 
groups are  of  types  I.  and  V .  The  singular  transformations 
are  characterized  by  a  variable  a  and  a  constant  value  of  ib, 
vix,  fc  =  —  1.  These  values  of  the  parameters  do  not  satisfy 
the  necessary  and  sufficient  relation  for  a  one  parameter 
group  of  type  11.,  viz,  A;  =  a*.  (See  Bulletin,  volume  6, 
number  10,  page  438. )  These  singular  transformations  are 
obtained  by  combining  the  single  involution  perspective 
transformation  of  the  group  with  all  those  of  type  V .  in  the 
group. 

In  Dr.  Snyder's  paper  the  equations  of  annular  surfaces 
having  two  spherical  directrices  are  first  derived  by  means 
of  Lie's  equations  connecting  line  sphere  space  for  both  the 
cases  in  which  the  directrices  are  distinct  and  coincident. 
A  particular  case  is  next  given  showing  that  a  non-reducible 
cone  of  order  6  exists,  all  of  whose  lines  of  curvature  are  of 
order  6.  On  transforming  this  surface  into  line  space,  mak- 
ing a  linear  transformation  upon  its  points,  and  then  putting 
the  new  scroll  back  into  an  annular  surface,  the  latter  will 
be  of  order  12,  not  of  revolution,  but  will  have  plane  lines 
of  curvature  of  order  6.  More  generally,  by  revolving  any 
plane  curve  about  any  line  in  the  plane,  transforming  the 
surface  generated  into  a  scroll,  making  a  certain  projection 
of  the  scroll,  then  putting  the  new  scroll  into  sphere  space 
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an  annular  surface  is  obtained  having  plane  lines  of  carva- 
ture  whose  order  is  half  that  of  the  surface^ — the  latter  not 
being  of  revolution.  The  scrolls  are  also  of  particular  form  ; 
their  asymptotic  lines  are  of  order  only  half  that  of  the 
general  scroll  of  the  same  type. 

Professor  Morley's  second  paper  is  in  abstract  as  follows : 
It  is  known  that  the  bitangent  planes  of  a  rational  space 
quartic  R^  touch  a  quadric,  which  contains  the  tangents  of 
the  curve  at  the  flexes  or  points  of  contact  of  the  four  sta- 
tionary planes.  Any  tangent  plane  of  this  quadric  cuts  jR^ 
at  four  points  U,  such  that  the  Hessian  points  Hot  U  also 
lie  in  a  plane.  This  plane  again  touches  the  quadric.  Any 
tetrad  If+XEoi  R^  lies  in  a  plane  which  touches  the  quad- 
ric All  the  planes  form  a  pencil  whose  axis  is  a  generator 
of  the  quadric,  of  the  system  to*  which  the  flex  lines  belong. 
Among  the  planes  of  the  pencil  there  are  two  which  cut  B^ 
in  a  self  apolar  tetrad,  three  which  cut  R^  in  apolar  pairs 
of  points  and  three  bitangent  planes.  The  one  set  of  three 
planes  is  the  cubicovariant  of  the  other;  the  two  planes 
form  the  common  Hessian  of  the  two  sets  of  three  planes. 

Professor  Grordan's  paper,  which  will  be  published  in 
the  TransactionSf  is  in  brief  an  exhaustive  discussion  of  the 
curves  of  order  or  class  3,  which  have  for  their  Hessian  or 
Cayleyan  a  given  curve  of  the  same  order  or  class.  The 
author  shows  that  these  number  8  in  general,  but  in  special 
cases  1  or  00  ;  for  each  case  the  types  are  determined  ex- 
plicitly. 

The  point  of  departure  for  Dr.  Hawkes's  paper  was  fur- 
nished by  a  consideration  of  certain  criticisms  of  Benjamin 
Peirce's  Memoir  on  linear  associative  algebra,  by  Study, 
Molien,  Cayley,  and  others.  The  paper  shows  how  Peirce's 
methods  can  be  naturally  extended  so  as  to  arrive  very  di- 
rectly at  an  enumeration  of  all  number  systems  in  less 
than  six  units,  which  are  inequivalent,  non-reciprocal,  irre- 
ducible, and  possess  moduli. 

Of  the  many  theorems  contained  in  Sturm's  famous  memoir 
of  1836,  the  two  Theorems  of  Comparison  may  be  regarded 
as  most  fundamental.  Professor  Bdcher  has  shown  on  other 
occasions  (cf.  Bulletin,  April  1898  and  Dec.  1899,  p.  100) 
how  the  methods  which  Sturm  used  for  establishing  these 
theorems  can  be  thrown  into  rigorous  form.  In  the  present 
paper  a  simpler  and  more  direct  method  of  esttkblishing  these 
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theorems  is  given  along  lines  suggested  by  passages,  to  which 
Professor  H.  Burkhardt  kindly  called  the  author's  attention, 
in  one  of  d'Alembert's  papers  on  the  vibration  of  strings 
(Memoirs  of  the  Berlin  Academy,  volume  70  (1763),  p.  242). 
The  fundamental  idea  involved  is  the  reduction  of  the  linear 
differential  equations  of  the  second  order  to  Riocati's  equa- 
tions by  the  well  known  change  of  dependent  variable. 

The  problem  discussed  by  Professor  Smith  is  a  generaliza- 
tion of  the  question  treated  by  Moutard  in  1864,  viz. ,  to  find 
properties  of  surfaces  enveloped  by  spheres  intersecting  a 
fixed  sphere  at  right  angles.  The  generalization  is  this : 
The  surfaces  to  be  studied  are  enveloped  by  spheres  inter- 
secting a  fixed  sphere  at  any  constant  angle.  As  distin- 
guished from  the  problem  discussed  by  Moutard,  the  ques- 
tion is  one  of  the  higher  spherical  geometry,  in  that  the 
algebraic  sign  of  the  radius  of  a  sphere  must  be  regarded. 
This  amounts  to  distinguishing  between  tbe  two  sides  of  a 
surface,  as  given,  e,  g.,  by  the  two  directions  of  the  normal ; 
and  this  distinction  is  indicated  by  the  term,  *' oriented 
surface."  The  treatment  of  the  problem  is  purely  geomet- 
rical, being  based  upon  a  certain  simple  contact  transfor- 
mation, here  defined  for  the  first  time.  Adopting  Sophus 
Lie's  terminology,  *'  linear  spherical  complex,"  for  the  ag- 
gregate of  00 '  oriented  spheres  intersecting  a  fixed  fundamen- 
tal oriented  sphere  under  constant  angle,  this  definition  is 
as  follows :  Given  an  oriented  sphere  S,  then  all  oo*  ori- 
ented spheres  tangent  to  S  and  belonging  to  a  spherical 
complex  A  are  tangent  to  a  second  oriented  sphere  5^,  and 
8  is  said  to  transform  into  S'  by  inversion  in  the  complex  A. 
The  transformation  is  involutory.  This  general  inversion 
depends  upon  five  essential  parameters,  and  includes  as  par- 
ticular cases  inversion  in  a  sphere,  the  parallel  transforma- 
tion, symmetry  in  a  plane,  and  the  transformation  by 
reciprocal  directions  originally  defined  by  Laguen*e  in  1881. 
The  00*  points  of  space  constitute  a  particular  spherical  com- 
plex i2,  and  inversion  in  Q  merely  turns  over  an  oriented 
plane. 

The  relation  of  this  general  inversion  to  the  general 
sphere-sphere  contact  transformation  of  fifteen  essential  par- 
ameters is  determined  by  the  theorem  :  The  latter  transfor- 
mation is  compounded  either  of  a  general  inversion,  a 
spherical  inversion  and  a  displacement,  or  these  three  com- 
pounded with  inversion  in  Q,  Various  theorems  on  the 
general  inversion  are  established,  e.  ^r.  (1)  A  general  inver- 
sion A  is  uniquely  compounded  of  a  parallel  transformation 
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D,  a  spherical  inversion  /  and  the  same  parallel  transfor- 
mation />,  1.  e.^  A=s  DID.  (2)  A  general  inversion  A  is 
compounded  in  two  ways  of  a  general  inversion  -4^,  the  in- 
version in  Q,  and  the  same  inversion  A^,  or  A  =  A^^QA^. 
The  last  theorem  leads  to  a  representation  of  the  cx>'  or- 
iented spheres  of  the  complex  A  by  the  oo'  points  of  space, 
in  that  the  former  transform  into  the  latter  by  inversion  in 
Aq.  This  representation  is  fundamental  for  the  point  of 
view  adopted  in  the  paper.  The  following  result  is  now 
established : 

A  surface  F  enveloped  by  cx>*  (oo^)  spheres  belonging  to 
the  spherical  complex  A  is  transformed  by  -4^  into  a  non- 
oriented  primitive  surface  (curve)  /(c),  regarded  as  the 
locus  of  its  points.  The  order  and  class  of  F  are  equal,  and 
its  entire  section  with  the  plane  at  infinity  is  along  the  im- 
aginary circle.  The  centers  of  these  spheres  of  A  lie  on  a 
surface  F^  (curve  0^),  which  is  the  transformed  of /(c)  by  a 
birational  transformation  whose  fundamental  curve  is  the 
imaginary  circle.  The  characteristics  of  F,  F^j  and  C^  are 
easily  determined  from  those  of  /  and  c.  The  intersection 
of  the  fundamental  sphere  of  A  and  the  primitive  is  a  double 
line  (point)  on  F,  while  the  remaining  intersection  of  -Fand 
the  fundamental  sphere  is  a  line  of  curvature  on  F. 

Particular  interest  attaches  to  the  case  where  the  primi- 
tive is  a  general  cyclide  wi^out  nodes.  Then  F  is  the  so- 
called  surface  of  singularities  of  the  general  quadratic  spher- 
ical complex,  and  the  following  results  are  established  : 

The  surface  of  singularities  of  the  general  quadratic  spher- 
ical complex  is  of  order  and  class  24,  and  contains  the  im- 
aginary circle  at  infinity  twelve  times.  It  is  sibi-reciprocal 
under  six  commutative  general  inversions  A^j  with  each 
of  which  is  associated  a  cyclide  /,  from  which  as  primitive 
the  surface  may  be  derived.  The  surface  contains  six 
double  lines,  sphero-quartics,  the  intersections  of  the  /  and 
the  fundamental  spheres,  and  is  the  envelope  in  six  ways  of 
00*  spheres  belonging  to  an  .4,  whose  centers  lie  upon  a 
quartic  surface  F^  containing  a  double  conic.  The  six  F^  are 
confocal,  being  inscribed  in  the  minimum  developable  of 
order  24  circumscribing  F,  which  is  also  the  singular  mini- 
mum developable  of  that  surface.  Thus  the  focal  lines  of 
the  F^  are  the  focal  lines  of  F.  The  surface  F  is  enveloped 
by  six  systems  of  bitangent  planes  each  belonging  to  a  de- 
velopable of  order  8  and  circumscribed  to  a  sphere  concen- 
tric with  the  corresponding  fundamental  sphere  along  a 
sphero-quartic.  The  lines  of  curvature  of  F  are  algebraic, 
being  the  transformed  of  the  lines  of  curvature  of  the  prim- 
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itive  cyclides  /  by  the  six  inversionB  which  transform  the 
/,  into  F. 

When  the  primitive  is  a  circle  (or  straight  line) ,  the  sur- 
face F  is  the  cyclide  of  Dupin.  This  leads  to  a  very  simple 
derivation  of  the  properties  of  this  surface.  Some  special 
cases  departing  from  the  general  results  are  discussed.  The 
problem  is  taken  up  also  for  the  plane,  the  case  in  which 
the  primitive  is  a  bicircular  quartic  giving  results  analogous 
to  that  just  given  for  the  cyclide,  the  order  and  class  being 
16  and  each  circular  point  octuple. 

It  is  pointed  out  that  in  papers  on  subjects  related  to  that 
under  discussion  the  method  adopted  has  been  that  of  de- 
riving results  from  known  theorems  in  line  geometry  by 
the  line- sphere  transformation  of  Sopbus  Lie.  To  this  there 
are  two  objections:  (1)  Spherical  geometry  is  essentially 
metric ;  and  those  theorems  in  line  geometry  which  lead  by 
this  correspondence  to  such  results  as  are  developed  above 
are  not  a  priori  evident.  (2)  The  correspondence  fails 
except  for  the  case  of  three  dimensions.  The  discussion  of 
this  paper,  operating  entirely  in  the  realm  of  spherical 
geometry,  gives  results  which  may  be  immediately  gener- 
alized for  n  dimensions.  Thus,  e.  g.,  the  relation  of  the 
problem  treated  in  the  paper  to  the  minimum  projection  of 
points  in  a  space  of  n  +  1  dimensions  into  the  oriented 
spheres  of  space  of  n  dimensions  is  determined. 

Qoursat's  memoirs  [Acta  Mathemalica,  volume  4  (1884)  ; 
Transactions,  volume  1  (1900)]  in  proof  of  Cauchy's  inte- 
gral theorem 

0 


fjiiz)dz: 


without  assumption  as  to  the  continuity  of  the  derivative 
/'(«)  on  the  closed  region  bounded  by  the  curve  C  of  inte- 
gration la>  deeper  foundations  for  the  Cauchy-Riemann 
theory  of  functions  of  a  complex  variable.  One  finds  an 
abstract  of  these  memoirs  in  the  Bulletin  for  June,  1899, 
pp.  427-429.  Gk>ursat  sets  out  by  a  direct  process  to  eval- 
uate the  intep^ral  in  question.  In  Professor  Moore's  paper, 
which  will  appear  in  the  Transactionsj  the  integral  is  by  an 
indirect  process  proved  to  have  the  value  zero.  The  essen- 
tial elements  of  the  proof  are  those  of  Gk)ursat's  first  paper  ; 
by  the  modification  indicated  one  avoids  the  necessity  of 
using  the  lemma  to  the  proof  of  which  Gk)ursat's  second 
paper  is  devoted. 

The  following  is  a  summary  of  Professor  Osgood's  paper, 
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which  appeared  in  full  in  the  July  number  of  the  Transact 
Horn:  The  problem  of  mapping  the  interior  of  a  simply 
connected  plane  region  T  conformably  on  the  interior  of  a 
circle  depends  for  its  solution  on  the  proof  of  the  existence 
of  the  Green's  function  corresponding  to  T.  Hitherto  the 
existence  of  this  function  has  been  established  for  regions 
T  bounded  by  a  finite  number  of  pieces  of  analytic  curves, 
and,  more  generally,  for  regions  bounded  by  a  finite  num- 
ber of  pieces  of  r^ular  curves,  i.  e.,  curves  whose  tangent 
turns  continuously  as  a  moving  point  p  traces  out  the 
curve.  That  the  boundary  of  a  general  simply  connected 
r^on  T  may  be  of  an  essentially  more  complicated  charac- 
ter is  shown  by  the  following  example :  On  the  axis  of  ab- 
scissas assume  at  pleasure  a  set  of  points  perfect  but  not 
dense  throughout  any  interval  whatsoever.  Erect  at  each 
point  of  this,  set  a  perpendicular  of  imit  length,  drawn  in 
the  direction  of  the  positive  axis  of  ordinates.  The  r^on 
T  consists  then  of  the  points  of  the  upper  half  plane  that 
remain  after  these  perpendiculars  have  been  cut  out.  Thus 
the  boundary  of  T  will  in  this  case  have  a  positive  content 
if  the  content  of  the  assumed  set  of  points  on  the  axis  of 
abscissas  was  positive.  Moreover,  there  now  exist  points 
of  the  boundary  that  cannot  be  approached  along  a  contin- 
uous curve,  namely,  any  interior  point  of  a  perpendicular 
about  which  perpendiculars  cluster  from  both  sides. 

In  the  present  paper  the  existence  of  the  Green's  function 
for  the  most  general  simply  connected  region  T  is  estab- 
lished by  methods  due  to  Poincar6,  and  thus  it  appears  that 
the  interior  of  any  such  r^on  whatsoever  can  be  trans- 
formed conformably  on  the  interior  of  a  circle. 

Dr.  Collins  deduced  the  fundamental  formulse  of  spher- 
ical trigonometry  by  means  of  quaternions,  employing  the 
sine-cosine,  in  place  of  the  scalar-vector  notation. 

The  conception  of  a  moving  source  treated  in  Professor 
McMahon's  paper  was  suggested  by  the  following  problem 
set  by  a  physicist  who  wished  to  use  the  solution  in  con- 
nection with  an  experiment :  A  source  of  heat  (such  as  a 
candle)  starts  at  a  given  point  of  a  very  long  straight  wire, 
and  is  moved  with  uniform  velocity  along  the  wire ;  it  is  re- 
quired to  find  the  temperature  at  any  assigned  point  of  the 
wire  at  any  future  time ;  and  especially  to  compare  the  tem- 
perature gradient  in  front  of  the  candle  with  that  behind 
the  candle,  when  these  gradients  have  become  practically 
stationary  relatively  to  the  moving  source.     The  methods 
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of  Fourier  are  not  directly  applicable^  but  a  solution  can  be 
obtained  by  using  Kelvin's  expression  for  the  effect  of  an 
instantaneous  source  of  heat  placed  at  a  given  point  of  an 
infinite  rod,  and  superposing  the  temperature  effects  due  to 
a  succession  of  such  instantaneous  sources  placed  at  succes- 
sive points  of  the  line.  The  solutions  for  a  finite  rod  with 
various  terminal  conditions  are  then  given  ;  and  the  corre- 
sponding problems  for  an  infinite  plane  and  for  a  finite 
rectangle  are  solved.  The  results  can  be  extended  to  three 
dimensions. 

Lagrange  found  particular  solutions  of  the  problem  of 
three  bodies  of  two  types  :  (a)  the  three  bodies  lie  always 
in  a  straight  line  ;  (6)  the  three  bodies  are  always  at  the 
vertices  of  an  equilateral  triangle.  These  solutions  still 
exist  when  one  of  the  bodies  becomes  infinitesimcd^  and  when 
the  two  finite  bodies  move  in  circles.  The  problem  is  to  find 
whether  solutions  exist  in  which  the  infinitesimal  body  de- 
scribes closed  curves  in  the  vicinity  of  the  points  defined  by 
the  Lagrangian  solutions.  In  Dr.  Moulton's  discussion  use 
is  made  of  the  methods  employed  by  Poincar6  in  his  prize 
memoir  in  the  Acta  McUhematica,  volume  13.  The  results 
obtained  have  points  of  contact  with  Darwin's  memoir  in 
the  Acta  Maihematica,  volume  21.  The  principal  results  are 
the  following :  Let  1  —  At  and  fx  represent  the  masses  of  the 
finite  bodies.  Let  fi^  [i^  +  X,  There  is  a  periodic  solution  for 
every  /i^  in  which  the  infinitesimal  body  moves  in  the  plane 
of  the  motion  of  the  finite  bodies,  in  the  vicinity  of  each 
one  of  the  Lagrangian  straight  line  solutions,  and  in  which 
the  coordinates  are  expansible  as  power  series  in  A,  vanish- 
ing with  ^,  and  with  periodic  coefficient's,  the  periods  de- 
pending upon  /Xq.  Thus  there  is  an  infinite  number  of  orbits 
vanishing  with  /i  =  /x^.  In  the  case  of  the  equilateral  tri- 
angular points  in  the  plane  there  are  two  infinities  of  orbits 
with  different  periods  vanishing  with  fi  =  ii^^  if  /m^  <  .3086. 
In  the  vicinity  of  the  equilateral  triangular  points  in  space 
of  three  dimensions  there  is  an  infinity  of  solutions,  with 
periods  differing  from  the  other  two,  which  vanish  with 
fi^  fi^  for  every  value  of  ii^. 

Miss  Grow's  paper  is  in  abstract  as  follows :  The  trans- 
formation 

2,=  W  +  /*8V> 
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converts  /=e,"  where  the  coefficients  of  /  are  independent, 
into  the  form 

/'(2')  =  e,"C  +  (?)  e/-'  e^ ^-^  V  +  --  -I-  e;  z,\ 

If  it  is  possible  to  transform  the  quantic  by  T  so  that  any 
two  assigned  coefficients,  for  example  the  {n-^r  +  l)th  and 
(Jc  +  l)th,  shall  vanish  simultaneously,  the  necessary  and 
sufficient  condition  is 

(r=  1,  2,  •-,    n  —  l;  jk  =  n--l,    n —2,  •-,  1 ;  h^n  -- r). 

(1)     e/e^— ,  (3)     6—6/, 

Consider        ^^^     ^^^^,     and     ^^^     ^,^^.., 

If  (1)  and  (2)  vanish  simultaneously,  their  resultant  JBn-r.» 
vanishes ;  aJso  if  (3)  and  (4)  vanish  simultaneously,  their 
resultant  jBr.«-»  vanishes.  i?»_r,»  and  JB^.n-*  each  have 
[(n  —  r)  (n  —  I;)  +  r^]  zeros  in  the  plane  ;  therefore  (1) 
and  (2)  will  vanish  simultaneously  when  a*  is  a  root  of 
i?,»_^jk,  and  (3)  and  (4)  when  A  is  a  root  of  i?r,»-*.  /is  always 
a  factor  of  i?^.»  and  Itr,^i,y  or  i?,»_r.»=  /C^.*,  and  i?,.„»» 

The  2-points  of  (1)  and  (2)  are  the  ^-points  of  JBr.»-». 
Similarly  the  2-points  of  (3)  and  (4)  are  the  ^-points  of 
l?,»_r.»,  *•  «•>  the  M-points  of  jB«__r,»  and  ^-points  of  Rr,w-k  are 
so  related  that 

e,--6/  =  0,         6,\'-*  =  0. 

When  r=/:,  C,_^.»and  C^,  „_*  coincide  in  Cr.  The  roots 
of  Cr  go  in  pairs  which  have  reciprocal  relations.  In  the 
transformation  T,  let  A  and  p.  be  roots  of  Gr, »-»  and  C,»_^, » 
respectively  and  call  this  set  of  transformations  T,_r.*. 
Interchange  I  and  /i  and  call  this  set  T^.i— »•  The  non- 
singular  binary  quantic  can  be  linearly  transformed  by  the 
[(n  —  r)  (n  —  A;)  +  ^  —  n]  transformations  T,_^jfc  so  that 
its  (n  --  r  -t-  l)th  and  (A;  +  l)th  terms  shall  vanish,  and  by 
Tr,  n_*  80  that  its  (n  —  A;  +  1  )th  and  (r  +  l)th  terms  shall 
vanish.  Also  if  I  and  /i  are  zeros  of  Cr  in  corresponding 
pairs,  we  get  two  sets  of  transformations  Tr  and  T/  by 
means  of  which  its  (r  +  l)th  and  (n  —  r  -f  l)th  terms  can 
be  made  to  vanish  in  2r(r  —  n)  +  n  (n  --  1)  different  ways. 
The  theory  is  applied  to  the  cubic,  quartic,  quintic^  and 
sextio. 
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The  following  is  a  summary  of  Dr.  Porter's  paper  :  Con- 
sider 3  m  —  «  —  1  arbitrary  fixed  points  P  on  a  non-singular 

du  the  integral  of  first  kind  on   C,, 

(at)  being  a  point  of  inflexion.  If  an  m-ic  have  a  «  —  1 
order  contact  at  u^,  it  will  cut  C,  again  at  ii„  «ij  +  w,  s  C 
(mod.  w,  w')  where  C=  -u^  at  the  points  P.  The  Schlies- 
sungsproblem  thus  suggested  yields  at  once  a  proof  of 
Fermat's  theorem  o*— asO  (mod.  n  (prime))  and  the 
generalized  form  of  the  theorem  P(a,  n)  s  0  (mod.  n). 
When  m  =  1,  «  =  2,  we  have  systems  of  closed  polygons. 
In  case  the  polygon  is  a  triangle,  the  equation  of  C,  referred 
to  it  may  be  written 

The  twenty-four  in-circumscribed  triangles  thus  determined 
fall  into  four  groups,  each  associated  with  an  inflexion  tri- 
angle, and  each  triangle  of  a  group  six  ways  perspective  with 
its  associate  inflexion  triangle.  This  configuration  of  in- 
flexion triangles  and  in-circumscribed  triangles  presents 
numerous  interesting  geometrical  properties. 

F.  N.  Cole. 
Columbia  Univebsity. 


THE  UNDERGRADUATE  MATHEMATICAL 
CURRICULUM. 

BE  PORT  OF  TUB  DISCUSSION  AT  THE  SEVENTH  SUMMER  MEET- 
INQ  OF  THE  AMERICAN  MATHEMATICAL  SOCIETY. 

The  final  session  of  the  Seventh  Summer  Meeting  of  the 
Society  was  devoted  to  an  organized  discussion  of  the 
following  question : 

What  courses  in  mathematics  shall  be  offered  to  the  student  who 
desires  to  devote  one-half  j  one-third^  or  one-fourth  of  his  under- 
graduate  time  to  preparaJtion  for  graduate  work  in  mathematics  f 

The  following  topics  were  also  suggested  as  a  general  basis 
of  discussion : 

H^w  early  in  the  course  may  the  lecture  method  be  used 
with  profit? 
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How  can  the  undergraduate  beet  be  trained  to  use  the 
library? 

How  shall  the  history  of  th6  subject  be  presented? 

Shall  we  try  to  place  the  calculus  as  early  as  possible? 

Where  shall  we  place  the  solid  analytics?  modem 
geometry?  projective  geometry  ? 

Shall  spherical  trigonometry  and  geometric  conies  be  given 
a  place  in  the  curriculum  ? 

How  much  of  the  theory  of  equations  may  be  presented 
with  profit  in  the  freshman  year? 

What  courses  in  applied  mathematics  are  needed  as  prep- 
aration for  graduate  work  in  pure  mathematics  ? 

Shall  work  in  differential  equations  be  merely  a  problem 
course,  or  shall  it  take  up  the  theoretical  side  of  the  ques- 
tion ?    If  the  latter,  to  what  extent  ? 

At  what  points  shall  the  work  intended  to  fit  the  student 
for  graduate  work  differ  from  that  intended  to  fit  him  for 
secondary  school  teaching  ? 

Are  the  best  results  in  graduate  work  secured  from  stu- 
dents who  have  devoted  most  of  their  undergraduate  time 
to  mathematics,  or  from  those  who  have  combined  a  fair 
amount  of  mathematics  with  a  more  general  culture? 

Shall  the  undergraduate  school  attempt  to  attract  the 
student  to  graduate  work  by  offering  elementary  courses  in 
the  more  advanced  topics,  or  shall  it  confine  itself  to  funda- 
mental work  in  algebra,  analytics,  and  calculus? 

The  principal  papers  are  given  in  abstract  below. 

Pbofessob  Moore. 

If  the  student  is  to  be  properly  prepared  for  graduate 
work  the  teacher  must  be  himself  familiar  with  modem 
mathematics ;  and  the  fundamental  modem  ideas  and 
methods  must  give  form  to  his  work  as  an  instructor  of  un- 
dergraduates. Thus  the  teacher  should  have  clearly  in 
mind  the  notions  of  the  pure  analysis — of  the  sequence  of 
positive  integers  as  a  complete  set,  of  the  synthetic  deter- 
mination of  all  real  numbers  from  this  sequence  of  integers 
and  of  the  complex  variable  as  a  double  real  variable. 
Similarly  he  should  have  the  (usual)  idea  of  (a)  geometry 
as  built  upon  a  body  of  basal  notions  and  axioms. 

In  general,  mathematics  should  be  regarded  as  divided 
into  a  number  of  distinct  but  closely  related  sciences. 
Each  of  these  sciences  consists  of  a  body  of  sharply  defined 
and  inter-related  ideas  as  foundation,  with  a  superstructure 
consiBtiDg  of  results  deductively  secured  from  these  funda- 
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mental  ideas.  For  every  sdence  the  question  of  or  the 
condition  for  its  existence  as  a  body  of  non-conflicting 
statements  is  of  prime  importsmce,  and  ee^pedally  by  these 
existence  considerations  are  the  varions  sciences  related 
and  organized  into  higher  sciences. 

Intuition  is  by  no  means  to  be  excluded  from  mathemat- 
ical work.  On  the  contrary,  in  every  way  let  intuition  be 
kept  alive  and  active,  but  when  a  new  idea  is  introduced  as 
an  intuition  let  it  be  sharply  defined  with  the  understanding 
that  in  so  far  as  subsequent  work  depends  on  that  intuition 
a  new  branch  of  mathematics  is  being  originated. 

In  illustration  :  It  is  questionable  whether  the  under- 
graduate course  of  a  student  who  is  not  specializing  ex- 
tremely in  mathematics  may  advisably  contain  the  existence 
theory  of  the  real  irrational  number  in  its  ultimate  form  as 
a  part  of  pure  analysis.  The  student,  however,  may  be  led 
to  grant  the  fundamental  properties  of  the  system  of  all 
real  numbers  as  intuitively  true  for  the  system  of  all  points 
of  a  straight  line.  On  the  basis  of  these  assumptions  the 
student  develops  a  geometric  analysis  which  will  only  later 
in  pure  analysis  receive  a  deeper  foundation,  the  character 
of  which  however  should  at  once  be  briefly  indicated. 
Similarly,  in  dealing  with  the  complex  variable  in  the 
Gauss  plane,  the  radius  and  the  angle  may  be  regarded  as 
simple  ideas,  although  they  are  to  appear  as  much  more 
complicated  creations  in  pure  analysis. 

Pbofessor  Harkness. 

In  these  days  of  extreme  specialization  half  the  college 
time  is  too  little  to  serve  as  an  adequate  basis  for  later  work, 
imless  the  student  enters  college  well  prepared  in  elemen- 
tary mathematics.  With  improved  educational  machinery 
in  the  secondary  schools,  there  is  no  reason  why  a  fair  num- 
ber of  our  college  freshmen  should  not  have  had  some  pre- 
liminary training  in  analytic  geometry,  differential  calculus, 
statics,  and  dynamics.  This  is  the  case  in  England  and 
would  be  the  case  here,  if  the  brighter  boys  were  not  held 
back  in  order  that  they  may  not  get  too  far  in  advance  of 
the  less  intelligent  members  of  their  classes. 

As  regards  college  students  I  urge  the  importance  of  in- 
creased attention  to  applied  mathematics.  In  mathematics 
as  in  everything  else  there  are  fashions.  At  one  time  the 
subject  of  invariants,  at  another  that  of  the  theory  of  func- 
tions, and  later  still  Lie's  continuous  groups  have  engrossed 
the  attention   of  pure  mathematicians ;    today   algebraic 
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numbers,  or  briefly  those  branches  of  mathematics  which 
we  associate  with  the  names  of  Kronecker,  Hilbert,  Hensel, 
and  Weber,  are  in  a  central  position.  All  this  time  applied 
mathematics  have  been  out  of  fashion,  but  there  are  many 
signs  that  a  change  is  coming  and  the  intelligent  college  in- 
structor will  do  well  to  anticipate  this  change  as  far  as 
possible. 

However  this  may  be,  it  is  of  great  importance  for  the 
pure  mathematician  of  today  that  he  should  be  well 
grounded  in  the  fundamental  principles  of  statics,  dynamics, 
and  the  theory  of  the  potential.  Riemann's  programme  can- 
not be  appreciated  at  its  proper  value  without  a  firm  grasp 
of  the  fundamental  principles  of  the  theory  of  the  potenti«5 
so  far  as  it  relates  to  Dirichlet's  Problem.  It  would  be 
easy  to  multiply  examples  of  this  kind  ;  for  instance  Schott- 
ky's  memoir  in  the  83d  volume  of  Crelle  contains  Weier- 
strass's  Luckensatz,  and  is  therefore  of  the  greatest  interest 
to  the  mathematician  concerned  with  algebraic  functions 
and  Abelian  integrals,  but  papers  of  this  kind  are  apt  to  be 
passed  by  as  unintelligible  unless  the  reader  has  had  some 
preliminary  training  in  the  discussion  of  conjugate  func- 
tions, conform  representation,  and  the  behavior  of  the 
potential  in  multiply  connected  regions. 

A  good  early  training  in  statics  and  dynamics  (including 
dynamics  of  a  particle  and  the  elements  of  rigid  dynamics) 
would  go  far  to  remove  many  of  the  difficulties  experienced 
by  graduate  students  in  the  reading  of  modern  memoirs, 
and  would  widen  their  mental  horizon  in  a  variety  of  ways. 
In  the  college  instruction  itself  such  a  training  would  throw 
much  needed  light  on  many  of  the  problems  of  the  differen- 
tial and  integral  calculus ;  partial  differential  equations 
would  be  connected  with  physical  problems,  and  the  under- 
graduate would  feel,  as  he  hardly  feels  at  present,  that  the 
formulae  he  meets  with  are  capable  of  concrete  representa- 
tions. 

I  urge  the  necessity  of  a  thorough  revision  of  college 
courses  in  differejatial  calculus.  The  subject  is  too  often 
taught  along  traditional  lines  ;  the  lecturer  should  ask  him- 
self whether  certain  parts  of  his  subject  possess  the  same 
importance  today  that  they  had  in  Euler's  time.  Much 
might  be  rejected  as  of  secondary  importance  in  comparison 
with  the  newer  developments.  Our  text  books  abound,  too, 
with  proofs  that  are  no  proofs  and  with  extremely  mislead- 
ing statements.  It  is  very  desirable  that  such  proofs  should 
be  rejected,  or  given  only  with  clear  indications  of  their 
limitations.     A  graduate  student  in  the  theory  of  functions 


Digitized  by  VjOOQIC 


18  THE   UNDERGRADUATE   CURRICULUM.  [Oct., 

often  finds  it  impossible  to  rid  his  mind  of  erroneous  notions 
derived  from  the  days  when  he  first  began  the  study  of  the 
differential  calculus. 

While  due  emphasis  should  be  laid  on  the  fundamental 
concepts  of  function,  limit,  continuity,  etc.,  the  work  of  the 
undergraduate  should  be  lightened  as  far  as  possible.     He 

should  not  be  asked  to  differentiate  vf  or  to  work  out  ex- 
amples which  illustrate  no  general  theory  and  are  unlikely 
to  be  of  use  to  him  later  on.  Moreover  care  should  be  exer- 
cised when  he  comes  to  applications  ;  the  simple  cases  are 
usually  discussed  correctly,  but  the  writers  of  our  text 
books  are  too  apt  to  go  further  and  attempt  a  partial  and 
inaccurate  discussion  of  more  difficult  cases.  Here  again 
it  would  be  easy  to  multiply  examples  ;  it  will  be  sufficient 
to  refer  to  the  criteria  for  maximum  and  minimum  values 
and  to  the  accounts  usually  given  of  the  higher  singular 
points  on  an  algebraic  curve. 

In  conclusion  I  desire  to  emphasize  the  great  importance 
of  thoroughness  ;  the  greatest  service  that  can  be  rendered 
to  a  prospective  graduate  student  is  to  give  him  a  complete 
mastery  over  those  parts  of  the  technique  of  mathematics 
which  he  is  certain  to  need  at  a  later  stage  of  his  work. 

Professor  Osgood. 

In  school  instruction  in  geometry  the  idea  is  emphasized 
from  the  beginning  that  certain  definitions  and  axioms  are 
laid  down,  on  which  the  whole  subject  of  geometry  is  built 
up  by  means  of  logical  reasoning  ;  and  the  pupil's  reason- 
ing power  and  appreciation  of  geometric  truth  are  developed 
by  means  of  original  exercises  that  are  given  him  to  work 
out  by  himself.  That  instruction  in  algebra  is  at  present  far 
less  highly  developed  as  regards  effectiveness  for  the  pur- 
poses both  of  general  training  and  of  giving  the  pupil  a  cor- 
rect conception  of  the  subject  of  algebra  itself,  is  due 
doubtless  in  part  to  the  formal  side  of  the  subject.  Dex- 
terity in  the  manipulation  of  formulas  is  indeed  important 
for  later  work  ;  but  the  foundation  of  algebra  is  arithmetic, 
and  the  arithmetic  source  of  algebraic  principles  ought  not 
to  be  lost  sight  of  to  any  such  extent  as  is  at  present  the 
case.  How  far  improvement  here  in  school  instruction  is 
possible  I  will  not  undertake  to  say,  but  of  this  I  am  sure, 
that  this  difficult}^  must  be  met  and  can  be  met  from  the  start 
in  instruction  in  calculus.  The  foundation  of  the  calculus 
as  we  have  the  science  to-day  is  arithmetic.     Now  it  is 
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neither  feasible  nor  desirable  to  b^n  a  college  course  in 
calculus  by  first  developing  the  number  concept.  I  find  it 
useful  to  assume  the  conception  of  a  scale ;  more  precisely, 
to  make  the  assumption  that,  two  points  having  been  chosen 
at  pleasure  on  a  straight  line  to  represent  the  numbers  0  and 
1,  every  other  (real)  number  can  then  be  represented  by  a 
point  of  the  line ;  and  conversely,  to  every  point  of  the  line 
there  will  correspond  a  number.  Similarly  the  conception 
of  a  function  of  a  single  variable  or  of  two  variables,  is  co- 
extensive with  the  intuitive  picture  of  a  plane  curve  or  of  a 
surface.  The  fundamental  principles  of  tiie  calculus  must  be 
taught  in  a  manner  wholly  different  from  that  set  forth  in 
the  text  books  if  they  are  to  become  flesh  and  blood  to  the 
student.  It  is  an  easy  method  for  the  teacher  to  expound 
the  notion  of  the  limit  in  the  opening  lectures  of  the  course 
and  from  there  on  to  appeal  to  this  conception,  this  mode  of 
thinking,  as  if  it  had  become  a  part  of  the  mental  machin- 
ery of  the  beginner.  No  greater  mistake  can  be  made. 
The  student  will  indeed  learn  to  perform  differentiations 
and  integrations  ;  but  he  will  not  make  progress  in  master- 
ing the  central  ideas  of  the  calculus.  The  notion  must  be 
set  forth  repeatedly  throughout  the  whole  course.  A  valu- 
able aid  in  making  this  notion  clear  is  furnished  by  the  ap- 
plication of  the  calculus  not  merely  to  differential  geome- 
try, but  (the  integral  as  the  limit  of  a  sum  having  been 
introduced  early  in  the  first  course  in  calculus)  to  problems 
in  volumes,  centers  of  gravity,  moments  of  inertia,  fluid 
pressures,  gravitational  attractions,  etc.*  It  is  the  deduc- 
tion of  the  formula  that  brings  out  anew  each  time  the 
fundamental  principle  of  the  limit,  while  the  problems 
themselves  are  typical  applications  of  the  calculus  to  physics, 
and  int>erest  and  train  alike  the  student  who  is  preparing 
for  work  in  pure  mathematics  and  him  who  is  to  concern 
himself  primarily  with  its  applications. 

I  have  thought  it  necessary  to  state  with  some  fulness 
some  of  the  leading  features  of  a  course  in  calculus,  for 
there  are  still  colleges  in  this  country  in  which  calculus 
means  a  systematic  study  of  Williamson's  text  book — 
formal  differentiations,  formal  integrations,  and  a  total  lack 
of  the  ideas  that  are  central  in  the  calculus  of  today.  A 
course  in  calculus  along  the  lines  that  I  have  indicated  is 
effective  in  introducing  the  student  to  modern  mathematics, 
and  its  notions  and  methods  are  in  themselves  interesting 

*Tbi8  part  of  an  introduotory  oourse  in  oaloulas  is  weU  set  forth  by 
the  problems  in  Chap.  V.  of  Professor  Byerly's  Prol^lems  in  Differential 
Calcalns. 
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and  valuable  for  the  purpose  of  general  training.  It  is  best 
placed  in  the  sophomore  year  for  students  who  have  entered 
college  on  the  ordinary  requirements. 

As  to  how  early  the  lecture  method  may  be  used  with 
profit  I  may  say  that  at  Harvard  the  lecture  method  has 
been  employed  with  success  for  over  twenty  years  in  practi- 
cally all  of  the  courses  in  mathematics,  except  in  the  fresh- 
man course  in  solid  geometry.  Written  exercises,  chiefly 
problems,  are  handed  in  by  the  student  at  each  meeting  of 
the  course,  and  the  instructor  frequently  spends  some  min- 
utes on  points  that  may  have  given  general  difficulty  or  re- 
quire special  comment. 

It  has  been  the  practice  at  Harvard,  ever  since  the  grad- 
uate school  came  into  existence,  not  to  separate  the  grad- 
uate and  the  undergraduate  departments  as  r^ards  meth- 
ods of  instruction  or  the  unrestrained  admission  of  properly 
qualified  students  registered  in  the  one  department  to  the 
courses  pf  the  other  department.  Since  there  is  free  elec- 
tion froin  the  freshman  year  on  and  the  choice  of  courses 
is  large  after  a  student  has  passed  beyond  the  elementary 
courses  in  calculus,  geometry,  and  mechanics,  it  is  the 
rule  rather  than  the  exception  that  the  bright  student, 
following  his  inclination  to  a  special  line  of  work  in  mathe- 
matics, will  proceed  rapidly  to  higher  courses  in  this 
particular  line  ;  and  thus  a  course  ordinarily  taken  by  first 
year  graduates,  say,  will  have  seniors  or  even  juniors 
in  it,  while  on  the  other  hand  students  that  have  paid  more 
attention  to  other  lines  of  work  may  not  take  it  till  a  later 
graduate  year.  The  advantage  that  is  gained  from  this 
arrangement  is  obvious.  The  older  students  bring  with 
them  greater  maturity  for  the  work  of  the  course  and  con- 
tribute to  setting  a  higher  standard,  and  the  younger  ones 
derive  fix)m  the  work  they  see  their  fellow  students  doing 
profit  which  they  could  not  get  from  the  lecture  alone.  In 
this  respect  the  German  university  is  especially  strong. 
There,  a  student  has  free  scientific  intercourse  with  more 
advanced  fellow  students  from  the  time  he  enters  the  uni- 
versity till  he  becomes  himself  a  professor.  At  Gottingen, 
for  example,  there  is  a  mathematical  society  composed  of 
the  university  teachers,  students  whose  attainments  are 
measured  approximately  by  the  doctor^  s  degree,  and  a 
goodly  number  of  advanced  students  whose  attainments 
are  intermediate  between  those  of  these  two  classes.  At 
its  weekly  meetings  the  current  literature  is  discussed  and 
lectures  on  current  topics  are  given  by  its  members.  The 
formal   meeting  is  followed  by  an  informal  one,  usually 
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held  at  an  inn  or  in  a  summer  garden,  at  which  there  is 
abundant  opportunity  for  free  discussion  of  scientific  topics. 
The  advantages  that  accrue  to  the  undergraduate  courses 
in  one  of  our  colleges  from  the  presence  of  a  graduate  school 
are  not  unlike  the  benefits  that  the  younger  members  of 
this  society  derive  from  their  intercourse  with  its  older 
members. 

Professor  Morlby. 

As  to  the  socalled  geometrical  conies,  a  little  of  this  might 
well  be  tacked  on  to  elementary  plane  geometry.  The  be- 
ginner is  apt  to  suppose  that  Euclid's  methods  in  plane 
geometry  are  good  only  for  the  line  and  circle.  Spherical 
trigonometry  should  form  not  a  separate  course  but  a  chap- 
ter in  solid  analytics.  The  latter  is  somewhat  neglected  in 
collie  work,  owing  to  the  difficulty  which  poor  students  find 
in  it.  The  plan  of  joining  both  two  and  three  dimensions 
in  one  book  is  a  good  one,  but  the  books  in  use  are  too  old 
fashioned  for  the  class  of  men  we  are  considering.  As  to 
the  theory  of  equations  in  the  old  sense  (that  of  Bumside 
and  Pan  ton),  it  can  be  and  I  think  should  be  attached  to 
elementary  analytic  geometry.  For  instance  when  the 
curve 

y=a  a  +  bx  +  ex* 

is  mastered  and  its  slope  can  be  found,  then  the  curve 

y^a  +  bx+cx^  +  dai^ 

should  be  fully  discussed.  The  points  where  the  curve 
meets  y  =  0  would  lead  to  the  consideration  of  Homer's 
method.  The  general  parabolic  curve  would  then  be  men- 
tioned. Taylor's  theorem  would  make  its  first  appearance 
here,  as  a  convenient  formula  for  changing  the  origin  and 
discussing  the  curve  near  a  point  other  than  x  =  0.  Simi- 
larly the  notion  of  covariants  should  grow  out  of  geometry. 
In  general  the  notions  of  arithmetic  aod  geometry  with 
which  a  student  enters  college  should  be  developed  by  inter- 
action, say  through  plane  and  solid  analytics  and  a  course 
in  calculus,  before  either  the  theory  of  arithmetic  or  that  of 
geometry  is  considered  philosophically.  This  is  in  effect 
a  plea  for  the  existing  order  of  subjects,  if  they  are  presented 
in  a  way  which  leads  up  to  the  subjects  as  they  stand,  and 
satisfies  both  the  refined  views  of  the  teacher  and  the  com- 
mon sense  of  the  student.  Thus,  in  the  case  of  the  calculus, 
the  books  used  to  b^u  with  some  tremendous  generalities. 
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We  have  either  to  justify  these,  or  to  throw  them  aside,  or 
to  do  both.  We  should  do  both— first  have  a  calculus  proper, 
of  the  kind  dear  to  physicists,  accurate  but  not  abstract, 
carefully  weeded  of  difficult  generalities  ;  and  at  a  later 
stage  a  philosophical  theory.  To  begin  with  the  latter 
would  to  my  mind  be  a  mistake  ;  the  appeal  would  be  to 
too  limited  a  class. 

Thus  in  my  view  the  first  half  of  a  college  course  would 
be  the  same  for  the  future  mathematician  as  for  the  future 
physicist.  And  in  fact  there  would  be  direct  gain  for  the 
mathematician  if  the  work  were  better  adapted  for  the 
physicist  than  at  present.  Thus  we  ought  not  only  to  con- 
nect arithmetic  with  geometry,  but  also  with  dynamics,  and 
perhaps  with  other  physical  subjects  such  as  electricity, 
taking  care  that  the  student  has  the  definite  physical  con- 
cepts to  which  we  are  appealing. 

Lastly  we  must  take  hints  from  the  technical  schools,  for 
instance  with  regard  to  drawing  diagrams  and  the  use  of 
integrators  or  of  abaci. 

Professor  Young. 

Considering  the  fundamental  topic  of  this  discussion  to 
be: — The  work  in  mathematics  in  college:  its  purpose^  scope, 
methods  and  relation  to  graduate  work  in  mathematics,  my  remarks 
are  to  be  made  from  a  special  point  of  view,  viz.,  when  the 
purpose  is  to  prepare  teachers  of  mathematics  for  the 
secondary  schools. 

I.  The  need  of  such  preparation, — It  is  a  truism  to  say  to 
this  audience  that  secondary  school  teachers  of  mathematics 
should  have  had  a  collegiate  education  with  special  atten- 
tion to  mathematics  either  by  electives  in  the  college  course 
or  by  some  graduate  study.  It  is  equally  well  known  to 
this  audience  that  this  standard  is  by  no  means  generally 
reached.  The  time  seems  to  be  ripe,  however,  for  setting  up 
the  general  culture  of  a  full  college  course  and  the  special 
preparation  of  a  certain  minimum  of  mathematical  attain- 
ment as  norm  for  the  educational  qualifications  of  new  ap- 
pointees to  the  work  of  teaching  mathematics  in  our 
secondary  schools.* 

II.  The  preparation,  when  to  be  attained, — However  desir- 
able some  graduate  work  may  be,  the  fact  must  be  recognized 
that  at  present  thenorm  mentioned  above  represents  a 
decided  advance,  and  that  for  some  time  to  come  the  majority 
of  the  secondary  school  teachers  will  have  no  preparation 

^Cf.  KesolntioD  III  of  the  Committee  on  the  College  Entrance  Require- 
ments, p.  30  of  report  snhmitted  July,  1899. 
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beyond  a  college  course.  The  college  program  should  con- 
sequently include  all  the  work  needed  for  the  minimum  of 
preparation. 

III.  The  subject  matter  of  the  minimum  course, — As  the  min- 
imum of  mathematical  attainment  the  following  courses  are 
suggested  : — Thorough  courses  in  plane  trigonometry  and 
collie  algebra,  and  good  first  courses  in  analytic  geometry 
of  the  conic  sections,  differential  and  integral  calculus, 
theory  of  algebraic  equations,  determinants,  modem  synthe- 
tic geometry,  and,  if  possible,  analytic  mechanics. 

IV.  Pedagogic  'preparation, — While  experience  has  shown 
that  special  training  in  the  art  of  teaching  mathematics  is  of 
high  value,  it  is  desirable  that  the  recipient  of  this  training 
be  as  mature  as  is  feasible.  The  best  place  for  the  pedagogic 
training  and  instruction  is  therefore  after  the  college  course; 
either  in  the  university  or  by  some  form  of  apprenticeship 
in  the  secondary  schools.  (Under  favorable  circumstances^ 
helpful  work  of  this  sort  could  doubtless  also  be  done  in  the 
senior  year  of  the  college. ) 

V.  Maihemaiical Independence, — By  mathematical  independ- 
ence I  mean  a  degree  of  mastery  of  subject  matter  and 
methods  such  that  the  belief  in  the  truth  of  results  is  based 
solely  on  the  authority  of  one's  own  reason,  and  such  that 
one  is  conscious  of  the  power  to  apply  these  results  appro- 
priately and  correctly.  Within  a  narrow  range,  this  in- 
dependence may  be  attained  very  early  ;  even  the  young 
pupil  may  have  it,  widening  its  scope  as  his  attainments  in- 
crease. Indeed,  good  teaching  strives  to  cultivate  this  in- 
dependence from  the  outset,  and  the  teacher  who  is  to  culti- 
vate it  must  himself  evidently  possess  it  and  in  a  distinctly 
higher  grade.  The  pupil,  the  teacher,  the  scholar,  each 
should  be  in  his  degree  master  of  his  work.  The  teacher's 
mastery  requires  that  he  teach  on  his  own  authority,  and 
not  on  that  of  others  (though  the  mastery  of  the  teacher 
need  not  be  in  the  same  d^ree  productive  as  the  mastery 
of  the  scholar).  Unfortunately,  our  teachers  have  only  too 
often  not  attained  this  independence.  Too  frequently  a 
text  is  taught  rather  than  the  subject,  the  teacher  having  in 
reality  not  gone  beyond  the  pupil's  stage  of  mastery. 

It  is  easier  to  point  out  the  diflBculties  than  to  specify  the 
remedy.  The  attainment  of  some  measure  of  scientific  in- 
dependence suggests  itself.  This  is  the  German  plan,  but 
it  is  not  now  feasible  here.  It  seems  to  me,  however,  that 
somewhat  can  be  done  even  within  the  limits  of  the  college 
course.  Our  present  methods  and  programmes  tend  in  one 
respect  to  encourage  diflSdence  rather  than  independence. 
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MathematdcB  requires  to  be  digested  and  assimilated  as  well 
88  acquired.  The  trend  of  our  work  is  to  cover  as  many 
subjects  and  as  much  ground  as  possible,  and  this  continual 
advance  with  its  successive  generalizations  and  its  revela- 
tions of  incompleteness  in  what  has  been  accepted  as  com- 
plete tends  to  cultivate  a  lack  of  confidence,  accentuated  if 
the  student  is  embarrassed  by  difficulties  of  detail.  This 
feeling  of  uncertainty  takes  shape  in  reliance  upon  others 
(book  or  person)  to  pronounce  final  judgment  upon  what- 
ever is  done.  Perhaps  something  could  be  done  to  give 
the  student  the  iilore  secure  grip  on  the  secondary  school 
subjects  which  the  teacher  must  have  by  taking  up  these 
subjects  again  at  the  close  of  the  college  course  and  treating 
their  principles  and  methods  (not  new  details,  as  a  rule), 
with  the  greater  thoroughness  and  breadth  of  view  which 
are  made  possible  by  the  collegiate  mathematics  as  outlined 
in  the  minimum  course  above.  • 

VI.  Difference  between  the  work  of  the  prospective  teacher  and 
the  prospective  gradtiate  student  of  mathematics. — In  the  college 
this  difference  may  be  very  slight. 

VII.  The  teachers  needed  (in  college)  to  carry  out  the 
above  programme  fully  must  have  the  wide  horizon  of  a 
university  training. 

W.  H.  Maltbie. 
Thb  Woman's  College, 

Baltimore,  Md. 


ON  A  MEMOIR  BY  RICCARDO  DE  PAOLIS. 

BY  PBgFBSSOB  CHARLOTTE  ANGAS  SCOTT. 

About  twenty  years  ago  de  Paolis  published  a  series  of 
memoirs*  dealing  with  the  (2,  1)  transformation  of  the 
plane ;  of  these  the  second  and  third  are  concerned  with 
applications  of  the  theory  to  non-euclidean  geometry  and  to 

*  **  Le  trasformazioni  piane  doppie  *' ;  Aiti  d,  r.  Accad.  d.  Lincei^  series 
3%  vol.  1  (1877);  pp.  511-544. 

*'  La  tiasformazione  piana  doppia  di  seoondo  ordine,  e  la  sua  applica- 
zione  alia  geometria  non  enolidea ''  ;  AUi  d,  r,  Accad.  d.  Lined,  series  3% 
vol.  2(1878);  pp.  31-50. 

^*La  trasformazione  plana  doppia  di  terzo  ordine,  primo  genere,  e  la 
sua  applicazione  alle  carve  del  quarto  ordine '' ;  Atti  d,  r.  Accad,  d,  lAncei, 
series  3%  vol.  2  (1878);  pp.  851-878. 
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qnartic  curves,  while  the  first  treats  of  the  general  theory 
of  the  (2, 1)  transformation.  De  Paolis  employs  no  analy- 
sis, all  his  results  are  obtained  simply  by  geometrical  con- 
siderations. The  curves  of  the  first  plane  (piano  semplice) 
which  correspond  to  the  straight  lines  of  the  second  plane 
(piano  doppio)  have  only  two  free  intersections,  all  the 
other  common  points  being  absorbed  by  the  fixed  (or  fun- 
damental) points  by  means  of  which  the  conditions  to 
which  the  curves  are  subject  are  imposed.  This,  taking  up 
a  question  which  arises  in  connection  with  a  memoir  by 
Clebsch,*  is  the  next  in  order  to  Cremona's  memoirs,t  the 
(2,  1)  transformation  naturally  following  the  (1, 1).  This 
very  striking  memoir,  being  already  classical,  is  a  fair  sub- 
ject for  discussion  ;  and  in  the  following  pages  I  propose  to 
consider, :( in  particular,  de  Paolis' s  classification  of  funda- 
mental points  and  lines,  which  in  my  opinion  he  has  based 
on  symptoilis  of  differences  instead  of  on  the  real  causes. 
When  the  (2, 1)  transformation  is  regarded  as  but  one  case 
in  the  general  theory  of  (x,  1)  transformation,  some  of  the 
special  properties — those,  in  fact,  to  which  its  peculiar  in- 
terest is  largely  due — ^take  on  a  rather  different  aspect. 

The  relation  connecting  the  dimensions  A;  of  a  system 
of  curves  of  genus  j>  with  the  number  x  of  variable  inter- 
sections, is  known  to  be 

x-(A-l)=;,, 

if  the  fundamental  points  are  entirely  arbitrary  in  position, 
and  consequently  impose  independent  conditions  ; 

x-(fc-l)<|>-l, 

if  the  points  are  connected  in  such  a  way  that  the  condi- 
tions imposed  are  not  all  independent.  This  shows  that 
for  the  (2,  1)  transformation  with  arbitrary  fundamental 
points, 

p  +  jk  =  3. 

Hence,  as  shown  by  de  Paolis,  there  are  two  cases  to  con- 
sider, namely, 

|>  =  1,  Aj  =  2;         ;)  =  0,  A;  =  3. 

*Cleb8oh,  **  Ueber  den  ZnsammeDhang  i^iner  Claase  von  Flaohenabbild- 
ODgeD  mii  der  Zweitheilung  der  Abel'rcben  Fanotionen  "  ;  Maih,  Anna" 
/CTSTol.  3(1871). 

t Cremona,  ''Salle  traaformazioni  geometricbe  delle  figure  piane'' ; 
Memorie  d.  Accad.  d,  Bologna,  series  2*,  vol.  2  (1863)  ;  vol.  5  (1865). 

1 1  bave  not  attempted  to  keep  to  the  lettering  of  the  memoir,  prefer- 
ring rather  to  use  that  adopted  in  other  places. 
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In  the  first  of  these  the  transformation  net  is  composed 
of  all  curves  that  satisfy  the  assigned  conditions ;  in  the 
second,  these  curves  form  a  three-fold  infinity,  from  which 
the  net  is  selected  by  means  of  three  determining  curves. 
Now  so  far  as  the  determination  by  fundamental  points  is 
concerned,  these  three  curves  may  be  any  three  independ- 
ent ones  of  the  system  that  have  not  any  additional  points 
in  common.  The  same  thing  holds  whatever  value  x  may 
have  ;  the  system  of  curves  determined  by  the  fundamental 
points  is  of  dimensions  k,  and  to  obtain  a  transformation 
net  we  virtually  impose  ik  —  2  extrinsic  conditions,  these 
being  implied  in  the  choice  of  the  three  determining  curves. 
The  theory  of  linear  systems  contained  in  a  system  of  the 
same  order,  but  a  greater  number  of  dimensions,  has  re- 
ceived very  little  special  attention,  owing  to  the  fact  that 
the  theorems  relating  to  such  a  system  are  simply  dedudble 
from  those  for  the  complete  system  ;  but  there  are  one  or 
two  points  in  the  theory  that  deserve  to  be  remarked,  and 
they  are  the  ones  that  seem  to  me  to  throw  some  light  on 
the  true  nature  of  the  differences  that  de  Paolis  has  at- 
tempted to  formulate  in  dividing  fundamental  points,  as 
also  fundamental  curves,  into  three  species. 

Let  the  curves,  ^,  of  the  first  plane  that  correspond  to 
the  straight  lines  of  the  second  plane  be  given  as  of  order 
<r,  having  fixed  multiple  points  of  orders  />i,  />,,  — ,  at  the 
fundamental  points.  There  may  be  also  fundamental 
curves.  A  curve  fi,  of  order  w,  with  multiple  points  of 
orders  t„  r, ...  at  the  fundamental  points,  is  call^  funda- 
mental if  it  meets  the  curves  of  the  given  system  only  at 
the  fixed  points,  that  is,  if 

These  curves  have  been  minutely  studied  by  various  Italian 
writers,*  who  have  shown  that  any  such  curve  is  in  general 
rational,  and  precisely  determined  by  the  fundamental 
points  through  which  it  passes,  facts  which  lead  to  the 
equations 

2;r/  =  ai«  +  1,     Vt^  =  3a;  —  1         (Bertini) . 


^Caporali,  *'Sopra  i  sistemi  linear!  triplamente  infiniti  di  carve  alge- 
briohe  piane"  ;  Collect.  Mai.  In  Mem.  Dom.  Chelini,  1879. 

JnnfJT,  ''Sai  sistemi  lineari  di  curve  alKebriohe  di  genereqaalanqne'^ ; 
Bend,  del  B.  hU  Lomb.,  series  2\  vol.  20  ( 1887). 

Bertini^  **Snlle  carve  fondamentali  dei  sistemi  lineari  di  carve  piane 
algebriche"  ;  Bend,  del  Circ.  Mat.  di  Palermo,  vol.  3  (1889). 

Castelnnovo,  **  Ricerobe  general!  sopra  i  sistemi  lineari  di  carve  piane  "  ; 
Mem.  delta  B.  Accad.  di  Sc.  di  Torino,  series  2»,  vol.  42  (1891). 
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If  however  the  fundamental  points  are  specialized  in  such 
a  manner  that  the  conditions  actually  imposed  on  the 
curves  tp  are  fewer,  by  c,  than  the  conditions  apparently 
imposed  (that  is,  if  the  fundamental  points  have  an  exccM  * 
e  for  the  curves  v',  or  if  the  system  of  curves  ^  is  of  sovrab- 
bondanzaf  «),  then  fi  need  not  be  rational ;  its  genus  may 
have  any  value  that  does  not  exceed  e  (Castelnuovo).  Any 
irreducible  fundamental  curve  i?  is  a  factor  in  k  independent 
curves  of  the  system,  that  is,  in  a  contained  {Jc  —  l)-fold 
system  ;  and  there  is  the  general  theorem  that  /?  will  be  a 
non-repeated  factor  in  the  generic  curve  of  this  (jc  —  l)-fold 
system. 

As  regards  the  fundamental  points  and  curves,  two  ques- 
tions call  for  investigation.  The  first  relates  to  the  possi- 
bility of  a  curve  with  a  multiple  point  of  order  higher  than 
the  stated  value  />  at  a  fundamental  point,  or,  we  may  say, 
to  the  existence  of  a  v'  that  shall  be  irregular  at  one  or 
more  of  the  fundamental  points  ;  the  second  to  the  possi- 
bility of  a  curve  with  ^  as  a  repeated  factor,  without  any 
specialization  in  the  position  of  the  fundamental  points. 
These  two  questions  I  have  considered  in  another  place  ;  J 
hence  the  results  only  need  be  mentioned  here. 

On  the  first  question  the  conclusion  is  that  the  fc-fold 
system  of  curves  contains  a  curve  that  is  irregular  at  any 
fundamental  point  whose  order  is  less  than  k  (or,  by  an  ex- 
tension of  the  argument,  at  any  m  fundamental  points  the 
sum  of  whose  orders  does  not  exceed  A;  —  m) ;  but  in  selec- 
ting from  the  complete  system  three  curves  for  the  deter- 
mination of  a  net,  no  two  must  be  chosen  that  are  irregular 
at  the  same  point,  for  such  a  choice  would  introduce  new 
fundamental  points  indefinitely  near  to  the  stated  ones, 
Irr^ularity  on  one  curve  at  any  fundamental  point  does 
not  of  itself  imply  any  specialization  in  the  fundamental 
points. 

As  to  the  second  question,  the  result  is  that  the  k  +  1  de- 
termining curves  of  the  system  can  be  chosen  as  the  first 
it  -f- 1  of  the  following  series  : — 

onej  that  does  not  contain  ^, 

iiDo,  that  contain  fi  but  neither  contain  nor  produce  ^ 
(i.  e.  when  taken  in  any  linear  combination). 


*Macaii1ay,  *' Point  groaps  in  relation  to  curves,"  Proc.  Lond.  Math. 
Sae,,  vol.  26  (1895). 

t  Oastelnnovo,  loo.  cit. 

X  "Note  on  linear  syBtems  of  carves,"  Nieuw  Archiefvoor  Wiskunde, 
Tweede  Reeks,  Derde  Deel,  1898  ;  also  Bulletin,  vol.  4  (1897-8);  p.  88. 
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three,  that  contain  ^,  but  neither  contain  nor  produce  i5*, 


A+ 1,  that  contain  /^,  but  neither  contain  nor  produce  /5*+*, 
where  every  p^h  times  the  corresponding  t,  and  at  least 
one  p  <  (^+1)  times  the  corresponding  r. 

If  however  ^  +  1  >  |  (A  +  1)  (^  +  2),  there  are  also 
curves,  k  +  1--  i(h  +  1)  {h  +  2)  in  number,  containing 
higher  powers  of  fi  ;  the  numbers  containing  successive 
powers  being  iV*^,,  N^+f^  etc.,  no  general  formula  for  an  N 
can  be  given,  all  that  can  be  said  is  that  the  successive  N^s 
do  not  increase.  As  these  last  contain  /5  to  a  power  so 
high  that  At  >  />  at  some  one  point,  the  curves  are  irr^ular. 
Hence  it  is  convenient  to  distinguish  the  two  parts  of  the 
series  as  regular  and  irregular.  It  is  at  once  evident  that 
any  one  of  the  curves  can  be  modified  by  the  addition  of 
multiples  of  later  members  of  the  series  without  affecting  its 
relation  to  fi. 

If  i  =  2,  the  curves  by  which  the  net  is  determined  are 
necessarily  the  first  three,  that  is, 

If  ^  >  2,  any  three  may  be  chosen  that  have  not  any  fixed 
points  in  common  other  than  those  expressly  provided  for  at 
the  fundamental  points.  One  must  obviously  be  ^^ ;  of  the 
other  two,  one  may  belong  to  the  irregular  part  of  the  series, 
but  not  both,  inasmuch  a«  this  would  cause  irregularity  at 
one  point  on  both  curves. 

For  example,  the  12-fold  system  of  15-ics,  with  multiple 
points  of  orders  8,  6,  6,  5,  4,  4,  4  has  the  cubic  2, 1,  1,  1,  1, 
1,  1  as  a  fundamental  curve;  and  A  =  4.  The  complete 
system  can  therefore  be  written  as  follows,  where  all  thirteen 
curves  are  regular : 

The  system  residual  to  ^5*  is  the  net  of  cubics  with  fixed 
points  of  orders  0,  2,  2,  1,  0,  0,  0,  which  is  simply  the 
straight  line  A^A^  x  the  net  of  conies  through  A^^A^.  Hence 
in  this  case  we  must  not  choose,  for  the  determination  of  a 
net,  two  curves  containing  /:^,  even  though  both  would  be 
regular,  for  the  net  thus  determined  would  have  other  fixed 
points,  namely,  the  three  points  in  which  A^A^^  meets  the 
15-ic  ^j.  But  with  the  12-fold  system  of  14-ics  with  points 
of  order  8,  6,  4,  4,  4,  4,  4,  which  has  the  same  fundamental 
curve,  there  is  not  this  restriction  on  freedom  of  choice. 
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We  can  at  once  write  down  a  system  with  any  possible 
fundamental  curve,  and  with  any  arbitrary  residual  system, 
by  means  of  the  theorem : — If  a  curve  P  of  order  a*,  rational 
and  precisely  determined  by  fixed  points  of  order  t,,  t,,  •••, 
which  impose  independent  conditions,  has  h  free  intersec- 
tions with  the  generic  curve  of  a  g-fold  system  of  n-ics  con- 
ditioned solely  by  its  behavior  at  the  fixed  points,  having 
these  as  multiple  points  of  orders  r„  r,,  — ,  then  ^5  is  a  fun- 
damental curve  of  the  system  of  (n  +  htityicB  determined  by 
multiple  points  of  orders  r^  +  hr^,  r,  +  hr^,  •••,  at  the  fixed 
points. 

The  fundamental  curve  is  not  possible  unless  the  num- 
bers expressing  the  orders  of  its  multiple  points  satisfy 
the  relations 

and  then  d  simple  points  must  be  taken  on  ^9  to  complete 
its  determination. 

The  proof  of  the  theorem  is  obvious.  The  number  of 
free  intersections  of  fi  with  the  generic  curve  of  the  system  is 

a*(n  +  Aai)  —  lT{r  +  hr) 

=  no*  —  Irr  +  ft  (ai"  —  2V') 

«ft  [l  +  a,«- Jr^«0. 

Hence  P  is  either  an  A-fold  factor  or  a  fundamental  curve  ; 
but  as  the  dimensions  of  the  system 

>  i(n  +  hw)  (n  +  ftm  -f  3)  -  il(ir  -f  ftr)  (r  +  1  -f-ftr) 

it  follows  that  the  system  of  (n  +  ft<w)-ics  is  more  exten- 
sive than  the  given  system*  of  n-ics,  hence  it  is  not  simply 
this  system  with  an  extra  factor  fi",  but  a  more  extensive 
system  with  /3  as  a  fundamental  curve. 

By  means  of  this  theorem  we  can  write  down  a  system 
with  any  desired  fundamental  curve,  choosing  a  residual 
system  at  random.  For  example,  if  the  fundamental  curve 
be  a  rational  cubic,  we  must  use  also  for  its  complete  de- 
termination six  simple  points  on  the  curve,  which  can  then 
be  expresfised  as  2,1*.  If  the  residual  system  is  to  be  oW 
conies,  then  A  =  2  x  3  =  6;  hence  the  desired  system  con- 
sists of  20-ics  (6x3-1-2),  with  one  multiple  point  of  order 
12,  and  six  sextuple  points. 
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In  the  general  rational  transformation,  in  which  the 
coordinates  of  a  point  in  the  second  plane  are  given  ration- 
ally in  terms  of  the  coordinates  of  a  point  in  the  first  plane 
by  equations  of  the  form 

^1  •  ^1  •  ^«  =  <  •  <  •  <» 

to  a  single  point  F  in  the  first  plane  there  corresponds 
a  single  point  P'  in  the  second  plane ;  but  to  this  one 
point  in  the  second  plane  there  correspond  in  the  first  plane 
all  the  X  points  P„  -P,,  ••,  Pk  which  are  the  intersections  of 
the  pencil  of  ^^s  through  P.  If  however  P  is  a  funda- 
mental point  of  order  ^,  e.  g.,  the  point  (0,  0,  1),  there  is  no 
longer  any  unique  correspondent  P'.  The  f  *s  being  ar- 
ranged by  powers  of  a?,,  the  equations  become 


the  correspondent  to  the  actual  point  (0,  0,  1)  is  absolutely 
indeterminate,  for  all  these  denominators  are  zero ;  but 
taking  a  point  indefinitely  near  to  (0,  0,  1),  in  a  definite  di- 
rection given  by  x^  =  Xx^^  the  corresponding  point  is  deter- 
minate, the  equations  now  becoming 


Up(A,  1)       v,{X,   1)       w,{X,   1) 

Taking  in  succession  points  close  to  (0,  0,  1)  in  all  direc- 
tions, that  is,  allowing  P  to  describe  an  indefinitely  small 
simple  circuit  about  (0,  0,  1),  P'  describes  a  curve  a', 
rational  and  of  order  /»,  inasmuch  as  the  re/,  a:,',  a;,'  are 
rationally  expressed  in  terms  of  the  parameter  X  by  these 
equations.  (See  Clebsch-Lindemann.  and  other  places.) 
Returning  to  the  first  plane,  the  complete  correspoudent  to 
af  is  a  curve  a^  of  order  <r/o^,  whi6h  can  be  shown*  to  have  at 
Aj  a  multiple  point  of  order  /o/»^  but  at  A^  one  of  order 
pf+  1.  This  curve  a,  is  the  complement  of  the  funda- 
mental point,  the  locus  of  the  z  —  1  points  associated  with 
a  point  that  describes  a  circuit  about  A^.  It  p^=l,  it  is 
simply  the  particular  ^  that  has  a  double  point  at  A^, 

Thus  while  any  ordinary  point  of  the  first  plane  corre- 
sponds to  a  point  of  the  second  plane,  and  is  associated 
with  X  —  1  points  of  the  first  plane,  there  are  exceptional 
points,  namely,  the  fundamental  points  ;  any  one  of  these  in 

*C.  A.  Scott,  *'  Stadies  in  the  tranafomiation  of  plane  algebraio  carves'' ; 
Quar.  Jour,  of  Math,,  vol.  29  (1898). 
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general  corresponds  to  a  curve,  and  is  associated  with  a 
curve  which  replaces  the  x  —  1  points. 

If  however  one  ipy  tp^  suppose,  be  irr^ular  at  (0,  0,  1), 
the  lowest  terms  being  of  degree  /o'  >  />,  the  equations  are 


Wp  +  -         Vp  +  -         Wp/  +  - 

As  Xj,  z^  are  indefinitely  small,  and  />'>/>,  to  a  point  in  a 
definite  direction  from  (0,  0,  1)  there  corresponds  a  definite 
point  on  x',  =  0  ;  and  as  the  complete  correspondent  to  this 
is  ^^  =  0,  the  curve  complementary  to  A^  is  <p^.  For  con- 
sistency of  algebraic  statement,  it  appears  that  the  funda- 
mental curve  in  the  second  plane  must  be  taken  as  x,'^,  and 
the  curve  complementary  to  ^^  as  <pf. 

If  f 3  is  irr^ular  at  another  fundamental  point  of  stated 
order  /o^,  the  correspondent  to  this  is  the  same  line  x^  taken 
P^  times,  and  the  complement  is  the  same  f ,  taken  p^  times. 

The  existence  of  the  irregular  ip  affects  the  position  of  the 
points  associated  with  any  point  P  in  the  immediate  neigh- 
l)orhood  of  A^,  These  are  to  be  determined  as  the  free 
intersections  of  two  ^'s  through  P;  two  such  s^^b  have 
in  general  />*  fixed  intersections  at  A^^  but  if  one  of  the 
two  has  a  />' -point,  the  number  is  />/;  hence  of  the  usually 
free  intersections  />(/  —  /o)  lie  at  -4,  instead  of  only  one. 
This  number,  />(/  — ^),  is  greater  than  unity  unless 
^  =  1,  ^'  =  2.  Now  the  raising  of  a  simple  point  to  a 
double  point  involves  the  imposition  of  two  conditions 
only,  hence  is  always  possible  in  a  net ;  it  seems  better 
therefore  not  to  regard  this  case  as  an  irregularity,  seeing 
that  it  is  the  necessary  occurrence. 

If  moreover  ip^  is  irr^ular  also  at  A^^  then,  taking  P  close 
to  il^  as  before,  instead  of  the  usual  p^  intersections  at  A^ 
there  are  p^pl ;  thus  of  the  x  points  of  the  group,  Pj^pj—  Pj) 
lie  at  Aj.  It  is  immaterial  in  what  direction  P  lies  from 
A^J  for  an  irregular  ^  belongs  to  the  pencil  of  ^^s  determined 
by  any  direction  whatever. 

Hence  irregularity  on  a  ^  will  interfere  with  the  custom- 
ary association  of  a  fundamental  point  with  a  curve ;  the 
fundamental  point  may  have  complementary  points  lying 
at  other  fundamental  points,  or  even  coinciding  with  itself. 
In  the  cases  treated  by  de  Paolis,  since  x  =  2  there  is  only 
one  point  associated  with  A^,  and  this  point 

(i)  describes  a  curve  ;  A^  is  then  a  fundamental  point  of 
the  first  species ; 

(ii)  lies  at  another  fundamental  point  Aj ;  A^  is  then  a 
fundamental  point  of  the  second  species ; 
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(iii)  lies  at  A^  which  is  then  a  fundamental  point  of  the 
third  species.  Such  a  point  arises,  as  has  just  been  shown.^ 
from  irregularity  on  one  ^  ;  it  can  arise  also  from  another 
cause,  the  presence  of  what  de  Paolis  calls  a  double  point, 
to  be  explained  later. 

For  a  non-spe<5ialized  transformation  system  with  x  =  2, 
p  +  k^S.  Ifj}=l,A;  =  2;  the  only  *'  irregularity ''  possi- 
ble on  a  sp  is  the  existence  of  a  double  point  where  the  stated 
conditions  impose  only  a  simple  point,  and  it  has  already 
been  pointed  out  that  this  cannot  properly  be  regarded  as 
an  irregularity.  If  jj  =  0,  A;  =  3  ;  we  cannot  produce  insu- 
larity on  one  9>  at  two  points,  for  this  requires  the  imposi- 
tion of  four  conditions,  and  is  therefore  possible  in  a  system 
only  if  the  generic  curve  has  as  many  as  four  degrees  of 
freedom.  Hence  the  fundamental  points  of  the  second 
species  do  not  present  themselves  unless  the  determining 
points  of  the  system  are  specialized,  in  which  casej?  +  ^  >  3. 
The  fundamental  points  of  the  third  species  can  occur,  for 
k  =  S  allows  us  to  raise  a  double  point  to  a  triple  point,  and 
then  an  extra  intersection  lies  at  A^,  A^  is  associated  with 
itself  ;  there  is  no  complementary  curve,  for  the  two  points 
of  a  group  are  fully  accounted  for. 

This  classification  of  fundamental  points  lends  itself  to 
the  case  x  =  2,  the  characteristics  of  the  three  species  being 
then  mutually  exclusive,  inasmuch  as  the  one  point  associ- 
ated with  any  point  P,  near  to  A^.  cannot  satisfy  more  than 
one  of  the  three  conditions.  But  if  x  >  2,  c.  ^r.,  =  4,  and  h 
is  suflBciently  great,  we  may  have  the  three  points  comple- 
mentary to  P  exhibiting  all  three  characteristics.  As  P  de- 
scribes an  indefinitely  small  simple  circuit  about  A^,  P^  may 
describe  a  curve,  P^  may  lie  at  A^y  P,  at  ^,,  and  then  the 
curve  described  by  P,  will  be  simply  the  irregular  ^,  <fy 
Thus  de  Paolis'  classification  is  based  on  properties  which 
are  insufficient  for  purposes  of  discrimination  when  z  >  2. 

Two  points  of  a  general  x  group  (the  intersections  of  a 
pencil  of  ^'s),  can  come  together  only  if  the  s^'s  have  con- 
tact ;  the  locus  of  such  points  is  therefore  the  Jacobian  of 
fv  ^v  *fz'  On  forming  this,  in  certain  circumstances  factors 
will  present  themselves,  possibly  to  be  rejected  in  finding 
the  locus  of  points  of  true  contact.  De  Paolis  calls  this 
locus  the  '  *  curva  doppia ' ' ;  it  is  the  Jacobian  reduced  by  the 
rejection  of  irrelevant  factors.  As  a  point  P^,  together 
with  its  associate  P,,  describes  the  Jacobian,  the  corre- 
spondent P  describes  a  curve  in  the  second  plane,  the 
*  *  curva  limita  * '  of  de  Paolis  [synoptic  curve,  Q,  J. ,  loc.  cit.] . 
In  the  general  theory,  with  x  >  2,  we  have  to  take  into  ac- 
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count  also  the  co-jacobian,  the  locns  of  the  remaining 
points  -Pj,  P^,  •••,  P,c  ;  a  detailed  study  of  the  relations  of 
these  curves,  and  their  use  in  transformation,  is  to  be  found 
in  the  article  in  the  Quarterly  Journal  already  referred  to. 

Examining  the  equations  of  the  Jacobian,  it  is  seen  to 
represent  a  curve  of  order  3  (^  —  1),  with  multiple  points 
of  order  3/>  —  1.  If  however  one  <p  is  irregular  at  -4^,  hav- 
ing there  a  multiple  point  of  order  /»',  the  order  of  this 
point  on  the  Jacobian  is  />'  +  2/)  —  2 ;  the  terms  of  this 
order  are  affected  witti  a  numerical  factor  /o'  —  />.  If  now 
/=/>  +  l,tliis  has  the  normal  value  3/9  —  1;  butif/>/>-}-  2, 
then  />'  +  2/0  —  2  >  3/>.  Thus  the  Jacobian  is  not  affected 
by  the  simplest  type  of  irregularity,  that  in  which  the  order 
of  a  fundamental  /o-point  is  augmented  by  unity  on  one  *f. 
With  the  restriction  on  the  scope  of  the  investigation  adopted 
by  de  Paolis,  namely,  x  =  2,  it  is  not  possible  to  have  /»'  = 
P  +  2,  hence  this  irregularity  on  the  Jacobian  is  not  men- 
tioned. The  irregularity  that  is  considered  on  p.  523  has  a 
different  origin  ;  it  is  due  to  the  presence  of  a  double  point, 
whose  nature  is  considered  separately. 

(Corresponding  to  the  fundamental  points  in  the  first 
plane  there  are  fundamental  curves  in  the  second  plane, 
which  de  Paolis  classes  as  of  the  first,  second,  or  third  kind, 
according  to  the  nature  of  the  fundamental  points  from 
which  they  are  derived.  He  makes  the  statement,  as  re- 
gards those  of  the  second  and  third  kind,  that  they  meet 
the  curves  of  the  second  plane  which  correspond  to  the 
straight  lines  of  the  first  plane  in  fixed  points  only.  This 
is  not  the  case  if  z  >  2  ;  but  possibly  it  is  true  for  x  =  2,  as 
stated  by  de  Paolis,  and  not  only  for  the  curves  that  corre- 
spond to  straight  lines,  but  also  for  the  correspondents  to 
any  curves  in  the  first  plane,  though  I  must  confess  I  find 
de  Paolis'  argument  somewhat  obscure. 

If  there  be  in  the  first  plane  a  fundamental  curve  <^,  the 
equations  of  transformation  are 

f , :  /5*V', :  /5*»^'3  =  a:/  :  a;,' :  x^\ 

Corresponding  to  any  point  on  jS  we  have  in  the  second 
plane  the  point  ^'(1,  0,  0);  to  the  point  B'  there  corre- 
spond all  the  intersections  of  /5*h^,  l^\\  that  do  not  lie  at 
the  fundamental  points,  x  ^hji^  in  number.  Hence  the 
fundamental  curve  l^  replaces  h^h^  of  a  group  of  x  points, 
thus  displaying  another  exception  to  the  general  laws  of 
the  transformation.  Of  course  hji^  is  necessarily  less  than 
X.     If  A,  =  A,  =  ^,  to  any  point  in  the  immediate  neighbor- 
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hood  of  5',  in  the  direction  or/  =  ^/,  there  correspond  h 
points  on  ^5,  inasmuch  as  /5  =  0  meets  ^'',  —  A^'',  =  0  in  pre- 
cisely h  points  ;  thus  it  h  =  l,  that  is,  if  ^  is  a  fundamental 
curve  of  the  simplest  type,  as  a  point  P'  describes  an  in- 
definitely small  circuit  about  B'  one  of  the  corresponding 
points  describes  the  curve  /5  ;  the  relation  of  -B'  to  /?  is  pre- 
cisely analogous  to  the  relation  of  A  to  of.  This  however 
does  not  hold  if  h  is  greater  than  unity. 

If  K  <  A„  to  any  point  in  the  neighborhood  of  B'  there 
correspond  A,  fixed  points  on  ^5,  determined  by  v'',  =  0. 

Thus  if  hji^  >  1,  one  or  more  of  the  correspondents  to  fi 
is  ft  itself,  the  remainder  being  a  set  of  x  —  hji^  points. 

If  however  v''„  (ff^  have  a  common  factor  ;*,  we  have  in 
the  simplest  case  the  equations 

To  the  point  B'  there  now  corresponds  the  reducible  curve 
firf  which  is  **  monovalent'*  as  regards  the  system  of  f 's  ; 
that  is  to  say,  if  the  <p  is  made  to  pass  through  one  point  on 
either  component,  it  contains  fty  as  a  factor,  the  whole 
curve  fty  is  equivalent  to  a  single  point  as  means  of  impos- 
ing conditions  on  the  generic  curve  of  the  system  of  f 's. 
(Castelnuovo,  loc.  cit.)  With  any  point  on  p  there  are 
associated  the  x  —  2  intersections*  of  ^\,  »V„  and  the  curve 
y  ;  this  curve  is  therefore  a  part  of  the  complement  of  ft. 
If  finally  the  equations  of  transformation  are 

9, :  fi^r^^  :  /5*»r*»^  =  ^/  :  V  :  V, 

then  a  group  of  x  associated  elements,  of  which  ft  forms  a 
part,  contains  in  the  simplest  case  x  —  hji^  —  k^k^  points,  not 
on  ft}',  together  with  ft,  hji^  times,  and  }',  kjc^  times.  If  for 
instance  x  ==  4,  and  the  transformation  net  is 

then  a  set  of  four  associated  elements  one  of  which  is  ft  con- 
sists of  ft,  twice,  r,  once,  and  one  point.  De  Paolis  divides 
the  fundamental  curves  in  the  first  plane  into  three  kinds, 
according  as  the  single  associate  (the  only  one  if  x  =2)  is  a 
point,  another  curve,  or  the  curve  itself ;  but  here  again, 
just  as  in  the  case  of  the  fundamental  points,  if  x  >  2  the 
characteristics  may  coexist  in  any  combination,  hence  the 
classification  cannot  profitably  be  placed  on  this  basis  in 
general. 

*  There  are  k  —  2  in  the  simplest  case  that  can  arise,  bat  they  may 
be  fewer  in  number. 
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On  p.  518  de  Paolis  asserts  that  while  fundamental  curves 
of  the  first  and  second  species  are  rational,  those  of  the 
third  species  are  hyperelliptic.  Surely  he  has  here  been  mis- 
led by  the  (2,  1)  correspondence  of  the  points  of  such  a 
a  curve  with  directions  proceeding  from  B\  Any  funda- 
mental curve  /5,  of  whatever  species,  is  subject  to  the  condi- 
tions formulated  in  the  memoirs  of  Bertini  and  Castelnuovo, 
conditions  which  are  a  direct  consequence  of  the  fact  that 
all  the  intersections  of  fi  with  the  generic  ^  are  fixed. 
If  the  complete  system  from  which  the  ^-net  is  derived  by 
selection  has  no  '*  sovrabbondanza,''  then  /5  is  rational,  since 
its  genus  canuot  exceed  the  sovrabbondanza  of  the  system. 
For  a  specialized  choice  of  fundamental  points,  a  funda- 
mental curve  of  any  species  may  cease  to  be  rational. 

From  the  ordinary  determinant  expression  for  the  Jacob- 
ian  it  is  at  once  seen  that  a  fundamental  curve  that  is  an 
(A,,  A,)  factor  presents  itself  as  an  (A,  -f  A,  —  l)-fold  factor 
in  the  Jacobian  ;  rejecting  it,  the  residual  part,  Jp,  is 
de  Paolis'  **curva  doppia.''  This  cuts  /5  in  A, +  A3— 2 
points  ;  if  A,  =  A,  =  A,  these  2(A  --  1 )  points  are  A  —  1 
points  of  simple  contact.  These  are  the  general  facts  ;  de 
Paolis  naturally  notices  only  the  cases  that  can  occur  for 
X  =  2.  If  ^  is  a  simple  fundamental  curve,  then  /9  is  a  sim- 
ple factor  to  be  rejected  from  the  Jacobian,  and  the  reduced 
Jacobian  does  not  meet  fi ;  if  however  ^  is  a  fundamental 
curve  of  the  third  species  (A,  =  1,  A,  =  2),  the  factor  /S*  is 
to  be  rejected,  and  the  reduced  Jacobian  meets  ;5  in  one 
point. 

A  point  on  the  *'  curva  doppia*'  is  a  point  of  the  plane 
where  two  complementary  points  come  together,  that  is, 
are  consecutive  ;  the  yj's  through  such  a  point  have  simple 
contact,  the  common  tangent  being  the  line  determined  by 
these  consecutive  points,  and  one  ^  has  a  double  point.  If 
there  is  an  actual  coincidence  of  two  complementary  points, 
de  Paolis  characterizes  it  as  a  double  point  of  the  plane, 
stating  that  the  continuous  system  of  points  of  the  first 
plane  may  contain  a  discrete  system  of  points  associated 
with  themselves.  Any  two  <p^8  through  such  a  point  have 
two  intersections,  not  due  to  contact.  If  the  point  is  not 
fundamental,  and  x  =  2,  this  can  only  be  by  means  of  a 
common  factor,  which  is  consequently  a  fundamental  curve. 
The  net  is  then  determined  by 

but  as  v''j,  v''s  a^©  to  have  a  common  point  on  /5,  which  fixes 
the  sole  (hitherto)  free  intersection  of  v\  and  ^'„  it  follows 
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that  v\  is  of  the  form  v\  +  ?'\  ;  hence  the  net  is  determined 

by 

and  the  fundamental  curve  /?  is  therefore  of  the  third 
species,  as  de  Paolis  shows  in  a  different  manner  (p.  524). 
The  double  point  is  the  one  point  in  which  /5  and  9^  inter- 
sect ;  and  as  any  <p  that  contains  ^  is  of  the  form  /^v'',  -f  ^A''5's» 
that  is,  /5{v\  +  ^'/^'^,1,  every  such  ^  has  necessarily  a  double 
point  at  this  point. 

De  Paolis  takes  the  view  that  all  such  double  points  are 
isolated  from  the  Jacobian,  because  he  found  them  on  the 
fundamental  curves,  and  these  he  rejected  in  forming  the 
**curva  doppia.'^  If  however  z>  2,  all  the  v^'s  through  a 
point  may  have  a  double  point  there,  without  degeneration, 
that  is,  without  the  assistance  of  fundamental  curves  ;  this 
ftict  is  outside  de  Paolis'  argument,  but  it  is  essential  to  a 
full  understanding.  In  this  case  the  reduced  Jacobian,  the 
**curva  doppia,''  has  a  double  point.  Such  a  point  exists, 
for  instance,*  at  (1,  0,  0)  for  the  system  ^"1,  fa?  Vj?  where 

^l=^l(^i  +  ^3  +  ^8)'> 

ST,  =  2x^x^^  —  (x,  —  x;){x^  +  a-g)^ 
wliose  reduced  Jacobian  is 

^,(^2  +  ^.)'  -   (^I  +  ^2  +^3)(^2  -  ^3)'=  0, 

that  is, 

^x^x^^  -  (a;,  +  a:,)  (:r,  —  ar,)*  =  0. 

This  point  is  of  the  same  nature  as  the  double  point  of 
which  de  Paolis  speaks,  but  of  higher  order. 

These  are  the  only  two  ways  in  which  all  ^'s  of  a  pencil 
can  have  more  than  one  intersection  at  a  point  that  is  not 
fundamental,  independently  of  cont-act ;  either  any  two, 
and  therefore  all,  have  a  common  factor  ;  or  any  two,  and 
therefore  all,  have  a  multiple  point. 

The  question  whether  a  fundamental  curve,  which  is  a  re- 
peated factor  in  one  or  more  f's,  shall  or  shall  not  be 
counted  as  a  part  of  the  reduced  Jacobian,  is  after  all  a 
mere  matter  of  definition  ;  w^e  may  adopt  any  convention. 
A  repeated  factor  (A-fold)  in  one  <r,  that  is  not  a  funda- 
mental curve,  presents  itself  as  an  (A— l)-fold  factor  in  the 

*  Quar,  Jour,  of  Math.,  vol.  29  ( 1898),  pp.  357  and  379. 
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Jacobian,  and  has  to  be  counted  as  an  integral  part  of  this 
curve  ;  whereas  a  simple  factor  has  no  special  relation  to  it. 
This  lends  some  support  to  the  view,  to  which  I  incline, 
that  a  fundamental  curve  which  occurs  as  a  repeated  factor 
ought  to  be  looked  upon  as  a  part  of  the  true  Jacobian ; 
and  bearing  in  mind  the  fact  just  proved  as  regards  multi- 
ple points  of  the  plane,  it  appears  that  this  convention 
gives  the  most  consistent  set  of  results. 

Again,  a  double  point  may  be  at  a  fundamental  point  A  ; 
a  point  complementary  to  ji  is  then  at  -4,  which  is  there- 
fore a  fundamental  point  of  the  third  species.  This  is  the 
second  manner  of  specializing  the  fundamental  point,  re- 
ferred to  above.  It  is  the  only  one  that  de  Paolis  considers 
in  any  detail;  and  his  purely  geometrical  treatment,  while 
it  has  led  him  to  a  correct  formulation  of  the  properties  of 
such  a  point,  is  not  very  conclusive  as  to  its  nature,  which 
however  is  extremely  interesting.  This  is  considered  ana- 
lytically in  the  Quarterly  Journal  of  Mathematics  ;*  as  the  re- 
sults of  the  investigation  throw  light  on  a  rather  obscure 
part  of  the  memoir  of  de  Paolis,  it  appears  suitable  to  give 
here  a  r6sum6. 

The  pencil  formed  by  the  s^'s  that  proceed  in  any  given 
direction  from  a  fundamental  point  of  order  p,  contains  one 
special  ^,  with  a  cuspidal  branch  whose  tangent  lies  in  that 
direction.  If  the  direction  is  one  of  the  3/o  —  1  indicated 
by  the  tangents  to  the  Jacobian,  the  special  <p  has  not  a 
simple  cuspidal  branch,  but  a  branch  with  a  higher  singu- 
larity, met  by  its  own  tangent  in  four  points.  In  the 
simplest  case,  this  can  be  resolved  into  two  simple  branches 
in  contact,  and  the  ^  might  be  referred  to  as  tacnodal ;  but 
to  allow  for  the  more  complicated  singularity,  the  term  ex- 
tranodal  seems  more  convenient,  as  it  is  applicable  to  all 
cases.  (Analytically,  the  repeated  factor  in  the  terms  of 
degree  /» is  a  factor  in  the  terms  of  degree  p  +  \,)  These 
extranodal  <p^%  are  determined  by  the  Zp—\  tangents  to  the 
Jacobian  ;  the  fundamental  point  may,  however,  be  special- 
ized in  such  a  manner  that  for  every  direction  the  special  ^ 
is  extranodal  instead  of  cuspidal.  This  happens  necessarily 
for  all  directions  if  it  happens  for  some  one  direction  in  ad- 
dition to  the  3/0  —  1 ;  and  the  Jacobian  has  then  a  point  of 
order  3/o,  while  the  synoptic  curve  contains  a'  as  a  factor.  The 
number  of  intersections  at  A  of  two  ^'s  proceeding  in  any 
assigned  direction  AP  is  in  general  /»'  -f- 1,  but  in  this  case 
it  is  />"  -f-  2  ;  of  these  />'  are  the  fixed  intersections,  which 

*  In  the  oontinnation  of  the  article,  already  referred  to,  appearing  in 
the  current  volame  of  the  Quar.  Jour,  of  Math. 
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are  not  enumerated  in  any  x-group  ;  thus  two  points  of  a  z- 
group  fall  at  P,  in  whatever  direction  P  is  taken.  This  may 
perliaps  be  most  simply  expressed  by  saying  that  the  com- 
plement to  A  contains  an  evanescent  circuit  about  A,  This 
is  what  de  Paolis  refers  to  as  a  **punto  fondamentale 
doppio'';  it  is  one  variety  of  the  fundamental  point  of  the 
third  species. 

The  fundamental  points  and  lines,  the  double  points,  and 
the  Jacobian,  in  the  first  plane,  with  their  correspondents  in 
the  second  plane,  form  a  kind  of  framework  for  the  trans- 
formation, indicating  everything  exceptional ;  and  a  com- 
plete knowledge  of  them  is  essential  to  a  full  comprehen- 
sion of  the  possible  effects  of  the  general  rational  transfor- 
mation. If  X  >  2,  the  co-jacobian  has  to  be  taken  into  ac- 
count also,  and  as  I  have  here  shown,  the  different  species 
of  fundamental  points  and  lines  can  no  longer  be  discrimi- 
nated ;  hence  the  purely  geometrical  treatment  becomes 
very  involved,  and  it  appears  necessary  to  resort  to  analysis. 
Thus  it  is  hardly  to  be  expected  that  the  treatment  of 
transformation  can  be  carried  any  further  on  the  lines  of 
Cremona  and  de  Paolis ;  but  the  intrinsic  interest  of  de 
Paolis'  work  is  surely  excuse  enough  for  devoting  some 
little  space  to  it  in  a  periodical  of  a  critical  and  historical 
nature. 

Bbyn  Mawb  Collkok, 
May,  ^900. 


NOTES. 


The  Chicago  Section  of  the  American  Mathematical 
Society  will  meet  in  the  Ryerson  physical  laboratory  of 
the  University  of  Chicago,  on  Thursday  and  Friday,  De- 
cember 27th  and  28th  next.  Titles  and  abstracts  of  papers 
to  be  read  at  this  meeting  should  be  in  the  hands  of  the  Sec- 
retary of  the  Section  not  later  than  December  5th. 

The  third  (July)  number  of  the  Transactions  of  the  Amer- 
ican Mathematical  Society  contains  the  following  papers  : 
"  Wave  propagation  over  non-uniform  conductors,''  by  M. 
I.  PupiN  ;  **Ueber  Systeme  von  Differentialgleichungen 
denen  vierfach  periodische  Functionen  Geniige  leisten,''  by 
M.  Krause  ;  *'0n  linear  criteria  for  the  determination  of 
the  radius  of  convergence  of  a  power  series,"  by  E.  B.  Van 
Vleck  ;  *^  On  the  existence  of  the  Green's  function  for  the 
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most  general  simply  connected  plane  region,*'  by  W.  F.  Os- 
good ;  **  *D'  lines  on  quadrics/'  by  A.  Pell;  **  Sundry 
metric  theorems  concerning  n  lines  in  a  plane,"  by  F.  H. 
Loud  ;  *  *  An  application  of  group  theory  to  hydrodynamics, ' ' 
by  E.  J.  AViLCZYNSKi  ;  **  Determination  of  an  abstract  sim- 
ple group  of  order  2'.  3*.  5. 7  holoedrically  isomorphic  with  a 
certain  orthogonal  group  and  with  a  certain  hyperabelian 
group,"  by  L.  E.  Dickson. 

In  the  October  (closing)  number  of  volume  I.  of  the  Trana- 
aetiona  it  is  proposed,  for  the  convenience  of  the  readers,  to 
collect  under  an  appropriate  heading  brief  notes  concerning 
the  memoirs  of  the  volume.  For  this  purpose  the  contribu- 
tors are  requested  to  furnish  a  complete  list  of  errata  in 
their  memoirs  as  published,  and  any  further  notes,  for  in- 
stance in  the  way  of  reference. 

The  German  mathematical  society  held  its  annual  meet- 
at  Aachen,  September  16th-23d,  1900,  with  Professor  D. 
HiLBERT  as  president,  and  Professor  A.  Gutzmee  as  secre- 
tary. The  preliminary  programme  of  papers  to  be  presented 
is  as  follows : 

(1)  W.  Ebebt,  Paris:  "On  the  direct  measurement  of 
the  motion  of  the  earth's  axis  of  rotation  by  means  of  stars 
near  the  pole.'' 

(2)  E.  JtJRGENs,  Aachen:  ''Computation  of  determi- 
nants." 

(3)  F.  Klein,  Grottingen  :  *'  Mechanics  in  the  Encyclo- 
paedia of  the  mathematical  sciences." 

(4)  A.  Kneser,  Dorpat:  **0n  the  development  and 
present  state  of  the  calculus  of  variations." 

(5)  E.  KoTTER,  Aachen  :  Subject  to  be  announced. 

(6)  A.  Marcuse,  Berlin:  '*New  development  of  the 
theory  and  practice  of  the  determination  of  geographical  and 
nautica]  positions." 

(7)  A.  Marcuse,  Berlin  :  ''A  new  photographic  universal 
instrument  for  the  determination  of  geographic-astronom- 
ical positions." 

(8)  F.  Meter,  Koenigsberg :  **  On  singular  binary  forms 
and  relations  between  sub-determinants." 

(9)  F.  Meyer,  Koenigsberg  :  *^  On  geometrical  theorems 
of  the  nature  of  those  of  Pascal  and  Desargues." 

(10)  H.  Minkowski,  Zurich :  **  On  the  concepts  :  length, 
surface,  and  volume." 

(11)  P.  H.  Schoute,  Groningen  :  "On  the  number  of 
points,  right  lines,  planes,  etc.,  of  space  of  n  dimensions." 

(12)  H.  Schubert,  Hamburg  :  ^*  Zur  Schlick'schen  Aus- 
gleichungder  Schiffsvibrationen." 
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(13)  D.  SiXTzow,  EkateriDoslaw :  **0n  connexes  in 
space.'* 

(14)  P.  Stackel,  Kiel:  **0n  the  theory  of  geodetic 
lines.'' 

(15)  A.  Wangerin,  Halle:  ''Proof  of  a  theorem  relative 
to  lines  of  curvature.'' 

(16)  A.  Wangebin,  Halle:  ''Determination  of  all  sur- 
faces having  constant  curvature." 

Gauthiee-Villars  announces  the  recent  publication  of 
Lemons  sur  la  th^orie  des  formes  et  la  g6om^trie  analytique 
sup^rieure,  volume  I,  by  H.  Andoyee  ;  Recueil  de  prob- 
l^mes  de  g6om6trie  analytique,  by  Francois  Michel  ;  Analyse 
infinit^simale  a  Pusage  des  ing^nieurs,  volume  I,  by  E. 
Rouch6  and  L.  L^vy.  The  same  publishing  house  has  in 
preparation  a  translation  into  French  of  the  Encyclopaedia 
der  mathematischen  Wissenschaften,  the  first  three  volumes 
of  which  are  in  the  editorial  charge  of  Jules  Molk.  The  first 
volume  to  appear  in  print  is  volume  II  of  the  work  which  is 
expected  from  the  press  early  in  1901.  Among  other  works 
in  preparation  are  a  Cours  d'analyse  math^matique,  by  E. 
OouRSAT  and  an  Essai  sur  les  fondements  de  g^om^trie  by 
W.  B.  Russell.  The  second  volumes  of  the  above-named 
works  of  Andoyer  and  of  RouchA  and  LivY  are  in 
press. 

The  Macmillan  Company  have  in  preparation  an  Intro- 
duction to  celestial  mechanics  by  Dr.  F.  R.  Moulton,  asso- 
ciate professor  of  astronomy  in  the  University  of  Chicago, 
and  The  principles  of  mechanics,  by  Professor  Frederick 
Slate,  of  the  University  of  California. 

The  several  universities  below  offer  during  the  winter 
semester  1900-1901  courses  in  mathematics  as  follows  : 

University  op  Berlin. — By  Professor  L.  Fuchs  :  Theory 
of  elliptic  functions,  four  hours  ;  Introduction  to  the  theory 
of  differential  equations,  four  hours  ;  Seminar,  two  hours. — 
By  Professor  H.  A.  Schwarz  :  Differential  calculus,  four 
hours ;  Applications  of  the  theory  of  elliptic  functions,  two 
hours ;  Calculus  of  variations,  four  hours  ;  Colloquium, 
two  hours ;  Seminar,  two  hours. — By  Professor  G.  Fro- 
BENius  :  Theory  of  algebraic  equations,  four  hours  ;  Semi- 
nar, two  hours. — By  Professor  J.  Knoblauch  :  Analytical 
geometry,  four  hours  ;  Definite  integrals,  four  hours  ;  Exer- 
cises, one  hour. — By  Professor  K.  Hensel  ;    Integral  cal- 
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cuius,  four  hours ;  Theory  of  numbers,  four  hours  ;  Collo- 
quium, two  hours. — By  Professor  R.  LsHMANN-FiLHis : 
Anal3rtical  mechanics,  four  hours  ;  Exercises,  one  hour. 

University  of  Bonn. — By  Professor  L.  Heffter  :  An- 
alytical geometry,  four  hours ;  Elliptic  functions,  four 
hours  ;  Exercises  in  geometry,  one  hour. — By  Professor  H. 
Kortum  :  Infinitesimal  calculus  II,  -four  hours ;  Curved 
lines  and  surfaces,  two  hours ;  Mathematical  seminar,  two 
hours. — By  Professor  R.  Lipschitz  :  Analytical  mechanics, 
four  hours ;  Mathematical  seminar,  two  hours. 

University  of  Breslau. — By  Professor  J.  Rosanes  :  Al- 
gebraic equations,  four  hours ;  Elements  of  the  theory  of  dif- 
ferential equations,  two  hours  ;  Seminar,  one  hour. — By  Pro- 
fessor R.  Sturm  :  Infinitesimal  calculus,  four  hours  ;  Theory 
of  numbers,  two  hours ;  Seminar,  one  hour. — By  Dr.  F. 
London  :  Ajialytical  mechanics,  four  hours,  with  exercises, 
one  hour. 

University  of  Erlangen. — By  Professor  M.  Noether  : 
Infinitesimal  calculus,  four  hours;  Introduction  to  alge- 
braic analysis  and  the  theory  of  functions,  four  hours ; 
Mathematical  exercises. — By  Professor  P.  Gtordan  :  Analyt- 
ical Greometry,  four  hours  ;  Algebra,  four  hours ;  Seminar. 

University  of  Freiburg. — By  Professor  J.  LUroth: 
Analytical  mechanics,  five  hours ;  Trigonometry,  three 
hours ;  Seminar,  one  hour. — By  Professor  L.  Stickel- 
BERGEK  :  Plane  analytical  geometiy,  four  hours  ;  Theory  of 
numbers,  three  hours. — By  Dr.  A.  Loewy  :  Differential 
calculus,  three  hours ;  Theory  of  surfaces,  three  hours ; 
By  Dr.  E.  Rebmann  :  Methodologj'^  of  mathematical  in- 
struction, two  hours. 

University  of  Giessen. — By  Professor  M.  Pasch  :  In- 
finitesimal calculus,  four  hours  ;  Selected  chapters  of  an- 
alytical geometry,  two  hours  ;  Exercises  in  the  elements  of 
higher  mathematics,  one  hour  ;  Seminar,  one  hour. — By 
Professor  E.  Netto  :  Analytical  geometry  of  space,  four 
hours ;  Algebraic  equations,  two  hours ;  Seminar,  one 
hour. — By  Professor  R.  Haussner:  Introduction  to  the 
theory  of  differential  equations,  four  hours  ;  Technical 
mechanics,  four  hours ;  Theory  of  determinants,  two 
hours. 

University  of  Gottingen. — By  Professor  F.  Klein  : 
Projective  geometry,  four  hours,  with  exercises,  two  hours. 
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— By  Professor  D.  Hilbert  :  Theory  of  functions,  four 
hours ;  Partial  differential  equations,  four  hours,  with 
seminar  in  the  latter,  two  hours. — By  Professor  M.  Bren- 
DEL  :  Rotational  motion  of  the  heavenly  bodies,  two  hours ; 
Exercises  in  numerical  reckoning,  two  hours. — By  Professor 
E.  Wiechert  :  Analytical  mechanics,  four  hours. — By  Pro- 
fessor F.  Schilling  :  Integral  calculus,  four  hours,  with 
exercises,  one  hour.  ^— By  Professor  Ambronn  :  Method  of 
least  squares,  two  hours. — By  Professor  K.  Bohlmann  : 
Mathematical  principles  of  insurance,  three  hours  ;  Mathe- 
matical statistics,  two  hours ;  Seminar  in  insurance,  two 
hours. — By  Dr.  E.  Zermelo  :  Mengenlehre,  two  hours ; 
Kinetic  theory  of  gases,  two  hours. — By  Dr.  J.  Sommer  : 
Theory  of  algebraic  functions,  two  hours. 

University  of  Greifswald. — By  Professor  W.  Thom^  : 
Mechanics  I,  four  hours ;  Algebra,  four  hours ;  Seminar, 
two  hours. — By  Professor  E.  Study  :  Infinitesimal  calculus 
II,  four  hours ;  Theory  of  functions  II,  four  hours  ;  Semi- 
nar, two  hours. 

University  of  Halle. — By  Professor  G.  Cantor  :  Infin- 
itesimal calculus,  five  hours. — By  Professor  A.  Wangerin  : 
Chapters  in  higher  geodesy,  one  hour;  Integral  calculus 
with  exercises,  four  hours ;  Applications  of  elliptic  func- 
tions, two  hours ;  Calculus  of  variations,  two  hours. — By 
Professor  V.  Eberhard  :  Theory  of  algebraic  equations, 
four  hours  ;  Numerical  equations  with  exercises,  one  hour. 
— By  Dr.  H.  Grassmann  :  Ordinary  differential  equations, 
two  hours  ;  Exercises  in  descriptive  geometry,  one  hour. — 
By  Dr.  E.  Neumann  :  Theory  of  continued  fractions,  two 
hours. 

University  of  Heidelberg. — By  Professor  L.  Koenigs- 
BERGER :  Higher  algebra,  four  hours ;  Elements  of  the 
theory  of  differential  equations,  two  hours ;  Theory  of 
numbers,  two  hours ;  Seminar,  two  hours. — By  Professor 
H.  Valentiner  ;  Method  of  least  squares,  two  hours. — By 
Professor  M.  Cantor  :  Infinitesimal  calculus,  four  hours, 
with  exercises,  one  hour ;  Political  arithmetic,  two  hours. 
— By  Professor  F.  Eisenloiir  :  Theoretical  optics,  four 
hours ;  Infinitesimal  calculus,  five  hours ;  Potential,  two 
hours. — By  Professor  K.  Koehler  :  Synthetic  geometry  of 
space,  three  hours. — By  Professor  G.  Landsberg  :  Descrip- 
tive geometry,  four  hours ;  Selected  chapters  of  theory  of 
functions,  continued  from  preceding  semester,  two  hours. — 
By  Dr.  K.  Boehm  :    The  principles  of  Heinrich  Hertz's 
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mechanics,  two  hours;  Gauss's  memoir  ou  the  theory  of 
surfaces,  one  hour. 

University  of  Innsbruck. — By  Professor  O.  Stolz  :  Real 
differential  and  integral  calculus,  four  hours ;  Theory  of 
functions  of  a  complex  variable  after  Cauchy  and  Weier- 
strass,  three  hours. — By  Professor  W.  Wirtinger  :  Linear 
partial  differential  equations,  three  hours;  Eulerian  inte- 
grals, two  hours ;  Mathematical  seminar,  two  hours. — By 
Dr.  K.  ZiNDLER :  Descriptive  geometry  with  exercises, 
four  hours  ;  Application  of  the  differential  calculus  to  geom- 
etry, two  hours. 

University  of  Jena. — By  Professor  J.  Thomae:  Appli- 
cation of  infinitesimal  calculus  to  geometry,  four  hours ; 
Definite  integrals  and  hypergeometric  series,  two  hours ; 
Seminar,  two  hours. — By  Professor  A.  Gutzmer  :  Integral 
calculus,  four  hours,  with  seminar  exercises,  one  hour ; 
Elemente  of  descriptive  geometry  with  exercises,  four  hours. 
— By  Professor  G.  Frege  :  Analytical  geometry  of  space, 
four  hours  ;  Concepts,  one  hour. 

University  of  Kiel. — By  Professor  L.  Pochhammer  : 
Application  of  infinitesimal  calculus  to  geometry,  three 
hours ;  Introduction  to  the  theory  of  functions,  three  hours ; 
Seminar,  two  hours. — By  Professor  P.  Stackel  :  Higher 
analysis  II,  four  hours  ;  Stereometric  drawing,  four  hours  ; 
Calculus  of  variations,  one  hour  ;  Seminar,  one  hour. 

University  of  Koenigsberg. — By  Professor  F.  Meyer  : 
Selected  chapters  of  higher  geometry,  two  hours  ;  Integral 
calculus,  three  hours,  with  exercises,  one  hour ;  Seminar, 
one  hour  and  a  half. — By  Professor  A.  Schoenflies  :  Me- 
chanics, four  hours. — By  Professor  L.  SAALscHt^TZ  :  Theory 
of  calculus  of  finite  differences,  two  hours  ;  Introduction  to 
algebraic  analysis,  three  hours,  with  exercises,  one  hour. — 
By  Dr.  E.  MIJller  :  Analytical  geometry  of  space,  two  hours ; 
Perspective,  two  hours. 

University  of  Leipsic. — Professor  Scheibner  offers  no 
courses  this  semester,  and  those  of  Professor  Mayer  will  be 
announced  later. — By  Professor  C.  Neumann  :  Application 
of  the  infinitesimal  calculus  to  geometry,  four  hours  ;  Semi- 
nar, one  hour. — By  Professor  O.  Holder:  Infinitesimal 
calculus,  five  hours  ;  Application  of  elliptic  functions,  one 
hour  ;  Mathematical  seminar,  one  hour. — By  Professor  L. 
BoLTZMANN  :  Analytical  mechanics,  five  hours. — By  Profes- 
sor F.  Engel  :  Projective  geometry  and  homogeneous  co- 
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ordinates,  three  hours  ;  Differential  invariants,  two  hours  ; 
Seminar,  one  hour. — By  Dr.  F.  Hausdorfp  :  Theory  of 
probability,  three  hours  ;  Map  projection,  two  hours. — By 
Dr.  G.  KowALWosKi :  Theory  and  application  of  determi- 
nants, two  hours  ;  Theory  of  partial  differential  equations, 
two  hours  ;  Seminar  in  differential  invariants,  in  conjunc- 
tion with  Professor  Engel,  one  hour. — By  Dr.  H.  Lieb- 
MANN  :  Elementary  theory  of  numbers,  two  hours  ;  Foun- 
dations of  geometry,  two  hours. 

University  of  Marburg. — By  Professor  F.  Schottky  : 
Elliptic  functions,  four  hours  ;  Algebraic  analysis,  three 
hours  ;  Seminar,  two  hours. — By  Professor  E.  Hess  :  Inte- 
gral calculus,  five  hours ;  Selected  chapters  of  geometry, 
three  hours  ;  Spherical  trigonometry,  two  hours  ;  Seminar, 
two  hours. — By  Dr.  F.  v.  Dalgwik  :  Analytical  geometry 
of  the  plane  and  space,  five  hours,  with  exercises,  one  hour  ; 
Descriptive  geometry,  with  exercises,  two  hours. 

University  of  Munich. — By  Professor  G.  Bauer  :  Alge- 
bra ;  subject  of  second  course  to  be  announced  ;  Seminar. — 
By  Professor  F.  Lindemann  :  Plane  analytical  geometry  ; 
Introduction  to  ordinary  and  partial  differential  equations ; 
Mathematical  principles  of  life  insurance  ;  Seminar. — By 
Professor  A.  Pringsheim  :  Differential  calculus,  with  exer- 
cises ;  Elliptic  functions. — By  Dr.  K.  D5hlemann  :  De- 
scriptive geometry,  with  exercises;  Kinematics. — By  Dr. 
E.  V.  Weber  :  Introduction  to  analysis  ;  Determinants  with 
applications  ;  Selected  chapters  of  elementary  geometry. — 
By  Dr.  J.  Gottler  :  Theory  and  application  of  the  func- 
tions of  Lam6,  Bessel  and  Laplace. 

The  Steiner  Prize. — The  Academy  of  sciences  of  Berlin 
at  the  Leibniz  Meeting,  July  4, 1895,  announced  the  follow- 
ing problem  for  the  Steiner  Prize:  *  *  To  completely  solve  any 
important,  hitherto  unsolved  problem  relating  to  the  theory 
of  curved  surfaces,  taking  into  account,  so  far  as  possible, 
the  methods  and  principles  evolved  by  Steiner.  It  is  re- 
quired that  sufficient  analytical  explanations  shall  accom- 
pany the  geometrical  investigations  to  verify  the  correct- 
ness and  completeness  of  the  solution.  Without  wishing 
to  limit  the  choice  of  subject,  the  Academy  takes  the  oppor- 
tunity to  call  attention  to  the  special  problems  to  which 
Steiner  has  referred  in  his  general  remark  at  the  end  of  his 
second  paper  on  maximum  and  minimum  in  figures  in  a 
plane,  on  a  sphere,  and  in  space. '  ^ 

No  paper  on  this  subject  wae  received.     In  accordance 
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with  the  terms  of  the  Steiner  foundation,  the  Academy  has 
utilized  the  prize  of  6,000  marks,  thus  unawarded,  for  the 
purpose  of  recognizing  certain  important  geometrical  contri- 
butions published  during  the  last  few  years.  One  third  of 
it  was  awarded  to  each  of  the  following :  To  Dr.  Karl 
Friedrich  Geiser,  professor  at  the  polytechnic  school  at 
Zurich,  for  his  individual  researches  in  geometry  and  his 
services  in  the  publication  of  a  part  of  Steiner' s  lectures ; 
to  Dr.  David  Hilbert,  professor  at  the  University  of  Gott- 
ingen,  for  his  important  researches  on  the  axioms  of  geom- 
etry and  for  the  advancement  which  analytic  geometry  has 
experienced  from  his  work  on  the  theory  of  invariants  ;  to 
Dr.  Ferdinand  Lindemann,  professor  at  the  University  of 
Munich,  who  has  earned  special  distinction  in  geometry  by 
his  celebrated  discussion  of  the  quadrature  of  the  circle,  as 
well  as  by  editing  Clebsch's  Vorlesungen  iiber  Geometric. 
For  the  year  1905  the  Academy  again  announces  the  fore- 
going problem,  which  has  remained  unsolved.  For  its  solu- 
tion a  prize  of  4,000  marks  is  offered,  with  an  additional 
sum  of  2,000  marks.  Papers  offered  in  competition  may  be 
written  in  German,  French,  English,  Italian  or  Latin,  and 
must  be  submitted  before  December  31,  1904.  The  result 
will  be  announced  at  the  Leibniz  meeting  of  1905.  No 
manuscript  revealing  the  name  of  the  author  will  be  ac- 
cepted. Each  manuscript  is  to  bear  a  mark  or  nom-de- 
plume,  and  to  be  accompanied  by  a  sealed  envelope  contain- 
ing the  name  and  address  of  the  author  and  bearing  outside 
the  corresponding  mark  or  assumed  name.  Manuscripts 
should  be  sent  to  the  Bureau  of  the  Academy,  Berlin  XW. 
7,  Universitats-strasse,  8. 

From  an  article  in  Science,  August  31,  1900,  it  appears 
that  the  degree  of  doctor  of  philosophy  was  conferred  by 
American  universities  during  the  past  year  on  233  candi- 
dates, of  whom  11  presented  dissertations  in  mathematics. 
The  list  of  mathematical  doctorates,  with  titles  of  theses  and 
names  of  universities  conferring  the  degrees,  is  as  follows  : 
L.  P.  Eisenhart,  Johns  Hopkins  University,  ^^Infinitesi- 
mal deformation  of  surface '';  W.  Gillespie,  University  of 
Chicago,  **  Determination  of  all  hyperelliptic  integrals  of 
the  first  kind  of  penus  3  reducible  to  elliptic  integrals  by 
transformations  of  the  second  and  third  degrees  ^ ' ;  H.  E. 
Hawkes,  Yale  University,  **  Examination  and  extension  of 
Peirce's  linear  associative  algebra'';  D.  N.  Lehmer,  Uni- 
versity of  Chicago,  *^  Asj^mptotic  evaluation  of  certain 
totient  sums";  J.  H.  McDonald,   University  of  Chicago, 
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*'  Concerning  the  system  of  the  binary  cubic  and  quadratic 
with  application  to  the  reduction  of  hyperelliptic  integrals 
to  elliptic  int^rals  by  a  transformation  of  order  four*'; 
C.  R.  McInnes,  Johns  Hopkins  University,  **Supero6cu- 
lated  sections  of  surfaces'';  H.  C.  Moreno,  Clark  Univer- 
sity, <*0n  ruled  loci  in  n-fold  space'';  F.  R.  Moulton, 
University  of  Chicago,  *^A  particular  class  of  periodic 
solutions  of  the  problem  of  three  bodies";  S.  E.  Slocum, 
Clark  University,  ^*0n  the  continuity  of  groups  generated 
by  infinitesimal  transformations";  F.  B.  Williams,  Clark 
University,  '^Geometry  on  ruled  quartic  surfaces";  A.  D. 
YocuM,  Univei*sity  of  Pennsylvania,  '*  An  inquiry  into  the 
fundamental  processes  of  addition  and  subtraction." 

The  Hopkins  prize  of  Cambridge  University  for  the 
period  1894-1897  has  been  awarded  to  Mr.  J.  Labmor  of 
St.  John's  College  for  his  investigation  on  the  **  Physics  of 
the  aether ' '  and  other  contributions  to  mathematical  science. 

The  works  of  the  late  Professor  E.  Beltrami  are  to  be 
published  by  the  faculty  of  science  of  the  University  of 
Rome.  The  edition,  which  is  to  be  issued  by  subscription, 
will  consist  of  three  or  four  large  volumes.  A  complete  list 
of  Professor  Beltrami's  published  papers  appeared  in  the 
Annali  di  Matematica  for  March,  1900. 

The  recent  catalogue,  No.  127,  of  M.  Hoepli,  Milan,  Italy, 
contains  nearly  three  thousand  titles  of  memoirs  and  treatises 
in  mathematics  and  physics. 

Professor  R.  Lipschitz,  of  Bonn,  has  been  elected  a 
correspondent  of  the  section  of  geometry  and  Professor 
P.  Duhem  correspondent  of  the  section  of  mechanics  of  the 
Paris  academy  of  sciences. 

Professor  F.  Klein,  of  Gottingen,  has  been  elected  cor- 
responding member  of  the  Vienna  academy  of  sciences.  At 
the  recent  celebration  of  its  five-hundredth  anniversary,  the 
University  of  Cracow  conferred  on  Professor  Klein  an  hon- 
orary doctorate. 

Dr.  J.  H.  Gore,  professor  of  mathematics  and  geodesy 
at  the  Columbian  University,  has  been  appointed  juror-in- 
chief  of  the  Court  of  Appeal  of  the  Paris  Exposition. 

Professor  A.  R.  Forsyth  has  been  elected  an  honorary 
member  of  the  Edinburgh  Royal  Society. 
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Dr.  Arnold  Emch,  recently  professor  of  graphic  mathe- 
matics in  the  Kansas  State  Agricultural  College,  has  been 
appointed  to  an  assistant  professorship  of  mathematics  in 
the  University  of  Colorado. 

Dr.  Loins  T.  More,  of  the  University  of  Nebraska,  has 
been  elected  professor  of  physics  in  the  University  of  Cin- 
cinnati. 

Dr.  Jacob  Westlund,  of  Yale  University,  has  been  ap- 
pointed instructor  in  mathematics  in  Purdue  University. 

Dr.  H.  Fehr,  decent  at  the  University  of  Geneva,  has 
been  promoted  to  a  full  professorship  in  geometry  and  alge- 
bra at  the  same  university. 

Dr.  Karl  Boehm  has  been  made  decent  in  mathematics, 
at  the  University  of  Heidelberg. 

Mr.  W.  B.  Fite  and  Mr.  II.  B.  Kuhn,  recent  holders  of 
fellowships,  have  been  appointed  assistants  in  the  depart- 
ment of  mathematics  at  Cornell  University. 

Professor  C.  S.  Venable,  emeritus  professor  of  mathe- 
matics in  the  University  of  Virginia,  died  August  11, 1900, 
at  his  home  in  Charlottesville,  Va.,  at  the  age  of  73  years. 
His  education  was  received  at  Hampden  Sidney  College  and 
the  University  of  Virginia,  and  at  the  Universities  of  Ber- 
lin and  Bonn.  He  served  in  the  Confederate  army  with 
distinction  throughout  the  civil  war,  most  of  the  time  as  a 
member  of  Gen.  Lee's  staff.  Before  the  war  he  was  suc- 
cessively a  member  of  the  faculties  of  Hampden  Sidney 
Collie,  the  University  of  Georgia,  and  the  College  of  South 
Carolina ;  and  since  the  war  he  served  continuously  as  pro- 
fessor of  mathematics  in  the  University  of  Virginia  until  in 
1896  failing  health  induced  him  to  resign. 

As  the  author  of  a  series  of  well  known  t^xt  books  on 
mathematics  and  by  his  work  at  the  University  of  Virginia, 
he  exerted  a  profound  influence  upon  mathematical  instruc- 
tion throughout  the  Southern  States.  As  a  pupil  of  Encke 
and  Argelander,  he  became  deeply  interested  in  astronomy. 
In  1860  he  observed  the  total  eclipse  of  the  sun  in  Labra- 
dor, and  more  recently  it  was  mainly  through  his  exertions 
that  the  establishment  and  endowment  of  the  Leander 
McCormick  Observatory  was  secured. 

Professor  J.  E.  Keeler,  director. of  the  Lick  Observa- 
tory, died  at  San  Francisco,  August  12,  1900,  aged  43  years. 
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The  death  is  announced  of  Dr.  G.  Brunel,  professor  of 
mechanics  and  dean  of  the  faculty  of  sciences  of  Bordeaux. 
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Parma.  Zaflerri,  1900.    8vo.    Pp.  1-432. 

Lampe  (E.).    See  Jahbbuch. 
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LOBENTZ  ( H.  A. ) '  Lehrbach  der  DiflereDtial-  nnd  iDt^ralreohnaog  und 
der  AnIangagruDde  der  analytisohen  Geometrie.  Hit  besonderer 
BeriicksiohtigaDg  der  Bedurfniase  der  Studierenden  der  NatnrwisBen- 
sohaften.  Unter  Mitwirknng  des  Verfaasers  abersetzt  von  G.  C. 
Sohmidfc.    Leipzig,  Barth,  1900.    8vo.     7  +  476  pp.  M.  10. 00 

LUDWio  ( B.  VON).  Ueber  die  Nothwendigkeit  der  Beaobrankiing  des 
Jaoobi'floben  Umkebrproblemsauf  Aberaobe  Int^^rale  erster  GattoDg. 
(Din.)    Halle,  1900.    8vo.    94  pp. 

Lt^EN  (H.  B.).    Einleitang  in  die  Infinitesimalreobnang  (Differen- 
tial- and  Integralrecbnnng).    8te  Aaflage.    Leipzig,   1900.    8vo. 
•     4-1-383  pp.  M.  8.0O 

Anafiibrliobes  Lehrbnoh  der  analytisohen  oder  hoheren  Geometrie. 

14te  Aofage.     Leipzig,  1900.    8vo.     4 +  214  pp.  M.  4.00 

MoGiNNis  (M.  A.).  Universal  solution  for  numerical  and  literal  equa- 
tions, by  which  roots  of  equations  of  all  degrees  can  be  expressed  in 
terms  of  their  coefficients.  London,  Sonnensohein,  1900.  12mo. 
206  pp.  58. 

M AUBEB  ( L. ) .    See  Eno yklopadib. 

Meybb  ( W.  F. ).    See  Encyklopadie. 

Michel  (F.).  Recneil  de  probl^mes  de  g^om^trie  analytiqne,  h  I'usage 
des  ^l^ves  de  math^matiqnes  sp^ales.  Solutions  des  probl^mes 
donnas  aux  concours  d'admission  h  PEcole  polyteohnique  de  1860  H 
1900.     Paris,  Gauthier-Villars,  1900.     8vo.  Fr.  6.00 

Moebius  (P.  J.).  Ueber  die  Anlage  zur  Mathematik.  Leipzig,  Barth, 
1900.    8vo.     7  -h  331  pp  ,  51  portraits.  M.  7.00 

Netto(E.).    See  EncyklopXdie. 

Opitz  (H.  R.  G.).  Die  Kramp-Laplaoe*8cbe  Transcendente  und  ihre 
Umkehrung.     (Progr.)    Berlin,  Gaertner,  1900.     4to.    29  pp. 

M.  1.00 

OSTSB  (B.).  Ueber  partielle  Differentialgleichungen  zweiter  Ordnnng 
mit  11  unabhangigen  Variabeln.    Berlin,  1900.    8vo.    27  pp. 

PiCABD  (E.).  Sur  le  d^veloppement,  depuis  un  si^le,  de  quelques 
theories  fondamen tales  dans  Panalyse  math^matique.  Conferences 
faites  k  Clark-University  (Etats-Unis).  Paris,  Colin,  1900.  8vo. 
91  pp.     ( Extrait  de  la  Revue  ghUrale  des  sciences, ) 

Pbano  ( C.  ).  Einfilhrung  in  die  Theorie  und  den  Gebraucb  der  Determi- 
nanten.  Berlin,  Mayer  und  Miiller,  1900.  8vo.  4-f53  pp. 
Boards.  M.  1.40 

Kicci  (G.).  Lezioni  di  algebra  oomplementare.  Verona,  Drucker, 
1900.    8vo.     17  +  466  pp.  Fr.  10.00 

RiEMANN  (B.).    See  Webeb  (H.). 

Soheffebs  (G.).  Einzelnesaus  der  Theorie  der  Curven  und  Flachen. 
( Berichie  der  maihcmatisch-physischen  Classe  der  K.  Sdehsischen  GeseU- 
schaft  der  WissenHchaftetif  8.  Januar,  1900. )     12mo.     8  pp. 

Funktionen   der   Abstande  von   festen   Punkten.     {Mathftnalisch- 

naturwissenschaftliehe  Mitteilungen  in  WUrttetnberg, )     Stuttgart,  Metz- 
ler,  1900.    12mo.     17  pp. 

Schmidt  (G.  C.  ).    See  Lobentz  ( H.  A. ). 
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Sommeb(J.).  FooaletgeDsoluiften  qoadratiacher  ManDigtaliigkeiten  im 
TierdimeDsioDalen  Kaam.  (Matkematisehe  Annalen,  vol.  53,  pp. 
113-160.)    8vo. 

SOHMSRFBLD  (A  ).     See  Ekctklopadie. 

Stephanos  (C.  ).  Sar  nne  extenmon  da  oaloal  dee  sabstitntions  lin^ 
aires.  {Journal  de  wu»UUmaiique9  purea  et  appliqHie9,  5e  s^rie,  vol.  6, 
pp.73-12a)     4k). 

Yahlek  (K.  F.).    See  Encyklopadis. 

Van  Vlbck  (E.  6.).  Od  linear  criteria  for  the  determination  of  the 
radios  of  convergence  of  power  series.  ( Transaetiona  of  the  American 
Mathematical  Society,  vol.  I,  pp.  293-309. )     4to. 

Webbb  (  H. ).  Die  partiellen  Differentialgleicbangen  der  matheraatisohen 
Physik.  Naofa  Riemann's  Vorlesnngen  in  4ter  Anflage  nea  bear- 
beitet.  (In  2  Banden.)  Vol.  I.  Brannsobweig,  Vieweg,  1900. 
Sra    18 +  506  pp.  M.  10.00 

See  Encyklopadik. 

WiMAW  (  A. ).    See  EkcyklopXdie. 

n.     ELEMENTARY  MATHEMATICS. 

Amodeo  (F).  Aritmetica  particolare  e  generale.  Vol.  1.  Napoli, 
Picrro,  1900.     12mo.     15  +  415  pp.  Fr.  3.50 

AuFiiSsuNOEN  Ton  Aofgaben  ans  Dr.  V^ookels  Geometric  der  Alten. 
Nnmberg,  Eom,  1900.    8vo.    28  pp.  M.  0.60 

Babtoluoci  ( L. ).  Manoale  d'aritmetica  e  pricipt  d'algebra  per  gli 
alanni  delle  sonole  tecniche.    2a    edizione.    Firenze,    Bemporad, 

1899.  16mo.    6 +  287  pp.    (Bibliotecasoolastica.)  Fr.2.00 

Piccolo  manoale   d 'algebra  per   gli  alanni  delle  soaole  tecniobe. 

2a  edizione.    Firenze,   Bemporad,  1900.     16mo.    ^  pp.    (Biblio- 
teca  scolastica. )  Fr.  0.50 

Bemak  (W.  W.)  and  Smith  (D.  E.).  Elements  of  algebra.  Boston, 
Ginn,  1900.     12mo.     10  +  430  pp.     Cloth.  $1.22 

Bebteand  (J.)  et  Gabcet  (H.).  Traite  d'algdbre.  Deaxi^me  partie 
h  I'asage  des  classes  de  math^matiqaes  sp^iales.  Noavelle  ^ition. 
Paris,  Hacbette,  1900.    8vo.    392  pp.  Fr.  5.00 

Bouboet  (J.).  Tables  de  logaritbmes  &  cinq  d^cimales  des  nombres  et 
des  lignes  trigonom^triqnes.  2e  Edition.  Paris,  Belin,  1900. 
16mo.    287  pp. 

Bbigos  (W.).    Synopsis  of  trignometiy.    3d  edition.    London,  Clive, 

1900.  12mo.    48  pp.     ( University  tutorial  series. )  10s.  6d. 

Cohbebousse  (C  de).    See  Rouche  (E.). 

CusACK.    See  Lydon  (N.  S.). 

Downey  (J.  F.).  Higher  algebra.  New  York,  American  Book  Co. 
[1900].     12mo.     416  pp.     Half-leather.  $1.50 

Dupuis  (J.).  Tables  de  logarithmes  k  cinq  d^imales.  d'apres  J.  de  La- 
lande,  dispoe^^  double  entr^  et  revues.  Contenant  les  logarithmes 
des  nombres  entiers  de  1  a  10,000,  les  logarithmes  des  sinus  et  des 
tangentes,  oalcnl^^s  de  minute  en  minute  josqu'a  90  degree,  plusieurs 
tables  usuelles,  et  un  grand  nombre  de  formules  et  de  nombres  utiles. 
25e  Mition.     Paris,  Hacbette,  1900.     16mo.     4+230  pp.      Fr.  2.00 
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Ernst  ( A. ) •  Deux  annees  d'alg^bre  (en  nn  volume)  dans  renseigoemeDt 
primaire  superiear,  contenaiit  plus  de  360  exercicee  et  problemes. 
Paris,  Ck)lin,  1900.     16mo.     6 +  242  pp.     (Collection  J.  Boitel.) 

Fr.  2.00 

Euclid.  The  ElementSf  book  1.  For  schools  and  colleges,  with  notes, 
appendices,  and  exercises,  by  J.  Todhunter.  New  edition,  enlarged 
by  S.  L.  Loney.     London,  Macmillan,  1900.    12mo.    126  pp.        Is. 

The  contents  of  the  fifth  and  sixth  books  of  Eaclid,  arranged  and 

explained  by  M.  J.  M.  Hill.    London,  Clay,  1900.    8vo.    Cloth.    66. 

Frech  (F.).  Kegelschnittanfgabe^  in  geometrisoher  Behandlang. 
(Progr.)     Dentsch-Krone,  1900.     4to.    16  pp.     1  plate. 

Garcet  (H.).'  See  Bertrand  (J.). 

Gauss  (  F.  G.  ).  Vierstellige  logarithmische  and  trigonometrische  Tafeln. 
Schalansgabe.     Halle,  Strien,  1900.     8vo.     96  pp.     Cloth.     M.  1.60 

Gazzaniga  (P.).  Libro  di  aritmetioa  e  di  algebra  elementare.  Parte 
I.    3aedizione.     Verona,  Draoker,  1900.     8vo.     126  pp.  Ft.      2.00 

Geometrie,  algebre.  Conrs  sup^riear,  oontenant  463  problemes.  Paris, 
Delagrave  [1900].  IBmo.  210  pp.  (Conrs  des  eooles  priniaires  et 
^I^mentaires. ) 

GiUDics  (F.).  Geometria  solida.  Brescia,  Apollonio,  1900.  8vo.  279 
pp.,  8  plates. 

Gremioni  (M.  ).  Nozioni  di  geometria  solida  ad  nso  delle  sonole 
tecniohe,  con  an  formnlario.  Firenze,  Bemporad,  1900.  16mo.  115 
pp.    ( Biblioteca  scolastica. )  Fr.  0.80 

Hamilton  (J.  G.).  First  geometry  book.  Simple  exercises  based  on 
experiment  and  discovery.     London,  Arnold,  1900.     12mo.    94  pp. 

Is. 
Hill  (M.  J.  M.).    See  Euclid. 

J.  (F. ).  Elements  de  g^om^trie,  comprenant  des  notions  sar  les  coarbes 
nsnelles,  an  complement  snr  le  deplacement  des  figures  et  de  nom- 
breox  exercices.  lOe  ^ition.  Paris,  Poossielgae,  1900.  16mo. 
11+526  pp. 

Kambly  nnd  Boeder.  Stereometric  and  spharische  Trigonometrie. 
Vollstiindig  nach  den  preoseischen  Lehrplanen  von  1892  amgearbei- 
tete  Aosgabe  der  Stereometrie  and  der  sphiirischen  Trigonometrie 
von  Kambly.  LehranfKabe  der  Prima.  Mit  Uebangsaafgaben  and 
einem  Anhang :  Der  RoordinatenbegrifF  and  einige  Grandeigen- 
schaften  der  Kegelschnitte.  2te  Anflage  (27ste  der  Kambly 'schen 
Stereometrie).    Breslaa,  Hirt,  1900.    8vo.    204  pp.    Boards.  M.  2.00 

KoRDGiEN  (H.).  Das  mathematieche  Pensnm  fur  das  Einjahrig-Frei- 
willigen-Examen.  Theorie  and  Praxis.  Aufgaben  mit  ausfiihr- 
liohen  Losungen  and  Erlauterungen.  Teil  I :  Arithmetik.  Berlin, 
Grote,  1900.     8vo.     7  +  120  pp.  M.  2.20 

Krimphofp  (  W.  ).    See  Schwerino  (K.  ). 

Lalande  (J.  de).    See  Dupuis  (J.). 

LicHTBLAu](W.).    See  Wiese  (B.). 

Loney  (S.  L.  ).    See  Euclid. 

Lydon  (N.  S.).  Casack's  practical  plane  geometry.  London,  1900. 
8vo.     132  pp.  38.  6d. 
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Manuel  (G.).    See  Vintejoux  (F.). 

Mathematical  papers,  London  University  intermediate  science  mixed 
questions  set  at  examinations  1879-99.    London,  1900.    8vo.    54  pp. 

2fi.  6d. 

Meigek  (  F.  ).  Lehrbnch  der  Geometrie.  2te  Anflage.  Hildbnrghansen, 
Pezoldt,  1900.  8vo.  4  -f-  83  pp.  (Teohnische  Lehrhefte,  Abteilun^ 
C,  No.  4.)  M.2.00 

Mbkqbr  (J.).  Geometrische  Formenlehre.  Fiir  die  erste  Klasse  der 
Realscholen.  4te  Auflage.  Wien,  Holder,  1900.  8vo.  3  -f  38  pp. 
Cloth.  M.  1.04 

Milne  ( W.  J. ).  Key  to  **  elements  of  algebra  '*  and  **  Grammar  school 
algebra.''  New  York,  American  Book  Co.  [1900].  l6mo.  256  pp. 
Cloth.  $0.60 

Murray  (D.  A.).  Logarithmic  and  trigonometric  tables,  five-place  and 
fonr-place.  New  York,  Longmans,  Green  &  Co.,  1900.  8vo. 
4 +  95  pp.     Cloth.  $0.60 

Plane  trigonometry,   for  colleges    and   secondary   schools.     New 

York,  Longmans,  Green  &  Co.,  1900.    12mo.     13  +  114  pp.    Cloth. 

$1.25 

Spherical  trigonometry,  for  colleges  and  secondary  schools.    New 

York,  Longmans,  Green  &  Co.,  19U0.    12mo.    7  +  111  pp.    Cloth. 

$0.60 

Obtu   Carboni  (S.).     Santo  di  geometria  elementare.     Planimetria. 

Livomo,  Ginsti,  1900.     8  +  116  pp.  Fr.  1.00 

Prsdella  (L.).  Aritmetica  ad  nso  della  2a  e  3a  classe  normale. 
Roma.  Paravia,  1899.    92  pp.  Fr.  1.20 

Element!  di  algebra  ad  nso  della  prima  classe  normale.      Roma, 

Paravia,  1899.     4  +  104  pp.  Fr.  1.40 

Boeder.    See  Kambly. 

RoucHE  (E.)  et  CoMBBRoussB  (C.  de).  Traits  de  g^m^trie.  7e 
Virion,  revne  et  augment^e,  par  E.  Ronch^.  Partie  I :  G^om^trie 
plane.  Partie  II :  G^m^trie  dans  Pespace ;  conrbes  et  surfaces 
nsnelles.    Paris,  GanthierVillars,  1900.    8vo.     60+1212  pp. 

Fr.  17.00 

Rupert  (W.  W.).  Famous  geometrical  theorems  and  problems,  with 
their  history.    Boston,  Heath,  1900.     16mo.     4  +  27  pp. 

Sadun  (E.)  e  SoBCHiNO  (C).  Lezioni  di  aritmetica,  2a  edizione. 
Roma,  Paravia,  1900.  *  176  pp.  Fr.  2.25 

ScHRON  ( L. ).  Siebenstellige  gemeine  Logarithmen  der  Zahlen  von  1  bis 
106000  nnd  der  Sinns,  Coeinns,  Tangenten  und  Cotangenten  aller 
Winkel  des  Qnadranten  von  10  *zu  10  Secnnden,  nebst  einer  Inter- 
polationstafel  znr  Berechnang  der  Proportional  teile.  248te,  revidirte 
Ansgabe.     Braunschweig,   Vieweg,   1900.     8vo.    8  +  24  +  474  pp. 

M.  8.40 

ScHWERiNO  (K.)  und  Krimpboff  (  W.  ).  Ebene  Geometrie  ;  nach  den 
neuen  Lehrplanen  bearbeitet.  3te  Auflage.  Freiburg  i.  B.,  Herder, 
1900.     8vo.     8 +  133  pp.  M.  1.60 

Smith  (D.  E.).    See  Beman  (W.  W.). 

SoscHiNo  (C. ).    See  Sadun  (E.)  . 
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T£8n  (G.  M.)-  Trattato  di  algebra  elementare,  oon  molti  eaercizi. 
Livorno,  1900.     12mo.     71  8pp.  Fr.  3.50 

ToDHiTNTEB  ( I. ) .    See  Euclid. 

Tbotha  (T.  von).  Die  kabische  Gleichang  udcI  ihre  Aaflosong  fur 
reelle,  imaginare  und  komplexe  Worzeln.  Ein  Veraoch.  Berlin, 
Ernst,  1900.     8vo.    3+61  pp.  M.  2.50 

yALLB(G.).  Introdazione  all'algebra  elementare.  Bra,  Raoca,  190O. 
16mo.    21  pp.  Ft.  0.5O 

ViKTEJOUX  (F.).     Elements  d'arithm^tiqae,  de  g^m^trie  et  d'alg^bre. ' 
Corrig^  des  exercioes  par  G.  Maouel.     4e  ^ition.     Paris,  Hachette, 
1900.     16mo.     7  4- 568  pp.  Fr.  2.50 

WiESE  (B. )  nod  LiCHTBLAU  (W.).  Sammlang  geometriscber  Kon- 
stmktioDaaafgaben  zam  Gebraaob  an  Seminarien  sowie  znm  Selbst- 
anterrioht.  2te  Aaflage.  Hannover,  Meyer,  1900.  8vo.  7  4- 
163  pp.  M.  2.0O 

Wolf  (F.  C).  Praktiscbe  Geometrie  fur  den  Schnl-  and  Selbstanter- 
rioht.  Naob  den  Grundsatzen  der  Anaobaaang  nnd  Konzentration 
in  genetisoher  iStnfenfolge  anfgebant  and  anter  besonderer  Beruck- 
siobtigung  der  praktisohen  Bediirfnisse  bearbeitet.  (In  3  Heften.  i 
Leipzig,  Wunderlicb,  1900.     8vo.     137  pp.  M.  1.20 

Wbobel  (E.).  Uebangsbncb  zar  Aritbmetik  and  Algebra,  entbaltend 
die  Formeln,  Lebrsatze  and  Anflosangsmethoden  in  systematisober 
Anordnang,  and  eine  groese  Anzahl  von  Fragen  and  Aafgaben. 
Zam  Gebraacbe  an  Gymnasien,  Realgymnasien  und  andem  boberen 
Lebranstalten  bearbeitet.  Teil  I :  Pensum  der  Tertia  and  Unter- 
sekunda.  5te  Aaflage.  Rostock,  Koob,  1900.  8vo.  12  -f  320  pp. 
Clotb.  M.  3.30 


IIL     APPLIED   MATHEMATICS. 

Adams  (J.  C).    Scientific  papers.    Vol.  2.    London,  Clay,  1900.    4to. 

258. 

Andre  (  C.  ) .  Traits  d'astronomie  stellaire.  ( En  3  volnmes. )  Deaxi^me 
partie :  Etoiles  donblen  et  multiples ;  amas  stellaires.  Paris, 
Gauthier-Villars,  1900.     8vo.     24  +  430  pp.,  3  plates.         Fr.  14.00 

Appell(P.).  Traits  de  m^caniqne  rationnelle.  Cours  de  m^nique  de 
la  Faculte  des  sciences.  (Eu  3  volumes.)  Vol.  Ill :  Equilibre  et 
mouvement  des  milieux  continus.  Paris,  Gauthier-Villars,  1900. 
8vo.     (Un  premier  fascicule,  224  pages,  a  parn.)  Fr.  15.00 

Bachelieb  (L.).  Tb^orie  de  la  speculation.  Paris,  Gautbier-Villars, 
1900.     4to.     70  pp.  Fr.  5.00 

Babdelli  (A  ).  Istruzione  per  I'uso  del  regolo  a  calcolo.  Torino,  Bar- 
delli,  1900.     16mo.     31  pp. 

Beooi  (  E.  ) .    See  Vecchi  ( V. ) . 

Bertin  (E.  L.  ).  Amplitude  du  roulis  sur  boule  non  syncbrone.  Paris, 
Gautbier-Villars,  1900.     8vo.     With  7  plates.  Fr.  2.00 

Buck  I  KG  h  a  m  (  E.  )  •  A  n  outline  of  the  theory  of  thermodynamics.  New 
York,  Macmillan,  1900.    8vo.     11  +  205  pp.     Clotb.  $L90 

Bueoni  (S.).    See  Cabdani  (P.). 
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Cadt  (W.  G.)-      Ueber  die  Energie  der  Eathodenstrahlen.      (Diss.) 

Berlin,  1900.     8vo.     39  pp.  M.  1.50 

Cabdani  ( P. ).    Fisica  matematioa  ;  lezioni  [dettate  nelPanno  soolastioo] 

1899-1900  Delia  r.  university  di  Panna  e  compilate  i>er  cnra  di  S. 

Bnroni.     Parma,  Zafferri,  1900.     8vo.     Pp.  1-128. 
CoHN  (E.).     Das  elektromagnetisobe  Feld.    Yorlesnngen  iiber  die  Hax- 

weirsohe  Theorie.     Leipzig,  Hirzel,  1900.     8vo.     23  +  577  pp,  1 

plate.  M.  14.00 

Dunkavbn.    Self-instraotion  in  the  practice  and  theory  of  navigation. 

(In   2  volumes.)     Vol.  I:  25  +  354  pp.;   Vol.  II:   10  +  389  pp. 

London  and  New  York,  Macmillan,  1900.    8vo.    Cloth.  $7.00 

FdPPL  (A.).    VorlesuDgen  iiber  tecbniscbe  Meohanik.     (In  4  Banden.) 

Vol.   I :    Einfuhrung  in  die  Mechanik.      2te  Auflage.      Leipzig, 

Teubner,  1900.    8vo.     14  +  422  pp.    Cloth.  M .  10.00 
VoL  III :  Festigkeitslehre.     2te  Auflage.    Leipzig,  Teubner,  1900. 

8vo.    18  +  512  pp.     Cloth.  M.  12.00 

Fbsycinet  (C.  db).    Les  planetes  t^lescopiqnes ;   application  de  la 

theorie  de  Laplace.    Paris,  Gauthier-Villars,  1900.    8vo.      Fr.  1.00 

Qaribaldi  (C. ).    See  Viboilii  ( F. ). 

Gabbioou-Laobanob  (  p.  ).  Snr  le  calcul  des  anomalies  et  sur  son  ap- 
plication a  P^tude  des  grands  moavements  de  Patmosph^re  et  a  la 
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THE  INTERNATIONAL  CONGRESS  OF  MATHE- 
MATICIANS IN   PARIS. 

At  the  Zurich  Congress  of  1897  it  was  agreed  to  hold  the 
next  congress  in  Paris  in  1900,  the  French  Mathematical 
Society  being  charged  with  the  preparations.  Circulars  have 
been  issued  at  intervals  during  the  last  eighteen  months^ 
calling  the  attention  of  mathematicians  to  the  arrange- 
ments in  progress.  The  congress  was  finally  announced 
for  August  6th~llth,  and  the  opening  general  meeting  was 
held  in  the  Palais  des  Congr^s,  in  the  Exhibition  grounds,  at 
9.30  on  the  morning  of  Monday,  August  6th.  M.  Poincar6 
was  elected  President,  M.  Hermite,  who  of  course  was  not 
present,  being  the  President  d'honneur.  The  executive 
board  was  constituted  as  follows:  vice-presidents,  MM. 
Czuber  (Vienna),  Geiser  (Zurich),  Gordan  (Erlangen), 
Greenhill  (London),  Lindel5f  (Helsingfors),  Lindemann 
(Munich),  Mittag-Leffler  (Stockholm),  Moore  (Chicago^ 
absent),  Tikhomandritzky  (Khaikoff),  Volterra  (Turin), 
Zeuthen  ( Cox)enhagen )  ;  secretaries,  MM.  Bendixson 
(Stockholm),  CapeUi  (Naples),  Minkowski  (Ziirich), 
Ptaszycki  (St.  Petersburg),  Whitehead  (Cambridge,  ab- 
sent); general  secretary,  M.  Duporcq  (Paris).  After  the 
announcement  of  the  officers  of  the  sections  and  the  names 
of  the  official  del^ates,  and  a  very  few  words  from  the 
President,  the  two  addresses  of  the  day,  both  in  French, 
were  delivered  by  MM.  M.  Cantor  (Heidelberg)  and  Vol- 
terra (Turin);  each  occupied  about  three-quarters  of  an 
hour. 

M.  Cantor  :     Sur  Vhistoriographie  des  mathematiquea. 

During  the  century  drawing  to  its  close  the  character  of 
mathematics  has  changed ;  its  devotees  are  now  different 
tiated  into  geometers,  analysts,  algebraists,  arithmeticians,, 
astronomers,  theoretical  physicists,  and  historiographers. 
These  last  make  no  claim  to  advancing  the  science  itself ; 
they  press  neither  towards  the  arctic  pole  of  the  theory  of 
functions,  nor  towards  the  antarctic  pole  of  algebra ;  they 
explore  neither  the  steep  surfaces  of  geometry  nor  the 
depths  of  differential  equations.  Their  task  is  rather  ta 
draw  up  guides  and  charts,  to  indicate  by  what  routes  the 
results  have  been  obtained,  and  what  important  points 
have  been  passed  by  without  sufficient  exploration.  This 
work  b^an  with  the  History  of  Eudemus  of  Rhodes,  B.  C^ 
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300,  of  which  only  a  fragment  has  been  preserved,  just  suf- 
ficient to  excite  lively  regret  for  the  loss  of  the  whole.  Dur- 
ing the  next  two  thousand  years  there  were  many  bald 
chronicles  of  mathematics,  but  historiography  as  a  science 
begins  with  Montucla.  Notwithstanding  the  errors,  un- 
avoidable at  that  time,  to  be  found  in  the  two  volumes  of 
his  Histoire  des  math6matiques  (Ist  edition,  1758,  2d  edi- 
tion with  two  volumes  by  Lalande,  1799),  Montucla  **est 
encore  et  restera  peut-etre  tou jours  un  module  que  tout  his- 
toriographe  des  sciences  doit  suivre.''  Kastner  published 
four  volumes  of  his  Geschichte  der  Mathematik  in  the  last 
four  years  of  his  life,  1796-1800.  He  has  been  alternately 
over-praised  and  depreciated  ;  Gauss  referred  to  him  as  the 
best  poet  among  the  mathematicians,  the  best  mathe- 
matician among  the  poets  of  his  day.  His  history  is  no 
real  history,  it  is  rather  a  catalogue  raisonne,  but  it  is  never- 
theless invaluable,  on  account  of  its  conscientious  analysis 
of  a  number  of  works,  which,  with  their  authors,  would  be 
otherwise  absolutely  unknown  to  us  now.  At  about  the  same 
date,  1797-1799,  there  appeared  the  two  volumes  of  Cob- 
sali^s  Storia  critica  dell' algebra,  dealing  exhaustively  with 
the  period  1200-1600  ;  as  regards  Italy  only,  it  is  true,  but 
then  during  this  period  the  Italian  algebra  was  of  im- 
portance far  surpassing  that  of  any  other  country.  Cos- 
sali's  labors  for  the  elucidation  of  Leonard  of  Pisa  and 
Cardan  are  of  special  merit. 

Bossut  published  in  1810  his  Histoire  des  math6matiques ; 
in  this  he  gives  only  rapid  apergu^  of  the  general  develop- 
ment, interesting  to  those  that  know  alr^dy,  useless  to 
those  that  need  to  learn.  In  the  present  century  we  have 
first  Chasles,  to  whom  the  speaker  paid  a  warm  per- 
sonal tribute.  In  his  Apergu  historique  published  in  1837, 
the  notes,  dealing  with  geometry,  calculation,  algebra, 
mechanics,  which  attain  the  dimensions  of  memoirs,  form 
the  model  part  of  the  volume,  the  text,  the  actual  **  Apergu,'' 
being  but  a  very  condensed  statement  of  the  history  of 
synthetic  geometry.  The  other  historical  work  of  Chasles, 
the  Rapport  sur  les  progres  de  la  g6om6trie  of  1870, 
is  seriously  affected  by  his  ignorance  of  the  German  lang- 
uage.' The  years  1837-1841  saw  the  publication  of  Libri's 
Histoire  des  sciences  math6matiques  en  Italic,  from  the 
earliest  times  up  to  the  middle  of  the  17th  century,  a 
work  which  owing  to  the  author's  admirable  style  "se 
lit  comme  un  roman,  m6me  dans  les  parties  od  elle  n'en  est 
pas  un. ' '  Notwithstanding  Libri's  immense  services  in  the 
study  of  manuscripts,  his  history  is  vitiated,  as  a  historical 
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work,  by  his  misplaced  patriotism  ;  according  to  him  all 
progress  in  mathematics  is  due  to  the  Italians,  with  perhaps 
a  few  scattered  French  writers.  ^  When  he  finds  an  Italian  in 
possession  of  any  ideas  or  methods,  no  matter  whence  de- 
rived, he  at  once  credits  him  with  their  discovery.  In  any 
case,  it  is  not  possible  to  give  any  true  idea  of  the  history  of 
mathematics  by  tracing  it  in  one  country  only.  If  there 
is  an  international  science,  it  is  mathematics ;  it  bears 
no  stamp  of  nationality.  In  considering  the  earliest  times, 
it  is  impossible  to  understand  the  course  of  mathematics  in 
one  country  without  following  it  in  others  also  ;  to  under- 
stand Greek  mathematics,  we  must  know  something  of 
Egypt  and  Babylonia  ;  the  mathematics  of  the  Arabs  cannot 
be  explained  without  reference  to  Egypt,  Greece,  and  India. 
After  the  invention  of  printing,  so  long  as  Latin  was  in  use, 
mathematics  had  no  country  ;  and  even  when  the  frontiers 
were  faintly  marked  by  the  use  of  different  languages,  they 
were  speedily  obliterated  for  most  mathematicians. 

Passing  rapidly  over  Gerhardt  and  Quetelet,  with  a  few 
words  of  recognition,  M.  Cantor  spoke  of  Nesselmann's 
Die  Algebra  der  Griechen,  1842^  **un  chef  d'oeuvre  digne 
d'etre  mis  a  c6t6  de  rAper5U  historique  de  Chasles'';  of 
Arneth's  Geschichte  der  reinen  Mathematik,  1852,  which 
would  have  been  an  excellent  book,  if  the  author  had  made  a 
better  apportionment  of  his  space  to  his  material — parts  of  the 
work  **  fourmillent  de  remarques  aussi  spirituelles  que  pro- 
fondes";  of  Hankel's  posthumous  fragment,  1876,  **un 
torse  d'une  telle  beaut6  qu'il  cut  6t6  piti6  de  ne  pas  le  met- 
tre  au  grand  jour'*;  and  of  the  prince  Baldassare  Boncom- 
pagni's  disinterested  labors  on  behalf  of  historiography. 
In  this  sketch  he  passed  over  many  authors  **  tons  aussi 
mort«  que  leurs  li vres ;  gardons-nous  de  les  ressusciter ' ' ; 
and  avoided  all  mention  of  living  authors  for  very  obvious 
reasons.  He  brought  his  address  to  a  close  by  a  forecast  of 
the  mode  in  which  the  history  of  more  recent  mathematics 
must  be  written.  Regarding  Lagrange  as  the  founder  of 
modern  mathematics,  this  gives  1759  as  the  starting  point ; 
and  from  this  year  on,  the  different  subjects  will  have  to  be 
treated  in  special  volumes.  This  however  will  be  insuf- 
ficient ;  the  development  of  the  lines  of  thought  that  run 
through  all  these  different  branches  of  mathematics  must 
be  traeed  in  one  final  volume,  the  History  of  Ideas  ;  difficult 
to  write,  certainly,  but  indispensable,  for  a«  Jacobi  said, 
**  Mathematics  is  a  science  of  which  it  is  impossible  to  un- 
derstand any  one  part  without  knowing  all  the  others.'* 
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V.  Volterra:  Trois  ayialystes  Ualiem ;  Bettiy  Brioachi,  Casorati. 

The  scientific  existence  of  Italy  as  a  nation  dates  from  a 
journey  which  Betti,  Brioschi,  and  Casorati  took  together 
in  the  autumn  of  1858,  with  the  object  of  entering  into  re- 
lations with  the  foremost  mathematicians  of  France  and 
Glermany.  It  is  to  the  teaching,  labors,  and  devotion  of 
these  three,  to  their  influence  in  the  oi*ganization  of  ad- 
vanced studies,  to  the  friendly  scientific  relations  that  they 
instituted  between  Italy  and  foreign  countries,  that  the 
existence  of  a  school  of  analysts  in  Italy  is  due. 

The  extent  of  their  joint  influence,  affecting  minds  of 
many  diverse  casts,  is  largely  due  to  the  differences  in  their 
natural  faculties,  in  the  circumstances  of  their  lives,  and  in 
their  acquired  tendencies.  Brioschi,  *  *  ton  jours  jeune  par  son 
caract^re  et  toujours  mAr  par  son  esprit,''  a  Lombard  by 
birth,  was  at  first  an  engineer  ;  but  at  an  early  age  he  ac- 
quired a  profound  knowledge  of  the  classical  mathematical 
works,  and  was  called  to  the  cbair  of  mechanics  at  Pavia  at 
the  age  of  25.  He  founded  the  Polytechnic  School  at  Milan, 
and  held  the  directorship  until  his  death  ;  in  his  capacity 
of  Senator,  he  was  active  in  public  affairs  ;  he  found  time 
to  engage  in  public  works  and  in  engineering ;  and  up  to 
the  last,  as  Director  of  the  Annali  di  Matematicay  and  Pres- 
ident of  the  Accademia  dei  Lincei,  he  was  one  of  the  leaders 
of  the  mathematical  movement  in  Italy.  A  great  contrast 
to  this  active  life  is  offered  by  the  calm  existence  of  Betti. 
He  was  born  in  a  mountain  village  in  Tuscany ;  at  34  he 
became  a  professor  in  the  University  of  Pisa,  and  at  41 
Director  of  the  Scuola  normale  superjore  of  Pisa,  whose 
organization  is  much  like  that  of  the  Ecole  normale  sup6- 
rieure  of  Paris  ;  he  took  no  part  in  political  movements.  He 
loved  scientific  researches  for  their  own  sake  exclusively, 
without  regard  to  the  results  they  might  produce  in  the 
scientific  world,  or  to  their  importance  in  teaching.  He 
did  not  care  for  publishing  his  researches  ;  and  even  when 
he  did  undertake  this,  he  was  apt  to  push  it  aside,  at- 
tracted by  new  ideas.  The  knowledge  that  his  intellectual 
conception  could  be  realized  was  all-sufficient  for  him  ;  he 
did  not  give  himself  the  trouble  of  carrying  it  out  in  detail. 
When  once  he  had  obtained  a  clear  vision  of  hidden  truths, 
and  had  constructed  in  his  own  mind  a  system  in  which 
they  proceeded  directly  from  the  simplest  principles,  **  tout 
6tait  fait  pour  Betti.'' 

Casorati  was  born  and  lived  at  Pavia  ;  he  passed  through 
the  various  grades  in  the  University,  where  at  the  time  of 
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his  death  he  was  professor  of  infinitesimal  analysis.  He 
lived  and  worked  almost  exclusively  for  his  pupils  ;  all  his 
works  bear  the  stamp  of  the  practical  teacher,  bent  on 
elucidating  some  obscurity,  correcting  some  error,  expound- 
ing some  theory.  All  his  writings  were  in  a  definite  rela- 
tion to  his  university  teaching ;  in  his  mind  there  was  no 
distinction  between  the  work  of  the  savant  and  the  work  of 
the  professor. 

The  fundamental  differences  in  the  three  can  be  brought 
out  most  clearly  by  a  comparison  of  their  attitude  towards 
the  theory  of  functions.  The  development  of  this  theory 
exhibits  three  well-marked  periods,  corresponding  to  the 
three  distinct  phases  that  can  be  recognized  in  the  history 
of  any  mathematical  subject ;  these  three  phases,  however, 
correspond  also  to  three  distinct  modes  of  regarding  ques- 
tions in  analysis,  each  of  which  has  its  advocates.  In  the 
first  instance,  the  discovery  of  facts  is  all-important,  and 
particular  theories  are  elaborated.  There  are  no  uniform 
methods  ;  every  question  is  attacked  on  its  own  merits,  and 
methods  are  created  as  occasion  arises ;  the  ideas  and  results 
disengage  themselves  finally  from  long  calculations.  In  the 
theory  of  functions  this  manifests  itself  in  the  heroic  period, 
personified  in  Euler,  Jacobi,  Abel ;  and  this  manner  of 
approaching  questions  is  natural  to  Brioschi,  the  engineer 
and  practical  man,  with  his  extraordinary  gift  for  dealing 
with  formidable  calculations.  He  remained  faithful  to  the 
classical  method,  never  attracted  by  the  second  phase, 
which  he  even  scorned  somewhat.  In  this  second  phase, 
ideas  replace  calculations  ;  the  philosophic  spirit  takes  con- 
trol and  demands  a  general  method  including  the  whole 
subject  in  one  body  of  doctrine.  This  desire  found  its  ful- 
filment in  the  second  period  of  the  theory  of  functions,  in 
the  works  of  Cauchy ,  Weierstrass,  and  Eiemann,  who  derive 
everything  from  the  very  sources  of  the  fundamental  concep- 
tions. To  this  period  belongs  Betti  the  philosopher.  His 
broad  and  cultivated  mind  loved  philosophic  systems  ;  his 
Tuscan  indolence  (which  is  not  intellectual  idleness)  caused 
him  to  delight  in  meditation  rather  than  in  mechanical 
labor.  Curiously  enough,  his  name  is  associated  with  the 
theory  of  Weierstra«s  just  as  surely  as  with  that  of  Riemann  ; 
his  education  had  made  him  an  algebraist  while  nature 
meant  him  for  a  physicist. 

In  the  final  period  the  theories  find  their  appropriate  ap- 
plications, their  most  suitable  forms ;  they  are  refined  by 
criticism,  and  cast  into  a  didactic  mould.  The  name  of 
Casorati,  critic  and  teacher,  is  associated  with  this  third 
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phase.  His  work,  Teorica  delle  funzioni  di  variabili  com- 
plesse,  has  served  more  than  any  other  one  book  to  popularize 
in  Italy  the  fundamental  conceptions  of  the  theory  of  func- 
tions, for  the  reason  that,  while  reading  it,  difficulties  dis- 
appear. The  influence  of  this  book  is  not  confined  to  pro- 
fessed analysts ;  anyone  attempting  to  trace  the  develop- 
ment of  mathematics  in  Italy  during  this  half  century  will 
find  that  analysts  and  pure  geometers  have  influeoced  one 
another.  For  instance,  the  ideas  of  Riemann  are  at  the 
foundation  of  many  of  the  works  of  Italian  geometers,  and 
while  the  actual  introduction  of  these  ideas  was  due  to 
Betti,  it  is  this  book  of  Casorati's  that  has  carried  them 
everywhere  and  attracted  the  attention  of  geometers. 

This  comparison  of  the  work  of  these  three  analysts  in 
the  region  that  they  had  in  common  gives  no  idea,  however, 
of  the  extent  of  the  labors  and  influence  of  each  one.  For 
this  it  would  be  necessary  to  dwell  on  the  work  of  Casorati 
in  the  theory  of  differential  equations,  in  analytical  and 
infinitesimal  geometry;  of  Betti  in  mathematical  physics 
and  algebra,  he  being  one  of  the  first  to  accept  the  new 
ideas  of  Galois  ;  of  Brioschi  in  mechanics,  algebra,  and  ge- 
ometry. The  field  in  which  Betti  and  Brioschi  first  obtained 
renown  was  in  fact  that  of  algebra  ;  their  names  will  always 
be  associated  with  that  of  Kmnecker  as  second  only  to  Her- 
mite  in  their  work  on  the  equation  of  the  fifth  degree,  an 
equation  whose  complete  solution  was  due  to  and  secured 
immortality  for  M.  Hermite. 

This  concluded  the  business  of  the  first  general  meeting, 
with  the  exception  of  one  or  two  formal  announcements  re- 
lating to  secretarial  matters.  This  was  the  only  one  of  the 
meetings  to  be  held  in  the  Exhibition  grounds  ;  all  the 
others  were  held  at  the  Sorbonne.  Six  sections  were  organ- 
ized for  the  presentation  of  special  papers,  to  meet  on  the 
7th,  8th,  9th,  and  10th  of  August,  as  follows  : 

Section  I,  Arithmetic  and  Algebra ;  Tuesday,  Thursday 
and  Friday  mornings ;  president,  M.  Hilbert,  secretary, 
M.  Cartan. 

Section  II,  Analysis  ;  Tuesday  and  Thursday  mornings  ; 
president,  M.  Painlev^,  secretary,  M.  Hadamard. 

Section  III,  Geometry ;  Tuesday  and  Thursday  after- 
noons ;  president,  M.  Darboux,  secretary,  M.  Niewen- 
glowski. 

Section  IV,  Mechanics  and  Mathematical  Physics  ;  Tues- 
day and  Thursday  afternoons ;  president,  M.  Larmor,  sec- 
retary, M.  Levi-Civitil. 
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Section  V,  Bibliography  and  History;  Wednesday  morn- 
ing and  afternoon  and  Friday  morning ;  president,  Prince 
Koland  Bonaparte,  secretary,  M.  d'Ocagne. 

Section  VI,  Teaching  and  Methods ;  Wednesday  morn- 
ing and  afternoon  and  Friday  morning ;  president,  M. 
Cantor,  secretary,  M.  Laisant. 

Sections  V  and  VI,  however,  amalgamated  and  sat  as  one 
section,  thus  making  the  sections  the  same  as  those  at 
Ziirich.  It  hardly  seems  advisable  to  give  a  complete  list 
of  the  papers,  as  all  will  be  given  in  the  full  official  report, 
which  will  appear  shortly ;  it  seems  better  to  give  some 
account  of  the  most  interesting. 

In  Section  I  the  most  noticeable  communication  was 
that  of  M.  Henri  Pad6,  of  Lille,  **Aper5u  sur  les  d^velop- 
pements  r^cents  de  la  th^rie  des  fractions  continues.' '  The 
object  of  this  communication  was  the  discussion  of  the  ques- 
tion as  to  what  is  to  be  understood  by  the  development  of 
a  function  as  a  continued  fraction,  and  the  (examination  of 
the  consequences  of  the  answer  obtained.  For  the  func- 
tion e*,  for  instance,  five  such  developments  are  already 
known,  due  to  Euler,  Lagrange,  and  Gauss.  Why  five? 
By  what  are  the  five  characterized  ?  How  are  they  related 
to  one  another?  The-  bond  that  unites  them  consists  in  a 
certain  property  of  approximation  common  to  their  conver- 
gents,  and  thus  there  arises  the  more  general  question  of 
the  study  of  rational  fractions  satisfying  this  condition  of  ap- 
proximation for  a  given  function.*  This  investigation  yields 
the  following  results.  Every  function  that  is  developable 
by  Maclaurin's  formula  gives  rise  to  an  infinity  of  develop- 
ments as  a  continued  fraction  ;  as  to  form,  these  fractions 
present  the  common  characteristics  that  all  the  partial  nu- 
merators are  monomials,  with  coefiicient  and  exponent  dif- 
ferent from  zero ;  as  to  matter,  they  are  characterized  by 
the  property  that  all  the  convergents  satisfy  the  condition 
of  approximation  mentioned  above,  and  give  an  approxi- 
mation whose  order  increases  constantly  as  we  pass  from 
any  convergent  to  the  following  one. 

Among  these  fractions,  called  fractions  continues  holo'ides  of 
the  function,  are  included  the  regular  continued  fractions, 
and  it  is  among  these  last  that  are  found,  as  a  very  particu- 
lar case,  the  developments  in  continued  fractions  already 
known  for  some  special  functions,  for  example,  the  five  de- 
velopments of  e*. 

***8ar  la  representation  apprpch^e  d'une  fonotion  par  des  fractions 
ratioDnelles,"  Ann,  seient,  de  V  Evole  norm,  sup.,  vol.  9  (1892). 
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M.  Pad6  then  indicated  the  two  ways  in  which  these  re- 
sults can  be  generalized,  the  extension  they  involve  in  all 
the  applications  of  continued  fractions  hitherto  made,  and 
the  important  consequences  to  which  they  lead,  both  in  the 
theory  of  functions,  where  they  have  already  introduced 
the  question  of  the  use  of  divergent  power-series,  and  in  the 
theory  of  numbers. 

In  Section  II,  the  first  paper  read  on  Tuesday  morning 
was  M.  Tikhomandritzky^s  **  L'6vanouissement  des  fonc- 
tions  ^  de  plusieurs  variables  ind^pendantes. ' '  The  function 

w^  —  lA  of  p  independent  variables  w^  =  2  /^  vanishes 
1°  when  some  of  the  points  lx^,  yA  fall  at  (^,  y^)  :  2®  when 

they  are  on  an  adjoint  curve  of  the  first  kind,  ^(x"*"',  y*~*) 
=  0.  If  with  Weierstrass  we  define  this  function  by  the 
equation 

where  jfO*=  ^  H*  (2) 

,  'i 

(n»  denoting  the  integral  of  the  second  species,  which  be- 

comes  infinite  when  {x^,  y^)  falls  at  (a^,  ^*>))>  ^^^^  property 
of  B  must  be  derived  from  those  of  the  function  (2).  For 
this  purpose,  considering  in  the  first  place  the  function 

(P     x'\  P         O-i 

t^*  +  /j*=  2  n.  (3) 

{(x\  y')  denoting  a  point  very  near  to  (a^,  6J),  where  the 

p  p 

points  (a;',  y'),  (x^,  y^)  are  the  infinities,  and  (^,  y^,  («,,^y^) 

the  zeros,  of  the  principal  function  of  (z,  yj 

^\^  ^7  2/,;  ^ii  Vi  \  <,y!] 
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we  see,  by  the  second  form  of  this  function,  that  in  the 
two  cases  one  of  the  infinities  of  the  function  in  the  numera- 
tor being  absorbed  by  one  of  its  arbitrary'  zeros  (1**  (a^^,  y^) 
^y  (^  Vi)  ;  2**  (x,,  y,)  by  (x'^„  y',,,)),  the  other  will  be 

absorbed  by  one  of  its  non-arbitrary  zeros  ( %  Va^ ).     Hence 


in  the  two  cases,  at  the  limit,  for  (x',  y')  =  (a^,  6^),  one  of  the 
integrals  in  (3)  will  become  infinite  like  —  for  «==  a^  ; 
thus  6^  will  vanish. 

More  general  interest  was  taken  in  M.  Mittag-Leffler's 
papers,  which  followed.  '  *  Sur  fonction  analytique  et  expres- 
sion analytique."  "  Une  application  de  la  thtorie  des  sl^ries 
n-fois  infinies.''  **  Sur  une  extension  de  la  s6riede  Taylor." 
In  these  M.  Mittag-Leffler  reported  on  his  recent  re- 
searches* in   the  theory  of  functions.     Let  /(a),  /'(a), 

«    1 
/'(a),- determineanelementP(x|a)=2;  — f/''(o)(a;—  a)" 

of  an  analytic  function  f(x).  This  analytic  expression  is 
valid  only  for  its  circular  domain  of  convergence ;  for  a 
more  extended  region  P(a:  I  a)  must  be  supplemented  by  cer- 
tain of  its  continuations.  Let  a  lie  within  a  continuous 
region  which  does  not  overlap  itself,  and  let  the  branch  of 
/(x)  derived  from  P(x  \  a)  by  continuation  throughout  K  be 
one- valued  and  regular ;  is  it  possible  to  find  a  singU 
analytic  expression  for  this  branch /iL'( a:),  where  Kis  given 
its  maximum  extension,  the  formula  to  be  based  only  on 
the  primary  quantities /(a),  /'(a),  ••  ?  M.  Mittag-Leffler 
has  shown  that  such  an  expression  can  be  built  up  in  a  com- 
paratively simple  manner.  In  doing  this  he  has  employed 
a  new  geometrical  notion,  that  of  the  star  (^toile).  If  a 
ray  revolves  about  a,  proceeding  in  each  position  to  the 
nearest  singular  point  of  f(x)j  this  point  lying  it  may  be  at 
infinity,  the  collection  of  points  on  the  totality  of  such  rays 
forms  for  f(x)  the  star  A  ;  it  is  assumed  that  the  lower  limit 
of  these  rays  is  not  zero.     For  A  we  have  the  theorem  that 

fA(x)  =  lO^ix), 

m  =  0 

where  0^(x)  denotes  a  polynomial  2<?^.  «,/"(^)(^  ""  *)">  ^^ 

*  **8ar  la  repr^otation  analytique  d*ane  branohe  aniforme  d*aoe  fono- 
tioo  moQOg^oe  ;''  Ada  Math,,  vols.  23,  24  (1899,  1900). 
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which  the  coefficients  c«.^  are  given  initially  and  do  not  de- 
pend on  a  or  on /(a),  /'(a),  •-. 
The  expression 

0^ix\a) 
=  2     2      -  2    y,  -— -/(Ai+-+A„,  (a)  (  —-  ) 

Ai=OA,=0  A,.=0^i!-  •  A^!-'  \        ^        / 

leads  to  a  limiting  expression  J^^mO^(x  I  a)  with  the  follow- 
ing properties  :  It  is  uniformly  convergent  for  every  region 
interior  to  the  star  -i,  but  never  uniformly  convergent  for 
a  region  containing  a  vertex  of  A.  Within  A  it  represents 
the  branch /4(a;)  olf(x). 

It  is  perfectly  possible  that  „li™»  0^(x  \  a)  may  converge 
outside  A  ;  the  star  A  is  not  a  star  of  convergence  for 
J=0>O^(x\a),  M.  Mittag-Leffler  has  shown  that  it  is  pos- 
sible to  replace  n'i™.  G^(x  \  a)  by  another  expression  for 
which  -4  is  a  star  of  convergence.  Ji™„  (?^(a;  I  a)  was  ob- 
tained from  an  n-fold  series  in  x  by  making  the  maximum 
values  of  ^j,  X^,  ••• ,  ^^  proceed  simultaneously  to  the  limit 
00.     If  the  passage  to  the  limit  is  performed  in  another 

Al         Aa  An  n«  n*  «>« 

way,  viz.,  by  taking  V     2  •*  2  ^^  place  of   2      2  ••  2 

Al=0  A2=0         A»=0  Al=0     Aj  =  0      An  =  0 

and  then  making  ^„,  A«_i,  ••• ,  A,  tend  mcces^ivdy^  in  the  or- 
der named,  to  infinity,  the  expression 

A,         A,  A^  /ic  —  a\^l+    •+^» 

S.{x\a)  =  V      V  ..    V  c.^...A J^^-^--^-(a)( -^--  ) 

Aj  =  0    A2  =  0    A^  =  0  \  / 

(where  'the  c'«  are  given  numerical  constants  of  which 

1  1         /1\M+A,  1  /l\Ai+A,+A3 

«..  =  yy  -...=  -,-  (^- j         ,  e..v,  =  ,-;rvl?(3  j  ' 

while  for  values  of  n  >  3  they  are  algebraic  irrationals) 
yields  the  desired  result;  '^"  S^  {x  \  a)  has  the  star  A  as  a  star 
of  convergence,  and  represents  fA(^x)  within  A.  Writing 
n=  1,  the  series  is  seen  to  be  simply  Taylor's  series  ;  in 
general  it  is  an  extension  of  Taylor's  series. 

In  the  course  of  his  remarks  M.  Mittag-Leffler  referred  to 
recent  researches  of  M.  Borel ;  this  led  to  a  discussion  in 
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which  MM.  Borel,  Hadamard,  and  Painlev^  took  part,  on 
the  nature  of  tlfb  connection  between  *'  analytic  expression 
in  a  complex  variable  x'^  and  *'  analytic  function  in  a:.'* 

In  Section  III  papei-s  were  presented  by  MM.  Lovett, 
**  On  contact  transformations  between  the  essential  elements 
of  space'*;  Macfarlane,  '* Applications  of  space  analysis  to 
curvilinear  coordinates'';  Stringham,  **  Orthogonal  trans- 
formations in  elliptic  or  in  hyperbolic  space'';  Amodeo, 
and  others.  In  Section  IV  very  few  papers  were  read  ; 
one  appointed  meeting  of  the  section  was  not  held,  and 
some  of  the  papers  intended  for  the  section  were  presented 
at  the  joint  sitting  of  Sections  V  and  VI,  which  was  trans- 
formed momentarily  into  a  sitting  of  Section  IV,  to  hear 
MM.  Hadamard:  **  Relations  entre  les  caract^iistiques 
relies  et  les  caract^ristiques  imaginaires  pour  les  ^nations 
diff6rentielles  k  plusieurs  variables  ind^pendantes " ;  and 
Volterra :  "  Comment  on  passe  de  I'^uation  de  Poisson  h 
caract^ristique  imaginaire  k  une  ^uation  semblable  k 
caract^ristique  r6elle.^' 

The  communications  made  in  Sections  V  and  VI,  while 
not  necessarily  the  most  valuable  mathematically,  were  yet 
of  the  most  general  interest,  and  lend  themselves  best  to 
any  general  report.  The  sitting  was  opened  by  M.  Hil- 
bert's  address,  in  German,  on  the  future  problems  of 
mathematics.  The  lines  along  which  we  may  expect  the 
development  of  any  science  which  is  progressing  in  a  con- 
tinuous manner  can  be  detected  by  an  examination  of  the 
problems  to  which  attention  is  specially  paid.  Among 
these  most  importance  is  to  be  attached  to  those  that  are 
sharply  defined  and  stand  out  well ;  such,  for  example,  as 
the  problem  of  three  bodies.  In  the  earlier  stages  of  any 
science,  problems  present  themselves  naturally  through  ex- 
perience, as  is  exemplified  in  mathematics  by  the  duplica- 
tion of  the  cube  and  the  quadrature  of  the  circle,  and  at  a 
later  date  by  the  questions  arising  with  reference  to  in- 
finitesimal analysis  and  the  theory  of  the  potential ;  but  as 
the  science  progresses,  it  is  the  logical  faculty  of  the  intel- 
lect that  imposes  on  us  problems  such  as  are  found  in  the 
theories  of  prime  numbers,  elliptic  functions,  etc. 

As  to  our  aim  with  regard  to  any  problem,  there  must  be 
a  definite  result  of  some  kind,  it  cannot  be  laid  aside  until 
we  have  obtained  either  a  satisfactory  solution  or  a  rigorous 
demonstration  of  the  impossibility  of  a  solution.  The 
mathematical  rigor  that  is  essential  in  the  treatment  of  a 
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problem  does  not  require  complicated  demonstrations ;  it 
requires  only  that  the  result  be  obtained  by  a  finite  number 
of  logical  steps  from  a  finite  number  of  hypotheses  furnished 
by  the  problem  itself;  in  seeking  this  rigor  we  may  find 
simplicity.  The  proper  treatment  of  any  problem  depends 
on  1°  a  complete  system  of  axioms,  by  means  of  which 
the  conceptions  are  defined,  2°  a  system  of  symbols  ap- 
propriate to  the  conceptions  with  which  the  problem  deals  ; 
thus  a  demonstration  by  means  of  geometrical  symbols  is  as 
legitimate  as  an  arithmetical  one,  provided  that  the  axioms 
on  which  it  is  based  are  perfectly  understood.  The  mere 
formulation  of  these  axioms  is  in  some  cases  itself  the  prob- 
lem, as  for  instance  in  arithmetic  and  physics.  Among 
the  ten  problems  that  M.  Hilbert  specified  in  particular  as 
fitted  to  advance  mathematics.  No.  2  is  that  of  finding  some 
one  system  of  independent  compatible  axioms  governing 
and  defining  arithmetical  conceptions,  and  No.  3  is  the 
same  question  for  the  calculus  of  probabilities,  rational  me- 
chanics, and  physics.  Other  problems  are  to  prove  that  e*'*  is 
transcendental  when  z  is  an  algebraic  irrational ;  and  that 
the  solution  of  the  general  equation  of  the  7th  degree  can- 
not be  obtained  by  means  of  a  finite  number  of  operations 
involving  only  two  parameters.  In  geometry,  the  relative 
situation  of  the  circuits  that  a  plane  curve  of  assigned  order 
can  possess,  with  the  corresponding  question  as  r^ards 
surfaces,  demands  investigation  ;  in  the  theory  of  functions 
there  is  the  question  of  the  expression  of  two  variables, 
connected  by  any  analytic  relation  whatever,  as  uniform 
functions  of  a  single  parameter  z — for  Poincar6's  theorem 
(Bulletin  de  la  Societe  maifdmcUique  de  France^  volume  II 
(1883))  is  subject  to  some  limitations.  These  are  but  a 
few  of  the  problems  that  M.  Hilbert  mentioned,  and  these 
were  a  selection  from  a  much  longer  list  for  which  he  re- 
ferred to  an  article  about  to  appear  in  the  Nachrichten  der 
Kgl,  Gesellschaft  der  Wissenschaften  zu  Goitingeiu  1900.  In 
the  course  of  a  rather  desultory  discussion  that  followed  the 
reading  of  this  paper,  the  claim  was  made,  though  appar- 
ently without  adequate  grounds,  that  more  had  been  done  as 
regards  the  equation  of  the  7th  degree  (by  some  German 
writer)  than  the  author  of  the  paper  was  willing  to  allow. 
A  more  precise  objection  was  taken  to  M.  Hilbert's  re- 
marks on  the  axioms  of  arithmetic  by  M.  Peano,  who 
claimed  that  such  a  system  as  that  specified  as  desirable 
has  already  been  established  by  his  compatriots  MM.  Burali- 
Forti,  Padoa,  Pieri,  in  memoirs  referred  to  on  pp.  3-5  of 
no.  1 ,  volume  7  of  the  Rivista  di  Matematica, 
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M.  Hilbert  was  followed  by  M.  Fujisawa,  the  oflBcial  dele- 
gate from  Japan,  who  gave,  in  English,  a  very  interesting 
account  of  the  mathematics  of  the  older  Japanese  school. 
It  is  difficult  to  follow  the  course  of  Japanese  mathematics  ; 
there  are  some  two  thousand  manuscript  volumes  still  to  be 
transcribed  ;  in  these  much  valuable  work  is  mixed  up  with 
what  is  purely  elementary  and  even  trivial.  The  difficulty 
of  arriving  at  any  clear  idea  is  greatly  increased  by  the  fact 
that  publication  of  results  was  not  customary;  ^ey  were 
preserved  to  a  great  extent  only  by  oral  transmission.  So 
f^r  as  the  books  have  been  deciphered  and  collated,  one  fact 
stands  out  with  ever-increasing  clearness,  and  that  is  that 
side  by  side  with  one  less  important  school  of  Japanese 
mathematics  there  exists  another  earlier  system  of  mathe- 
matics of  a  peculiar  kind,  which  had  its  origin  in  Japan, 
and  was  developed  there  entirely  free  from  any  external 
influences. 

The  mathematics  of  the  first  kind,  probably  derived  from 
the  Chinese  at  a  very  early  date,  displays  a  noticeable  lack 
of  rigor ;  for  instance,  ^10  is  accepted  as  the  value  of  -. 
As  to  content ;  in  algebra,  the  solution  of  simple  equations 
and  the  formulae  for  the  sum  of  an  arithmetical  or  geomet- 
rical progression  were  known ;  in  geometry,  the  right- 
angled  tiiangle  with  sides  proportional  to  3,  4,  5  was  used, 
with  some  propositions  regarding  regular  polygons  ;  magic 
squares  were  discussed,  even  so  far  as  those  containing  the 
first  400  numbers.  Bamboo  rods  were  used  for  purposes  of 
calculation  ;  these  were  placed  one  above  another  to  in- 
dicate addition,  side  by  side  to  indicate  multiplication, 
diagonally  to  denote  subtraction. 

The  other  part  of  Japanese  mathematics,  that  indigenous 
to  the  country,  is  of  more  importance  and  interest.  It  ap- 
pears that  the  mathematicians  of  this  school  made  use  of 
local  value  in  expressing  numbers,  invented  zero  for  them- 
selves, and  used  the  circle  as  the  symbol  for  zero.  They 
were  familiar  with  imaginaries  and  complex  numbers  ;  and 
were  such  adepts  at  calculation  that  they  found  the  value 
of  Tt  correct  to  49  places  of  decimals.  M.  Fujisawa  ex- 
plained that  the  knowledge  of  this  part  of  Japanese  mathe- 
matics so  far  obtained  is  very  fragmentary,  the  unexplored 
part  offers  an  attractive  field  of  research  for  Japanese  who 
may  care  to  devote  themselves  to  it.  It  is  a  matter  of 
purely  historical  interest,  as  the  present  teaching  of  mathe- 
matics in  Japan  is  in  no  sense  founded  on  it;  for,  very 
wisely  as  he  thinks,  the  Japanese  educational  authorities 
made  an  entirely  fresh  start,  sweeping  away  all  trace  of  this 
older  educational  system. 
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The  president  of  the  section,  M.  Cantor,  then  spoke  of 
the  difficulties  he  encountered,  when  writing  his  Geschichte 
der  Mathematik,  in  finding  out  anything  about  the  earlier 
Japanese  mathematics.  When  he  did  finally  hear  of  a 
work  of  reference  it  turned  out  to  be  written  in  Japafiese. 
With  reference  to  the  earliest  use  of  zero,  he  expressed  the 
opinion  that  it  was  probably  due  to  the  Babylonians,  about 
1700  B.  C. 

Another  paper  of  interest  in  these  sections  was  that  of  M. 
Padoa  (Rome)  on  Friday  morning :  **  Un  nouveau  syst^me 
irr6ductible  de  postulats  pour  Talgebre.''  Naming  the  ob- 
ject, entler  (integer),  two  undefined  derivatives,  successif  B,nd 
symHriquej  are  considered.     The  seven  postulates  are 

1°.  If  a  is  an  integer,  then  sue.  a  is  an  int^er. 

2°.  If  a  is  an  integer,  then  sym.  a.  is  an  integer. 

3°.  If  a  is  an  integer,  then  sym.  (sym.  a)  =  a. 

4°.  If  a  is  an  integer,  then  sym.  jsuc.  [sym. (sue.  a)]  }=a. 

5°.  There  exists  an  integer  x  such  that  sym.  a:  =  ar. 

6°.  There  do  not  exist  two  different  integers  a:,  y,  such 
that  sym.  x  =  a:,  and  sym.  y  =  y- 

7°.  If  a  class  u  of  objects  satisfies  the  conditions 
(i)  it  contains  some  one  integer, 

(ii)  if  it  contains  an  integer  x  it  contains  also  sue.  ar, 
(iii)  if  it  contains  sue.  x  it  contains  also  x, 
then  every  integer  belongs  to  the  class  u. 

These  postulates  define  an  algebraic  field,  whose  nature 
is  at  once  seen  to  agree  with  that  of  the  natural  field,  sue.  x 
being  interpreted  as  1  +  x,  and  sym.  a:  as  —  a:.  M.  Padoa 
did  not  get  beyond  this  definition,  possibly  because  he  had 
entered  so  minutely  into  the  details  of  the  proof  of  the  in- 
dependence of  the  seven  postulates  that  he  had  exhausted 
his  allowance  of  time. 

A  great  part  of  the  Friday  morning  sitting  of  these  two 
section^  was  devoted  to  the  discussion  of  a  resolution,  pro- 
posed by  M.  Lean,  in  favor  of  the  adoption  of  some  special 
artificial  language  as  the  vehicle  for  all  scientific  commu- 
nications. Though  no  particular  language  was  named  in  the 
resolution,  it  was  made  clear  that  **  Esperanto''  was  the 
language  intended.  Its  advocates,  MM.  Lean,  Padoa,  Boc- 
cardi,  Laisant,  and  others,  disclaimed  any  wish  to  substi- 
tute it  for  natural  languages,  but  urged  its  adoption  as  the 
vehicle  for  international  intercourse  ;  this  view  they  upheld 
with  great  earnestness  **on  behalf  of  humanity,''  as  M. 
Laisant  put  it.  The  opposite  view  was  upheld  with  equal 
earnestness,  if  less  vehemence,  by  MM.  Schroeder,  Vassi- 
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lief,  Maggi,  and  others,  chiefly  on  the  ground  that  any  such 
language  is  entirely  unnecessary ;  as  M.  Maggi  remarked, 
mathematics  already  has  a  universal  language,  the  language 
of  formuUe.  In  the  end  the  suggestion  of  M.  Vassilief  was 
adopted,  that  the  Congress  should  place  itself  on  record  as 
opposed  to  any  unnecessary  diversity  in  the  languages  em- 
ployed, that  is,  practically,  to  the  use  of  any  language  for 
scientific  purposes  other  than  English,  French,  German, 
and  Italian,  though  these  languages  were  not  specified  in 
the  resolution  adopted. 

On  Saturday,  August  11th,  the  concluding  general  meet- 
ing was  held  at  9  a.  m.  The  first  business  was  to  determine 
the  time  and  place  for  the  next  meeting.  At  Ziirich,  Pro- 
fessor Klein,  on  behalf  of  the  German  Mathematical  Society, 
had  expressed  their  great  desire  that  the  third  congress 
should  be  held  in  Germany  ;  and  a  definite  invitation  to 
this  effect  was  now  laid  before  the  Congress,  and  unani- 
mously accepted.  The  place  of  meeting  will  probably  be 
Baden-Baden  ;  the  date  decided  upon  is  1904,  and  the  time 
is  to  be  either  at  the  beginning  or  the  end  of  the  summer 
vacation.  No  other  business  was  transacted,  and  the  two 
general  addresses  appointed  for  the  day  were  then  delivered 
by  MM.  Mittag-Leffler  and  Poincar6.  Immediately  after 
the  conclusion  of  the  President's  address,  he  dismissed  the 
Congress  with  the  words  *'La  stance  est  lev^e,  le  congrds 
est  clos. ' ' 

M.  Mittag-Leffler' s  address  was  entitled  *^  Yne  page  de  la 
vie  de  Weierstrass" ;  in  this  he  considered  in  some  detail 
"Weierstrass's  attitude  towards  some  of  the  mathematical 
ideas  of  his  time,  illustrating  by  copious  extracts  from  his 
correspondence;  unfortunately  it  is  not  possible  to  give  any 
adequate  account  of  it.     M.  Poincar^'s  can  be  given  more 

fully. 

H.  PoiKCARfe:  Du  rdle  de  V intuition  et  de  la  logique  en  matM- 

matiques. 

It  is  obvious  that  there  are  two  entirely  different  types 
of  mind  among  mathematicians,  manifesting  themselves  in 
two  distinct  methods  of  treating  mathematical  questions. 
Those  of  the  first  type  are  dominated  by  logic ;  those  of  the 
second  are  guided  by  intuition.  They  may  be  called  an- 
alysts and  geometers,  though  it  is  not  really  a  question  of 
the  subject  with  which  they  deal ;  the  analyst  remains  an 
analyst  even  wh^n  working  at  geometry,  and  the  geometer 
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employing  himself  on  pure  analysis  is  still  a  geometer.  Nor 
is  the  distinction  a  mere  matter  of  education  ;  a  man  is  bom 
a  mathematician,  he  does  not  become  one ;  and  either  he  is 
bom  an  analyst  or  he  is  bom  a  geometer.  The  two  types 
of  mind  are  equally  necessary  for  the  progress  of  the  sci- 
ence ;  each  has  accomplished  great  things  that  would  have 
been  impossible  to  the  other. 

At  first  sight  the  ancients  seem  to  have  all  been  intuition- 
alists,  but  this  impression  disappears  on  closer  study.  Eu- 
clid, for  instance,  was  a  logician,  even  though  every  stone 
of  his  edifice  is  due  to  intuition.  The  natural  tendencies 
have  not  changed,  only .  their  manifestation.  There  has 
been  an  evolution,  due  to  the  increasing  recognition  of  the 
fact  that  intuition  cannot  give  rigor,  nor  even  certainty  ;  a 
proof  that  relies  on  concrete  images  may  be  very  deceptive. 
It  was  soon  realized  that  rigor  cannot  be  expected  in  the 
demonstrations  unless  it  is  to  be  found  in  the  definitions  ; 
so  long  as  the  objects  of  reasoning  were  given  simply  by 
the  bodily  senses  or  the  imagination,  there  was  no  precise 
idea  on  which  reasoning  could  be  based.  Thus  the  efforts 
of  the  logicians  were  concentrated  on  the  definitions,  one 
result  of  which  is  that  mathematics  has  become  arithme- 
tized. 

The  question  arises,  is  this  evolution  ended — have  we  at 
last  attained  to  absolute  rigor,  or  do  we  deceive  ourselves 
as  our  fathers  did  ?  Philosophers  tell  us  that  it  is  impossible 
to  eliminate  intuition  altogether  from  our  reasonings,  for  no 
science  can  spring  from  pure  logic  alone.  To  designate  this 
other  essential,  we  have  no  name  but  intuition  ;  but  this 
covers  many  different  ideas.  There  is  (1)  the  appeal  to 
the  bodily  senses  and  to  imagination  ;  (2)  generalization  by 
induction  ;  (3)  the  intuition  of  pure  number  ;  on  this  last 
a  veritable  mathematical  method  is  based,  while  from  the 
first  two  no  certainty  can  be  derived.  The  analysis  of  the 
present  day  constructs  its  demonstrations  solely  from  syl- 
logisms and  this  intuition  of  pure  number  ;  we  may  say  that 
at  last  absolute  rigor  is  attained. 

The  philosophers  now  object  that  what  has  been  gained 
in  rigor  has  been  lost  in  actuality  ;  the  approach  toward  the 
logical  ideal  has  been  secured  by  cutting  the  ties  with  real- 
ity. For  the  sake  of  the  demonstration  a  mathematical 
definition  is  substituted  for  the  object,  and  it  still  remains 
to  prove  that  the  concrete  reality  answers  to  the  definition. 
But  as  this  is  an  experimental  truth,  it  is  not  the  business 
of  mathematics  to  establish  it.  It  is  a  great  step  forward  to 
have  separated  these  two  things;  nevertheless  there  is  some- 
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thing  in  the  philosophic  objection.  In  becoming  rigorous, 
mathematics  has  assumed  a  certain  character  of  artificiality; 
if  it  is  clear  how  questions  can  be  resolved,  it  is  no  longer 
clear  how  and  why  they  arise.  We  seek  for  reality  ;  but 
this  does  not  reside  in  the  separate  steps  of  the  demonstra- 
tion ;  it  must  be  sought  rather  in  the  something  that  makes 
for  unity.  The  microscopic  examination  of  an  elephant 
gives  no  idea  of  the  animal  itself ;  the  fairy-like  structure  of 
silicious  needles  which  is  all  that  is  left  of  certain  sponges 
cannot  be  understood  without  reference  to  the  living  sponge 
by  which  this  form  was  imposed  on  the  silicious  particles. 
Logic  by  itself  cannot  give  the  view  of  the  whole  which  is 
indispensable  alike  to  the  inventor  and  to  him  who  desires 
really  to  understand  the  inventor.  Logic,  which  alone 
gives  certainty,  is  simply  the  instrument  of  demonstration  ; 
the  instrument  of  discovery  is  intuition. 

But  analysts  also  are  inventors ;  hence  they  cannot  al- 
ways be  proceeding  from  the  general  to  the  particular,  as 
the  rules  of  formal  logic  demand,  for  scientific  conquests  are 
made  only  by  generalization.  There  is  however  a  per- 
fectly rigorous  process,  that  of  mathematical  induction,  by 
which  it  is  possible  to  pass  from  the  particular  to  the  gen- 
eral.* For  the  profitable  use  of  this,  to  recognize  the  analo- 
gies whose  presence  makes  it  applicable,  the  analyst  must 
have  the  direct  feeling  for  the  unity  of  an  argument,  for  its 
soul  and  spirit ;  for  him  the  most  abstract  entities  must  be 
living  beings.  What  is  this  but  intuition  ?  This  however 
does  not  invalidate  the  distinction  already  drawn,  for  it  is 
an  intuition  entirely  different  in  nature  from  the  sensible 
intuition  founded  in  imagination  alone,  even  though  psy- 
chologists may  finally  pronounce  it  also  to  have  a  sensual 
foundation.  It  is  the  intuition  of  pure  logical  form,  which 
t(^ether  with  the  intuition  of  pure  number  makes  not  only 
demonstration,  but  also  discovery,  possible  to  the  analyst. 
Thus  among  the  analysts  inventors  do  exist,  but  not  many; 
it  remains  true  that  the  most  usual  instrument  of  invention 
in  mathematics  is  sensible  intuition. 

On  the  evening  preceding  the  formal  opening  of  the  CJon- 
gress  an  informal  reunion  of  the  members,  about  half  of 
whom  were  present,  was  held  at  the  Caf6  Voltaire.  On 
Tuesday  afternoon,  after  the  risi^ng  of  the  sections,  the 
members  were  entertained  at  the  Ecole  normale  sup6rieure. 
At  noon  on  Sunday,  August  12th,  a  very  successful  banquet 

*PoiDoar^,  "Sar  la  nature  da  raisonnemeDt  math^matique,''  Betme  de 
wUtapkffsique  el  de  morale^  vol.  2  (1894),  pp.  371-384. 
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was  held  at  the  Salle  de  rAth6n6e-Samt-Grermain,  when,  in 
the  absence  of  M.  Poincar^,  M.  Darboux  presided  very 
pleasantly.  Toasts  to  those  present,  to  the  hosts,  to  the 
absent,  to  M.  Darboux,  and  to  the  next  Congress,  were  pro- 
posed by  MM.  Darboux,  Geiser,  J.  Tannery,  Stephanos, 
and  Vassilief .  Invitations  to  receptions  held  by  the  Presi- 
dent of  the  Republic  and  by  Prince  Roland  Bonaparte  were 
accepted  by  a  number  of  the  members. 

A  very  large  attendance  had  been  expected,  on  account  of 
the  additional  attractions  offered  by  the  Exhibition  ;  and 
the  answers  to  the  circulars  first  sent  out  went  far  to  justify 
this  anticipation,  for  up  to  last  December  about  1,000  mathe- 
maticians had  signified  their  intention  of  being  present,  with 
680  members  of  their  families.  The  membership  fee  was 
fixed  at  30  francs,  with  an  additional  5  francs  for  every 
member  of  the  family.  As  a  matter  of  fact,  the  total  at- 
tendance can  hardly  have  exceeded  250  in  all.  There 
seems  very  little  doubt  that  a  large  proportion  were  kept 
away  by  distaste  of  the  crowds  that  were  supposed  to  be 
visiting  the  Exhibition,  and  by  the  rumored  diflBculty  in 
obtaining  accommodation,  a  difficulty  that  seems  to  have 
existed  mainly  in  the  circulars  of  the  various  agencies  ;  but 
the  great  heat  of  July  certainly  decided  many  to  stay  away 
who  would  otherwise  have  been  present. 

The  countries  represented  were  as  follows  :  France,  90 ; 
Germany,  25:  United  States,  17;  Italy,  15;  Belgium,  13;  Rus- 
sia, 9  ;  Austria,  8  ;  Switzerland,  8  ;  England,  7  ;  Sweden,  7; 
Denmark,  4;  Holland,  3  ;  Spain,  3  ;  Roumania,  3  ;  Servia,  2; 
Portugal,  2  ;  South  America,  4  ;  with  single  representatives 
from  Turkey,  Greece,  Norway,  Canada,  Japan,  Mexico. 
This  list  is  only  approximate,  as  no  revised  list  of  members 
was  issued.  Among  the  members  from  the  United  States 
were  Professors  Allardice,  E.  W.  Brown,  Dickson,  Ely, 
Hagen,  Halsted,  Hancock,  Harkness,  Keppel,  Lovett, 
Macfarlane,  Pell,  Scott,  Stringham,  Webster. 

While  the  four  languages,  English,  French,  German,  and 
Italian,  were  admitted  on  equal  terms,  by  the  constitution 
of  the  congresses,  the  great  preponderance  of  French  was 
noticeable.  At  Ziirich,  this  preponderance  existed  in 
friendly  intercourse,  but  French  and  German  were  about 
equally  used  in  the  communications,  whereas  in  Paris  all 
the  general  addresses,  and  most  of  the  sectional  papers, 
were  in  French,  possibly  out  of  compliment  to  our  hosts. 
Probably  at  Baden-Baden  French  and  German  will  be  used 
in  about  equal  proportions  as  at  Ziirich. 

The  distribution  of  the  authors  of  communications  among 
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the  dififerent  countries  may  be  of  interest.  The  four  gen- 
eral addresses  were  delivered  by  representatives  from 
France,  Italy,  Germany,  Sweden  ;  including  these,  papers 
were  read  by  members  from  France,  13  ;  Italy,  9  ;  United 
States,  6  ;  Germany,  4  ;  Sweden,  4  ;  Austria,  2  ;  England, 
Greece,  Holland,  Japan,  Portugal,  Kussia,  Servia,  and 
Spain,  one  each.  This  list  may  require  some  slight  mod- 
ification, as  the  only  programme  issued  needed  some  cor- 
rections, but  it  is  substantially  correct.  In  some  cases  two 
or  three  communications  were  made  by  one  member,  thus 
bringing  up  the  number  of  sectional  papers  to  about  50 ; 
some  of  these  were  presented  by  title  only  in  the  absence  of 
their  authors.  The  general  meetings  occupied  four  hours, 
the  sectional  meetings  26.  About  200  members  were  pres- 
ent at  each  of  the  general  meetings  ;  at  the  sectional  meet- 
ings the  average  attendance  was  about  90,  and  as  two  sec- 
tions were  usually  sitting  at  the  same  time,  this  accounts 
very  fairly  for  the  members.  About  160  were  present  at 
the  banquet. 

The  arrangements  excited  a  good  deal  of  criticism.  The 
committee  of  organization  had  doubtless  special  difficulties 
to  contend  with,  as  M.  Laisant,  to  whom  the  secretarial 
part  had  been  assigned,  was  unable  to  undertake  it  owing 
to  the  pressure  of  other  duties.  The  mistake  was  then 
made  of  entrusting  a  part  of  this  responsibility  to  the  firm 
of  Carr6  and  Naud,  whereas  in  such  a  case  personal  interest 
and  individual  responsibility  are  indispensable  for  ensuring 
proper  attention  to  the  various  details  of  organization. 
Owing  to  this,  members  arriving  in  Paris  had  very  great 
difficulty,  during  the  first  two  days,  in  obtaining  the  neces- 
sary information  in  time  for  it  to  be  of  any  service.  The 
want  of  a  common  assembly  room,  where  members  might 
conveniently  meet  one  another  with  or  without  concerted 
arrangement,  was  seriously  felt.  The  arrangements  in 
Ziirich  were  so  admirably  complete  in  every  point,  that 
these  defects  were  even  more  conspicuous  by  comparison. 
There  is  no  doubt  that  a  smaller  town  lends  itself  best  to 
such  a  gathering ;  it  is  not  so  much  that  there  is  less 
division  of  interests,  as  that  the  members  are  more  in  evi- 
dence, and  so  have  a  better  chance  of  realizing  one  another. 
The  first  object  of  an  international  congress  of  mathe- 
maticians is  to  enable  its  members  to  meet  one  another  in 
circumstances  that  shall  excite  the  mathematical  faculty, 
and  make  manifestations  of  mathematical  interest  most 
natural,  thus  encouraging  the  exchange  of  ideas  both  be- 
tween individuals  and  larger  groups.     The  mathematician 
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who  is  in*  any  degree  a  specialist  is  in  general  rather  soli- 
tary in  the  average  college — he  would  have  been  better  off 
in  Noah's  Ark,  for  at  the  worst  there  would  have  been  two 
of  a  kind.  For  hin  mind's  health  it  is  well  that  he  should 
occasionally  be  thrown  with  those  of  kindred  interests ;  it 
is  well  too  that  he  should  be  made  to  feel  the  unity  of 
mathematics. 

The  general  addresses  are  of  course  under  one  aspect  the 
most  important  part  of  the  formal  proceedings,  giving  broad 
views  of  the  whole  subject,  and  helping  the  pronounced 
specialist  to  realize  his  affiliations  with  other  regions.  Did 
a  congress  achieve  no  other  end  than  that  of  evoking  such 
addresses  as  those  of  Klein,  Hurwitz,  Cantor,  Poincar6, 
Volterra,  at  Zurich  and  Paris,  and  presenting  them  to 
mathematicians  of  such  widely  differing  interests,  its  exist- 
ence would  be  amply  justified.  Something  more  might  be 
done  in  a  similar  direction  as  regards  the  sectional  meet- 
ings ;  an  address,  not  necessarily  by  the  president  of  the 
section,  dealing  in  a  broad  manner  with  the  r^on,  or  some 
part  of  the  region,  assigned  to  the  section,  might  very  well 
be  arranged  for.  While  the  general  addresses  enable  the 
individual  to  appreciate  the  relation  of  his  special  subject  to 
mathematics  a^  a  whole,  these  sectional  addresses  would 
assist  him  in  the  equally  important  and  even  more  difficult 
task  of  gauging  his  own  relation  to  his  special  subject. 
One  or  two  of  the  communications  offered,  both  at  Paris 
and  at  Ziirich,  were  of  this  nature  ;  but  the  matter  should 
not  be  left  to  chance,  it  is  well  worth  systematically  arrang- 
ing. Such  an  address  would  deal  sometimes  with  the  gen- 
eral ideaa  of  the  subject,  sometimes  with  what  remained 
to  be  done,  sometimes  with  what  had  been  accomplished 
during  the  last  few  years. 

As  to  the  nature  of  the  more  special  papers,  it  hardly 
seems  advisable  to  restrict  the  present  liberty,  not  even  to 
the  extent  that  is  found  salutary  in  the  regular  meetings  of 
a  mathematical  society ;  encouragement  is  perhaps  more 
needed.  But  some  control  over  the  time  consumed  should 
be  exercised ;  not  only  a  theoretical  control,  confined  to  a 
printed  statement  that  it  must  not  exceed  twenty  minutes, 
but  a  real  control,  exerted  as  a  regular  thing.  Ten  or 
fifteen  minutes,  well  employed,  is  quite  long  enough  for  the 
ordinary  type  of  special  theorem,  for  an  outline  of  the 
method  of  proof  is  sufficient  in  an  oral  communication,  and 
another  five  or  ten  minutes  ought  to  enable  the  speaker  to 
indicate  its  connections  within  the  subject.  The  strict 
limitation  to  a  time  previously  determined  would  in  most 
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cases  be  beneficial  to  the  author,  obliging  him  to  select,  sub- 
ordinate, and  group  his  details.  It  is  tolerably  certain  that 
if  the  author  regards  all  details  as  equally  important,  his 
auditors  will  regard  all  as  equally  unimportant. 

One  thing  very  forcibly  impressed  on  the  listener  is  that 
the  presentation  of  papers  is  usually  shockingly  bad.  Pre- 
sumably the  reader  desires  to  be  heard  and  understood  ;  to 
compass  these  ends,  instead  of  speaking  to  the  audience,  he 
reads  his  paper  to  himself  in  a  monotone  that  is  sometimes 
hurried,  sometimes  hesitating,  and  frequently  bored.  He 
does  not  even  take  pains  to  pronounce  his  own  language 
clearly,  but  slurs  or  exaggerates  its  characteristics,  so  that 
he  is  often  both  tedious  and  incomprehensible.  These  fail- 
ings are  not  confined  to  any  one  nationality  ;  on  the  whole 
the  Italians,  with  their  clear  and  spirited  enunciation,  come 
nearest  to  being  free  from  them.  It  would  be  invidious  and 
impertinent  to  mention  names ;  the  special  sinners  sit  in 
both  high  and  low  places.  But  it  is  perhaps  pardonable  to 
refer  to  M.  Mittag-Leffler's  presentation  of  his  paper  to 
Section  I  [  as  showing  in  how  admirable  and  engaging  a 
style  the  thing  can  be  done.  It  is  not  given  to  everyone  to 
do  it  with  this  charm  ;  but  there  is  no  excuse  for  any 
normally  constituted  human  being,  sufficiently  versed  in 
mathematics,  failing  to  interest  a  suitable  audience  for  a 
reasonable  time  in  that  which  interests  himself,  always  pro- 
vided that  it  be  of  sufficient  novelty  either  in  matter  or  in 
mode  of  treatment  to  justify  him  in  presenting  it  at  all. 

At  the  Zurich  Congress  certain  matters  were  energetically 
discussed  in  Section  V ;  extensive  support  was  then  given 
to  resolutions  in  favor  of  constituting  permanent  commis- 
sions charged  to  consider  1°  general  reports  on  the  progress 
of  mathematics,  2°  matters  of  bibliography  and  terminol- 
ogy, 3®  the  possibility  of  giving  some  permanent  character 
to  the  Congress,  by  means  of  a  central  bureau  or  otherwise. 
Though  these  resolutions  were  not  voted  upon  directly,  it 
being  felt  that  they  required  more  deliberate  discussion, 
yet  at  the  concluding  general  meeting  the  members  of  the 
Zurich  bureau  were  appointed  a  commission  to  consider  the 
questions  that  seemed  of  most  importance,  and  to  furnish 
the  Mathematical  Society  of  France  with  such  information 
on  these  points  as  might  be  useful  in  preparation  for  the 
Congress  of  1900.  At  the  joint  sitting  of  Sections  V  and 
YI  in  Paris  M.  Dickstein  asked  a  question  on  behalf  of  the 
members,  namely,  was  not  the  Congress  to  hear  anything 
of  the  deliberations  of  this  commission?  No  satisfactory 
answer  was  forthcoming ;  M.  Laisant  replied  simply  that 
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the  Mathematical  Society  of  France  had  been  so  taken  up 
with  material  preparations  for  the  CJongress  that  it  bad  not 
been  able  to  enter  upon  any  of  these  matters.  He  took  the 
opportunity,  however,  of  directing  attention  to  the  Annuaire 
des  MatheTnaticiens,  projected  by  Carr6  and  Naud,  as  carrying 
into  effect  one  suggestion  made  at  Ziirich.  The  question 
then  dropped,  but  it  was  felt  that  this  left  matters  in  a  very 
unsatisfactory  state.  It  is  to  be  hoped  that  a  different  re- 
port will  be  given  in  1904,  that  the  members  of  the  Baden 
congress  will  not  simply  hear  papers  and  meet  friends,  but 
have  a  chance  to  consider  these  matters  of  international 
concern.  Some  questions  of  business  arise  in  every  science  ; 
they  tend  to  settle  themselves  by  a  kind  of  tentative  proc- 
ess, a  survival  of  the  fittest,  or  rather  by  general  tacit  con- 
sent. This  is  often  the  best  process  ;  any  attempt  at  forcing 
an  expression  of  general  agreement  may  result  in  checking 
development  by  encouraging  too  early  a  crystallization. 
But  there  are  some  matters,  depending  on  concerted  action, 
that  are  ripe  for  decision,  and  that  cannot  profitably  be  set- 
tled by  any  one  nation  for  itself ;  matters  in  which  for  want 
of  a  general  agreement  labor  may  be  wasted.  Such  matters 
may  naturally  be  decided  by  an  international  congress, 
whose  decisions  will  simply  have  the  force  of  general  con- 
sent. One  such  question  is  that  of  a  classification  of  math- 
ematical sciences.  At  least  two  well-known  systems  are  in 
use,  and  there  may  be  others.  Multiplication  of  systems  of 
classification,  like  the  multiplication  of  universal  languages, 
practically  destroys  the  good  of  any  and  all ;  the  congress 
ought  to  pronounce  in  favor  of  some  one.  As  to  the  prepa- 
ration of  special  reports,  it  seems  doubtful  whether  this  will 
be  done  best  by  the  congress  at  present.  In  course  of  time 
it  may  assume  academic  functions  and  responsibilities,  but 
it  will  be  necessary  for  it  to  prove  its  continuity  before  it 
can  with  any  propriety  expect  to  control  mathematical  ef- 
forts. Encouragement  and  recognition  would  seem  to  be 
its  appropriate  province  at  present  in  these  respects.  The 
question  as  to  how  this  continuity  is  to  be  obtained  is  a 
rather  serious  one,  and  deserving  of  careful  discussion.  A 
central  bureau  with  various  functions  was  suggested  when 
the  matter  was  under  discussion  at  Zurich  ;  but  there  are 
objections  to  this.  If  the  organizers  of  each  congress  will 
make  it  a  point  of  honor  to  act  on  the  recommendations  of 
the  preceding  congress,  taking  into  consideration  the  reso- 
lutions passed  and  doing  what  can  be  done  towards  carrying 
them  into  effect,  possibly  sufficient  continuity  may  be  at- 
tained without  the  red  tape  that  would  coil  itself  about  any 
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permanent  bureau.  Some  questions  are  better  left  unde- 
cided. International  agreement  is  not  wanted  on  all  points  ; 
international  rivalry  and  emulation  still  have  their  part  to 
play,  helped  by  the  international  friendships  that  are  pro- 
moted by  such  gatherings  as  these  international  congresses. 

In  conclusion,  I  must  express  my  thanks  to  many  of 
those  whose  names  appear  in  this  report  for  the  assistance 
I  have  received  from  them  in  its  preparation. 

Charlotte  Angas  Scott. 

Bbyn  Mawr  College, 
October,  1900. 


THE  FORTY-NINTH  ANNUAL  MEETING  OF  THE 
AMERICAN  ASSOCIATION  FOR  THE  AD- 
VANCEMENT OF  SCIENCE. 

The  forty-ninth  annual  meeting  of  the  American  Asso- 
ciation for  the  Advancement  of  Science,  which  was  held  at 
Columbia  University  June  23-30,  was  from  the  point  of  view 
of  scientific  work  one  of  the  most  .successful  in  the  history 
of  the  Association.  Sixteen  affiliated  societies  met  with  the 
Association  and  contributed  greatly  to  the  importance  and 
interest  of  the  meeting.  Two  of  these,  the  American  Math- 
ematical Society  and  the  Astronomical  and  Astrophysical 
Society,  held  joint  sessions  with  Section  A. 

The  next  meeting  of  the  Association  will  be  held  in  Den- 
ver during  the  last  week  of  August,  1901,  under  the 
presidency  of  Professor  Minot  of  the  Harvard  Medical 
School.  Professor  James  McMahon,  Cornell  University, 
will  be  vice-president  of  Section  A,  and  Professor  H.  C. 
Lord,  Ohio  State  University,  will  be  secretary.  Forty-one 
out  of  the  total  number  of  forty-nine  annual  meetings  of  the 
Association  have  been  held  during  the  month  of  August, 
while  the  recent  New  York  meeting  was  the  first  that  was 
held  in  June.  The  next  meeting  will  be  farther  west  than 
hitherto,  but  it  seemed  to  be  the  general  opinion  that  this 
was  desirable  in  order  to  extend  the  influence  of  the  Asso- 
ciation. Pittsburg  was  recommended  as  the  place  of  meet- 
ing in  1902. 

The  meetings  of  the  section  of  mathematics  and  astronomy 
were  well  attended.  The  officers  of  this  section  were  :  vice- 
president,  Asaph  Hall,  Jr. ;  secretary,  W.  M.  Strong  ;  coun- 
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cilor,  Ormond  Stone  ;  sectional  committee,  Alexander  Mac- 
Farlane,  J.  F.  Hay  ford,  C.  L.  Doolittle,  W.  M.  Strong, 
Harold  Jacoby,  Edgar  Frisby,  W.  S.  Eichelberger.  The 
Council  elected  the  following  mathematicians  and  astrono- 
mers to  fellowship  in  the  Association  :  E.  S.  Crawley,  G. 
A.  Hill,  W.  J.  Humphreys,  H.  C.  Lord,  L.  H.  Orleman, 
Mary  W.  Whitney,  P.  S.  Yendell. 

The  opening  address  of  the  Vice-President  of  Section  A, 
'*  On  the  teaching  of  astronomy  in  the  United  States,''  has 
been  published  in  Science,  July  6,  1900,  pp.  15-20.  In  the 
absence  of  the  Vice-President,  Simon  Newcomb,  C.  L.  Doo- 
little and  Ormond  Stone  presided  at  the  meetings  of  this 
Section.  The  following  list  of  papers  read  before  the  Section 
does  not  include  those  of  the  American  Mathematical  So- 
ciety and  of  the  Astronomical  Society  which  were  read  at  the 
joint  sessions  of  these  societies  and  Section  A, 

(1)  President  H.  S.  Pritchett:  "  The  functions,  organ- 
ization, and  future  work  of  the  U.  S.  Coast  and  geodetic 
survey.'' 

(2)  Mr.  J.  F.  Hayford  :  *'  The  precise  level  net  of  the 
U.  S.  and  a  new  levelling  instrument." 

(3)  Professor  T.  J.  J.  See:  **The  propagation  of  the 
tide  wave.-' 

(4)  Professor  T.  J.  J.  See:  '*The  dimensions  and 
density  of  Neptune. ' ' 

(5)  Professor  E.  Frisby  :  **  Some  remarkable  properties 
of  recurring  decimals." 

(6)  Professor  G.  T.  Sellew  :  **  History  of  the  complex 
number." 

(7)  Professor  James  McMahon  :  '*The  expression  of  a 
rational  polynomial  in  a  series  of  Bessel  Functions  of  the 
nth  order." 

(8)  Dr.  G.  A.  Miller  :  ''Report  on  the  groups  of  an 
infinite  order." 

(9)  Professor  L.  E.  Dickson:  **  Definition  and  examples 
of  Galois  fields." 

(10)  Mr.  W.  B.  Fite:  *' On  the  metabelian  groups  whose 
invariant  operators  form  a  cyclical  subgroup." 

(11)  Mr.  H.  E.  Hawkes:  **  Note  on  Benjamin  Pierce's 
linear  associative  algebra." 

(12)  Mr.  F.  H,  Loud  :  **  Sundry  metrical  theorems  con- 
nected with  a  special  curve  of  the  fourth  class." 

(13)  Mr.  G.  A.  Hill  :  "  Variations  of  latitude." 

(14)  Mr.  G.  A.  Hill  :  *'  The  comparative  accuracy  of  the 
transit  circle  and  the  vertical  circle." 

(15)  Professor  J.  N.  Stockwell  :  **  New  light  on  ancient 
eclipses." 
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(16)  Professor  J.  N.  Stockwell  :  **  Secular  variatdoDS  of 
the  motions  of  the  planets.'' 

(17)  Professor  J.  N.  Stockwell:  **A  new  method  of 
computing  the  Laplace  coefficients  of  planetary  pertuba- 
tion.'' 

(18)  Miss  Mary  Proctor  :  *'  Miss  Catharine  Wolf 
Bruce." 

(19)  Miss  M.  E.  Trueblood:  "The  directive  force  of 
philosophy  upon  mathematics." 

(20)  Mr.  W.  G.  Levison  :  '*  On  a  method  of  photograph- 
ing the  entire  corona,  employed  at  Newberry,  S.  C,  for  the 
total  solar  ecUpse,  May  28, 1900." 

Two  of  the  titles  that  appeared  on  the  programme  are  not 
reproduced  here  since  these  papers  did  not  reach  the  secre- 
tary in  time  to  be  presented  at  the  meeting.  In  the  absence 
of  their  authors  the  papers  by  Professor  McMahon  and  Mr. 
Fite  were  presented  by  Professor  Crawley  and  Dr.  Miller 
respectively.  Mr.  Hawkes'  paper  was  read  by  title.  The 
two  papers  by  Mr.  Hill  will  be  published  in  the  American 
Journal  of  Science  and  in  Science  respectively.  Dr.  Miller's 
report  will  appear  in  the  Bulletin.  Abstracts  of  the  other 
papers,  with  the  exception  of  the  last  three,  are  given 
below. 

President  H.  S.  Pritchett,  lately  Superintendent  of  the  U. 
S.Coafitand  geodetic  survey,  considered  the  three  questions: 
'*  What  is  the  purpose  of  this  service?  Is  it  properly  or- 
ganized to  carry  out  this  purpose?  What  lines  of  work 
^ould  be  followed  to  accomplish  the  purpose  in  view?" 
The  first  and  principal  work  of  the  Coast  and  geodetic 
survey  is  the  hydrographic  survey  of  the  coasts  of  the 
United  States  and  the  islands  under  her  jurisdiction.  In 
hydrography  and  topography  a  part  of  the  energy  of  the 
service  will  go  to  the  resurvey  of  parts  of  the  mainland  of 
the  United  States;  but  by  far  the  gi*eater  effort  will  go  to  the 
hydrographic  surveys  of  Porto  Rico,  Hawaii,  the  Philippine 
Islands,  and  Alaska.  In  geodesy,  the  most  interesting  work 
of  the  next  eight  years  will  be  the  completion  of  an  arc  ex- 
tending along  the  ninety-eighth  meridian  from  the  Rio 
Grande  to  the  Canadian  border.  By  the  cooperation  of 
Mexico  and  of  Canada  it  is  expected  that  this  arc  will  ulti- 
mately have  for  its  southern  limit  a  latitude  of  about  19 
d^^ees  and  for  its  northern  terminus  the  latitude  of  nearly 
70  d^rees.  The  completion  of  the  precise  level  net  for  the 
United  States,  and  the  differential  gravity  determinations 
now  being  carried  out  in  connection  with  gimilar  work  by 
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other  nations,  are  the  most  important  other  objects  of  this 
service.  The  work  of  the  Division  of  terrestrial  magnetism 
contemplates  a  general  magnetic  survey  of  the  country  and 
of  the  waters  adjacent  within  the  next  ten  years. 

Mr.  Hayford's  paper  is  in  abstract  as  follows :  The  net  of 
precise  level  lines  recently  adjusted  in  the  Computing  Di- 
vision of  the  Coast  and  geodetic  survey  comprises  over 
12,000  miles  of  spirit  leveling,  and  1,400  miles  of  water 
leveling,  run  by  the  Coast  and  Geodetic  Survey  and  other 
organizations.  The  manner  of  making  several  preliminary 
** studies'*  before  making  the  final  least  square  adjustment 
was  explained.  The  points  requiring  especial  attention 
were,  the  assignment  of  relative  weights  to  different  classes 
of  leveling,  the  attempt  to  detect  systematic  errors,  and  the 
assignment  of  the  relation  of  weight  to  length  of  line.  The 
least  square  method  of  computation  was  used  throughout 
and  the  assumptions  upon  which  it  is  based  were  checked, 
as  far  as  possible,  by  direct  appeals  to  the  facts.  The  only 
well-marked  form  of  a  systematic  error  found,  is  one  which 
is  due  to  changes  of  temperature  in  the  instrument  during 
the  period  of  observation  at  a  station.  The  instrument 
shown  was  one  which  is  about  to  be  put  into  use  in  the 
Coast  and  geodetic  survey;  it  is  designed  with  special  ref- 
erence to  eliminating  the  systematic  error  just  referred 
too,  and  to  furnish  rapid  observations  of  the  highest  d^ree 
of  accuracy. 

The  object  of  the  first  paper  by  Professor  See,  was  to 
direct  attention  to  certain  points  in  the  theory  of  the  prop- 
agation of  the  tide  wave.  After  defining  the  tide  wave  by 
the  general  relations  for  horizontal  and  vertical  motion, 

which  are  transformed  into 

e  A  +  e     A    J  COS  (nt  —  vx), 

H==  —  Ale^  —e    a   jsin(n<  — vx), 

r  being  the  depth  of  the  sea,  X  the  wave  length,  and  v  any 
integral  number,  the  author  shows  that  in  case  of  the  tides, 
where  X  is  large  compared  to  r,  the  path  of  any  particle  is 
an  elongated  ellipse,  giving  a  horizontal  motion  about  1,000 


Digitized  by  VjOOQIC 


1900.]        MEETING    OF   THE   AMERICAN   ASSOCIATION.  83 

times  greater  than  the  vertical  motion.    He  then  gives  the 
tide-generating  potential  in  the  usual  form 


F=^-.(^cos'c.-^j, 


Mid  shows  by  derivation  the  lengths  of  the  four  arcs  into 
which  the  circumference  is  divided,  two  being  each  lOQ^'.S 
in  length,  the  other  two  70°. 5.  A  figure  showing  the  mo- 
tion of  the  water  in  every  part  of  an  equatorial  canal  at  any 
instant,  indicates  clearly  why  the  wave  advances  when  once 
started,  as  the  flow  is  forward  in  the  two  long  arcs,  and 
backward  in  the  short  arcs.  The  author  states  that  the 
tide  wave  is  at  first  a  forced  wave,  afterwards  acting  as  a 
free  wave  ;  but  this  view  of  the  propagation  holds  for  both 
classes  of  oscillations,  when  treated  separately,  and  is  ap- 
proximately true  when  the  two  classes  of  waves  are  com- 
pounded. 

In  his  second  paper  Professor  See  treats  historically  the 
question  of  the  diameter  of  Neptune,  showing  that  the 
earliest  measures,  made  in  1846,  place  it  at  about  3",  and 
that  subsequent  measures  range  from  4".3  to  2".00.  With 
every  improvement  in  the  definition  of  telescopes,  the  diam- 
eter has  shrunk.  He  then  showed,  from  observations  made 
in  1899-1900  with  the  great  equatorial  of  the  Naval  Obser- 
vatory under  better  conditions  than  have  been  enjoyed  by 
previous  observers,  that  the  true  diameter  of  the  planet  is 
about  2".  00,  or  27,190  miles.  The  diameter  hitherto  accepted 
in  standard  works  on  astronomy  is  34,000  miles.  The 
former  density  was  1.11  that  of  water,  but  this  is  now 
doubled  and  put  at  2.26. 

Professor  Frisby  gave  some  brief  special  methods  of  com- 
bining numbers,  and  especially  of  finding  the  recurring  deci- 
mals which  represent  rational  fractions. 

Professor  Sellew  traced  the  history  of  the  complex  num- 
ber from  the  first  appearance  of  the  imaginary  in  the 
Stereometrica  of  Hero  of  Alexandria  in  the  second  cen- 
tury B.  C.  The  idea  that  the  imaginary  must  be  in  the 
plane  without  the  line  of  real  numbers  was  first  given  by 
Wallis  (1685).  Kiihn's  construction  (1763)  introduced  the 
idea  of  direction.  Wessel  (1797)  was  the  real  inventor  of 
the  modem  representation  of  the  complex  number.  His 
analytic  representation  of  direction  was  the  best  before  the 
time  of  Hamilton. 


Digitized  by  VjOOQIC 


84  MEETING  OF   THE  AMERICAN   ASSOCIATION.        [NoV., 

It  is  known  that  in  certain  cylindrical  boundary  problems 
it  is  necessary  to  expand  /(r,  d)  in  a  Fourier  series  of  the 
form 

V  v>«(r)  cos  nO, 

and  then  to  expand  ^,(r)  in  an  nth  order  Bessel  series  of 
the  form 

in  which  ^„  A„  —  are  determined  from  the  roots  of  a  certain 
equation  to  be  satisfied  on  the  boundary  r^  a,  and  the  co- 
efficients are  given  by 


£rlJ.(Kr)Vdr 


The  value  of  the  definite  integral  in  the  denominator  is 
given  in  the  text-books,  but  no  method  of  evaluating  the 
integral  in  the  numerator  has  been  given.  The  object  of 
the  paper  by  Professor  McMahon  is  to  reduce  this  integral 
in  the  commonest  case,  viz.,  that  in  which  9>^(r)  is  expres- 
sible in  a  series  of  powers  of  r  with  integer  exponents 
(positive  or  negative).  For  this  purpose  formulaB  are 
given  by  means  of  which  C3^JJ^x)dx  is  made  to  depend 
on  CxJJ^x)dx  and  CJJ^x)dx,  and  ultimately  on  CJ^(x)dx 
alone. 

Thus  the  complex  numerical  treatment  of  a  large  class  of 
cylindrical  harmonic  problems  requires  the  introduction 
and  tabulation  of  a  new  fundamental  transcendent,  which 
may  be  defined  by  the  equation 


ffn 


'M=£j.{x)dx. 


This  function  may  be  tabulated  either  from  the  power- 
series,  or  from  the  relation 

H,{x)  =  2[J,(x)  +  J,(x)  +  J.dx)  +  ...]. 

Professor  Dickson  developed  the  definition  of  Galois  field 
as  follows  :  Let  ;>  be  a  prime  number  and  P(x)  a  polynomial 
of  degree  n  in  x  having  integral  coefficients,  and  suppose  P{x) 
to  be  irreducible  modulo  p,  u  e.,  suppose  it  to  be  impossible  to 
give  P{x)  the  form 

P(x)^P,(x)P,(x)+p'P,ix), 
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where  the  Pt(x)  are  polynomials  having  integral  coefficients, 
the  degrees  of  P,(x)  and  P,(x)  being  <n.  If  we  divide  any 
polynomial  F(x^  having  integral  coefficients,  by  the  function 
P{x),  we  obtain  a  quotient  §(«),  and  a  remainder  which  can 
be  written 

/(x)  +  p  •  q(x),    fix)  =  a,+  a,x  +  a^»  +  -  +  a^.x"^', 

where  every  o^  is  a  positive  integer  </).     Hence 

F(,x)  =/(x)  +  P(«)Q(x)  +p-3(x). 

We  say/(aj)  is  the  residue  of  F{x)  modulo  p  and  P^x)  and 

Fix)  ^ fix)     lmodp,P(x):\. 

The  totality  of  functions  F(x)  obtained  by  giving  to  the 
polynomials  Q(x)  and  q(x)  all  possible  forms  is  said  to 
constitute  a  class  of  residues.     Two  polynomials 

belong  to  the  same  or  different  classes  according  as/j  and  /, 
are  identical  or  not.  Each  o^  in/(x)  having;)  values,  there 
are  evidently  p""  distinct  classes  of  residues.  The  class  to 
which  F^  ±  F^  or  F^  •  F^  belongs  depend  merely  upon  the 
functions/,  ifc/,  or/,  •/„  being  independent  of  the  Q^  and  q^. 
Hence  classes  of  residues  combine  unambiguously  under  ad- 
dition, substraction  and  multiplication.  Furthermore,  an 
arbitrary  class  Cf  may  be  divided  by  any  class  Cr ,  not  the 

class  zero,  yielding  as  quotient  a  unique  third  class.  In 
fact,  p  being  prime  and  P{x)  irreducible  modulo  pj  and 
F^(x)  being  not  divisible  by  P(x)  modulo  p,  we  can  deter- 
mine, by  a  process  analogous  to  that  for  finding  the  great- 
est common  divisor,  integral  functions  jP/(«)  and  P'^x)  such 
that 

^i'(«)  •  F,C^)  -  P(^)  •  P'(«)  =  1     (mod  P)' 

Hence  the  function  P/jP,  belongs  to  the  class  unity.  It 
follows  that 

Thep^  dosses  of  residues  modulisp  and  P(x)  therefore  form  a  Jidd, 
coiled  a  Oohis  field  of  order  p\ 
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The  main  object  of  Mr.  Fite's  paper  was  to  demonstrate 
the  following  theorems  : 

Theorem  I.  If  the  commutators  of  a  metabelian*  group 
O  of  order  /)"•,  p  being  a  prime,  form  a  cylical  group  of  order 
j}*  ,  then  the  number  of  independent  generators  of  any  given 
order  of  the  group  of  cogredient  isomorphisms  G'  must  be 
even. 

Theorem  II.  There  are  exactly  /5  +  1  groups  of  order 
^a+2^«^  p  being  an  odd  prime,  »  being  any  positive  integer, 
and  i^^  a,  such  that  their  invariant  operators  form  a  cylical 
group  of  order  p"  and  that  their  groups  of  cogredient  isomor- 
phisms are  abelian  of  the  type  {?^  ^^  •••  to  2«  terms). 

Theorem  III.  The  number  of  metabelian  groups  whose 
invariant  operators  form  a  cyclical  group  of  order  p»  and 
whose  groups  of  cogredient  isomorphisms  are  of  the  type 
(flij,  flij ,... ,  to  2«,  terms;  «„  a,  •••  to2«,  terms  ;  •••  ;  a^,  a^,. -to 
2«^  terms),  where  *j,  «„  ••• ,  «^are  positive  integers  and 

•••K-«n.I+l). 

The  curve  studied  by  Mr,  Loud  is  the  parallel  to  the  hy- 
pocycloid  of  four  cusps,  and  is  briefly  noticed  by  Salmon  in 
his  Higher  plane  curves,  §§  118  and  119.  The  present  pa- 
per gives  a  simple  method  of  construction  by  points  and 
establishes  several  theorems  connecting  the  curve  with  the 
meti*ic  geometry  of  n  lines  in  a  plane.  The  treatment 
adopted  employs  the  circular  coordinates  x  and  y,  equal  re- 
spectively to  a;  +  »2/  and  j:  —  ay  in  the  Cartesian  system.  Some 
of  the  more  obvious  properties  of  the  curve,  as  well  as  its 
varieties  of  form,  are  deduced.  The  methods  and  results 
given  by  Professor  Morley  in  the  second  number  of  the 
Transactions  have  been  extensively  employed. 

In  his  first  paper  Professor  Stockwell  argues  that  ancient 
eclipses  throw  much  more  light  on  ancient  chronology  than 
might  be  inferred  from  the  paper  by  Professor  McFarland 
which  was  read  before  this  Section  at  the  Columbus  meeting. 
The  second  paper  is  intended  to  show  that  there  are  secular 
equations  of  the  mean  distances  of  the  planets  from  the  sun. 
The  third  paper  is  in  abstract  as  follows  : 

The  Laplace  coefficients  of  planetary  perturbation  arise 
from  the  development  of  the  function 

*If  the  comroutatora  of  a  groap  are  self -con  jugate  the  group  is  called 
metabelian.  The  group  of  cogredieut  isomorphisms  of  such  a  group  is 
abelian,  and  conversely. 
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{1  +  a'—  2a  COS /^f-* 

in  an  infinite  series  depending  on  the  cosines  of  ^  and  its 
multiples.     If  we  assume  that 

1 1  +  a*  -  2acOSy5{-  =  ^W  +  W^  COS ,5  +  6/^^  COS2  ^ 

+  6/"  COS  3,S  +  ...  +  b:""  COS  1^5,  ^  ^ 

the  coefficients  6/'^  are  the  Laplace  coefficients  required. 

If  we  put  i4~2=«S  (2) 

we  shall  have 

jl  +  a»  -  2«  cos/5}-  =(1  +  a')-  {1  -  a'  COS/^}-;      (3) 

and  if  we  now  assume  that 

{ 1  -  a'  cos  /S|  -  =  i  6/°^  +  6/*>  cos  /5  +  6/^>  cos  2P 

+  6;'>"  cos  3/5  +  ...  +  6/*>  cos  ifi ,  (4) 

we  shall  have 

6/'>=6/>.  {1 +  «»}-.  (5) 

If  we  now  develop  the  first  member  of  equation  (4)  by 
the  binomial  theorem,  we  shall  have  an  infinite  series  of 
terms  which  may  readily  be  computed  by  means  of  a  table 
of  logarithms  of  the  coefficients  of  the  different  powers  of 
cos  i^,  together  with  a  similar  table  of  logarithms  of  the 
coefficients  cos"y5  when  it  is  developed  in  terms  of  the  co- 
sines of  fi  and  its  multiples. 

Tables  containing  the  logarithms  of  the  coefficients  of 
these  functions  have  been  computed,  so  that  we  may  easily 
compute  all  values  of  6/'^  for  all  values  of  i  =  0,  to  i  =  35. 
And  when  6/'^  has  been  found  6/'^  maybe  found  by  equation 
(5). 

G,  A.  Miller. 

CoEXELL  University. 
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NOTE    ON    GEOMETRY    OF    FOUR    DIMENSIONS. 

BY  PROFESSOR  E.   O.   LOVETT. 

(Read  before  the  American  Mathematical  Society,  April  28,  1900.) 

1.  Speculations  relative  to  the  geometry  of  n  dimensional 
space  have  followed  several  fairly  well-defined  trends  which 
not  infrequently  cross  one  another  :  1°  A  direct  extension 
of  the  Cartesian  geometry,  which  extension  is  to  be  regarded 
as  nothing  more  than  a  convenient  form  of  phraseology  ; 
in  this  form  did  n  dimensional  space  spring  forth  from  the 
minds  of  Grassmann,  Cayley,  Gauss,  and  Cauchy,  and  the 
idea  was  likely  familiar  to  Euler  and  Lagrange.  2°  The 
transformation  of  the  ordinary  visualizable  spaces  of  two 
and  three  dimensions  into  manifoldnesses  of  higher  or  lower 
dimensions  by  introducing  space  elements  other  than  the 
point  or  its  dual  element ;  for  example,  the  line  geometry 
of  Pliicker,  the  sphere  geometry  of  Lie,  the  five  dimen- 
sional manifoldness  of  all  conies  in  the  plane  as  an  auxiliary 
to  BalPs  theory  of  screws;  this  category  becomes  more 
concrete  perhaps  than  any  other.  3°  The  absolute  geom- 
etry of  space ;  here  would  appear  the  celebrated  disserta- 
tion of  Riemann,  the  well-known  memoirs  of  Helmholtz 
and  Lie  and  the  elaborate  treatise  of  Veronese.  4*^  The 
extension  of  the  methods  of  ordinjtry  differential  geometry 
to  spaces  of  many  dimensions;  to  this  class  belong  the 
works  of  Christoffel,  Beltrami,  Bianchi,  Cesiro,  and  Ricci, 
and  the  quite  recent  contributions  of  Darboux  and  his 
pupils.  5^  The  direct  extension  of  the  concepts  and  prob- 
lems of  metrical  and  projective  geometry  of  ordinary  space, 
as  exemplified  in  the  memoirs  of  Jordan,  d'Ovidio,  and 
Veronese.  6®  The  theory  of  birational  correspondences 
between  n  dimensional  aggregates  as  studied  by  Noether, 
Kantor,  and  Brill.  7^  The  descriptive  geometry  of  space 
of  n  dimensions  as  begun  in  the  papers  of  Veronese,  Stnng- 
ham,  Schlegel,  and  Segre.  8**  The  kinematics  of  higher 
spaces  as  developed  by  Jordan,  Clifford,  and  Beltrami. 
9^  The  interpretation  of  n  dimensional  geometry  in  the 
light  of  the  theory  of  groups  as  exhibited  by  Lie,  Kleiu, 
and  Poincar6. 

2.  It  is  proposed  here  to  make  an  expository  contribution 
to  the  ninth  and  fourth  of  the  above  categories,  construct- 
ing ordinary  four  dimensional  space  by  the  method  of  Lie's 
theory  of  continuous  groups,  and  studying  curves  of  triple 
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curvature  by  the  iDtrinsic  analysis  developed  by  Ceeilro  in 
his  Lezioni  di  geometiia  intriuseca. 

3.  With  r^ard  to  the  space  it  is  assumed  : 

1**  That  it  is  a  four  dimensional  manifoldness,  t.  c,  that 
four  independent  data  are  necessary  and  sufficient  to  de- 
termine the  position  of  an  element  of  the  manifoldness ; 
these  four  independent  things  are  called  the  coordinates  of 
the  element. 

2^  That  a  figure  of  the  manifoldness  possesses  ten  degrees 
of  freedom  within  the  manifoldness;  i.  e.,  that  ten  inde- 
pendent data  are  necessary  and  sufficient  to  render  a  rigid 
body  fixed  in  position  ;  the  latter  ten  independent  things 
are  called  the  parameters  of  the  figure. 

For  convenience  let  the  element  be  called  a  point,  and  its 
coordinates  be  designated  by  ar,  y,  2,  t.  Consider  any  figure 
containing  this  point  and  let  its  parameters  be  a,,  a„  •••,  a^^. 
Let  the  figure  assume  a  new  position  and  call  «',  y',  z\  H 
the  coordinates  of  the  new  position  of  (ar,  y,  i,  <)•     Then 

*'  =  ^(«>  y, «,  u  «i,  «„  -,  «io)»   i  =  'jC^j  y»  h  h  ^v  S'  •••»  «io)> 

z'  =  C(«,  y,  «,  t,  a^,  a„  ...,  a  J,      f  =  r^x,  y,  «,  i,  a^,  a„  •.•,  a  J. 

The  operation  changing  x,  y,  2,  t  into  ^,  ly,  C,  t  represents 
one  of  the  motions  of  a  four  dimensional  figure,  and  the 
ensemble  of  all  these  operations  constitutes  a  continuous 
group  with  ten  parameters.  The  identical  transformation 
ought  to  appear  among  these  operations.  .  There  must  then 
be  a  system  of  the  parameters  a^,  a^,  —,  o^  such  that 

f«a:,     13  =  y,     :««,     t«<. 

It  is  Intimate  to  assume  the  preceding  system  of  values 
to  be 

«i=«i=*-  =  «io  =  0- 

An  infinitesimal  transformation  of  the  group  is  one  whose 
parameters  differ  by  infinitesimals  from  those  giving  the 
identical  transformation ;  in  this  case  the  infinitesimal 
transformation  is  obtained  by  assigning  infinitesimal  values 
to  the  parameters  themselves ;  L  e,^  by  such  a  transforma- 
tion x^  y,  Mj  t  are  changed  to 

in  the  partial  derivatives  of  which  the  a^s  should  be  put 
equal  to  zero. 
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Writing  for  short 

„_a/     „_a/     ,_3/    ,_3/ 

^  =  3i'     '  =  37     '^=3?     '="37 
Lie's  symbol  for  the  above  iDfinitesimal  transformation  is 
10    3ft         10    3^         10    gr        10    3^ 

'^  1    *9a<       ^  1    *9aj  1    'oct,  1    *oa. 

Putting 

any  infinitesimal  transformation  is  written 

10 

By  a  fundamental  theorem  of  Lie,  if  we  put 

then 

( /„  /,)  =  2   ^»  J.,      (i  =  1,  -,  10  ;  i  =  1,  -,  10)  (1 ) 

where  the  A's  are  constants.  There  are  forty-five  of  these 
equations,  but  the  four  hundred  and  fifty  X^s  are  not  wholly 
arbitrary,  since  the  following  one  hundred  and  twenty  iden- 
tities of  Jacobi  must  hold 

(f,i,  ft=l,2,",10).  ^^ 

Every  set  of  J's  satisfying  (1)  and  (2)  reveals  a  space 
whose  independent  infinitesimal  motions  are  represented 
by  the  infinitesimal  operations  of  the  set.  Those  functions 
of  the  elements  that  are  invariant  under  these  transforma- 
tions will  characterize  the  geometry  of  the  space. 

4.  It  may  be  verified  without  difficulty  that  the  following 
forms  for  the  fundamental  transformations  J,,  J,,  •••,  J,,,, 
which  are  functions  of  x,  y,  z,  t,  p,  q^  r,  «,  namely 

^9^ypj   j^  —  ^^7   ^ — ^Pi 

P,  q,  r,  «,  (3) 

zp  —  XTj      tr  —  28,      y«  —  tq, 

satisfy  the  conditions  (1)  and  (2). 
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Let  (x,  y,  Zy  t)  and  («',  y',  2',  <')  be  any  two  points,  and 
(^»  Vv  ^v  ^)>  (*/>  Vif  ^ly  V)  ^  their  positions  after  they  are 
sabjected  to  the  transformation 

10 

where  the  J^H  have  the  value  (3). 

Let  f  (x,  y,  2,  <,  re',  y',  «',  <')  be  a  function  which  is  abso- 
lutely invariant  under  this  operation  ;  then  must 

f  («i»  Vv  «i»  ^v  ^i'>  ViJ  Vj  V)  =  9(xj  Vj  h  ^  ^>  y'j  ^'j  ^)> 

that  is 

JsPsO 

for  all  values  of  the  a 's ;  hence  equating  to  zero  the  co- 
efficients of  the  a/s  in  itp  we  have  the  following  system  of 
linear  partial  differential  equations  for  the  function  f  : 

??-L?f.  —  ft        ^^O.^  —  ft        ^-^J-^f  —  ft 

dt  '^di'"^' 
3^       3^        di       d^  _ 

This  system  of  ten  equations  in  eight  variables  should  not 
in  general  possess  a  solution.  However  the  equations  are 
not  all  independent.  If  the  first  seven  be  multiplied  re- 
spectively by  the  following  functions 

ft      ft      ^^""^y     n      ^^""^      x"  ^x     y'z'-yzf 
"'    "'      y-y'  '    ^'    yif-y't'    y-^y^'    yf^y't' 

and  the  results  be  added,  the  eighth  equation  of  the  system 
is  obtained ;  similarly,  if  the  multipliers  be 
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the  ninth  equation  results ;  and  finally  if  the  multipliers 

0    0    0    ^"^y     ^-^^<     ^^-^<    y-!^ 

"'     "'     "»        ir-x    '     x^'-xV     xz'-xV     x-a:'^ 

be  taken,  the  summation  yields  the  tenth  equation  of  the 
system. 

The  system  composed  of  the  first  seven  equations  posses- 
ses At  least  one  solution  ;  that  it  has  no  more  is  readily 
seen  by  noting  the  fact  that  not  all  seventh  order  determi- 
nants of  the  matrix 
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vanish  ;   for  example,  the  one  formed  by  the  last  seven 
columns,  whose  value  is  written  down  at  once  as  (a:  —  a:')' 

(y-y'). 

The  unique  solution  of  this  system  appears  by  observing 
that  the  first  four  equations  demand  that  the  solution  be  a 
function  only  of 


x= 

x-x', 

Ysy-i,    Z^z 

-i,     T^ 

t-if; 

the  last  three  equations  become 

-jr3V 

0    X^"^  - 

■0, 
which  require  that  ^  be  of  the  form 

that  is,  the  function 

^(«  -  x/y  -h  (y  -  }/y  +  {z^zy+(t^  ay     (4) 

is  an  absolute  invariant  under  the  most  general  transforma- 
ton  of  the  group  (3).  This  function  is  said  to  define  the 
distance  between  the  two  points  (x,  y,  «,  <)>  (*'>  y'>  *'>  *')• 
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5.  Ck>n8ider  now  the  linear  element  manifoldness 

x+U+a  =0, 

y  +  mt+b^O,  (5) 

z+fU  +  c   =»0. 

It  is  proposed  to  find  the  variations  experienced  by  I,  m,  n, 
a,  b,  e,  under  the  operations  (3).    TMs  determination  is 
readily  effected  in  the  following  manner : 
The  total  variations  of  (5)  give 

S(x  +  U  +  a)^0,    ^(y  +  m^+6)  =  0,    d(z  +  nt+e)^0.    (6) 

In  (6)  are  substitued  successively  the  increments  assigned 
to  a?,  y,  «,  <  by  the  transformations  (3).  A  comparison  of 
the  resulting  equations  with  the  equations  (5)  gives  equa- 
tions for  the  variations  of  Z,  m,  n,  a,  6,  c.  The  results  are 
tabulated  below : 
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Two  linear  manifoldnesses  (Z,  m,  n,  a,  6,  c),  (i/  m',  n', 
a',  fc',  c')  possess  invariants  under  the  preceding  transforma- 
tions. These  appear  as  solutions  of  the  simultaneous 
system  composed  of  the  ten  equations 

..=  0, 

formed  by  assigning  successively  to  the  variations  the  values 
given  in  the  above  table.  This  system  ha«  two  independent 
solutions.  These  are  analogous  in  form  to  the  expression 
for  the  distance  between  two  straight  lines  in  ordinary 
space.  There  exists  however  another  unique  invariant  oi 
the  two  linear  manifoldnesses,  namely 
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3^      a,,       Zf        d(p 
"a;;»-'"a;i  +  "a^'-'"a^  =  ^' 

which  possesses  a  solution  since  the  determinant  of  the 
coefficients  is  zero. 

From  the  first  three  equations  it  is  seen  that  s^  is  a  func- 
tion of 

P  +  m*  +  n',     f  +  m'*  +  n'*,     W  +  mw!  +  nv!  ; 

calling  these  respectively  u,  v,  and  w^  the  last  three  equa- 
tions become 


2mu'  IJ,  +  2mV  |j  +  (m  +  m')«'  |j  =  0, 

2n«'|j,+2nv|j  +  (n  +  «'K|j  =  0, 

where 

t*'s=w-f-l,     v'  =  i;-f-l,     ii/  =  i£;-f-l, 

andy  as  should  be  the  case,  the  determinant  of  the  coeffi- 
cients is  zero.     From  any  one  of  the  three  we  have 


I 

I 
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dv!      M dv/  ^ 

that  is,  the  solution  f  is  of  the  form  —r-, 

or 

(ll^  +  rnm^-^nn'  +  iy     ^  ^^^, 

(P  +  ,n*  +  n«  +  l)(i''  +  m''  +  n'"  +  1)  ^  ^ 

and  the  invariant  0  is  defined  to  be  the  angle  between  the 
two  linear  manifoldnesses. 

The  fundamental  notions  of  distance  and  direction  are 
thus  introduced  by  the  invariants  (4)  and  (7),  the  former 
relative  to  two  elements  of  the  space,  the  latter  relative  to 
two  simplest  manifoldnesses  composed  of  a  simply  infinite 
number  of  these  elements.  All  the  derived  notions  of 
geometry  may  then  be  developed  by  as  simple  extensions  of 
these  two  primary  notions  from  three  dimensions  to  four 
dimensions  as  occur  when  passing  from  the  plane  to  ordi- 
nary space. 

6.  A  curve  in  a  fiat  space  of  four  dimensions  is  said  to 
have  triple  curvature  when  not  every  five  consecutive  points 
of  it  lie  in  a  eucUdean  space  of  three  dimensions.  Such  a 
curve  possesses  not  only  rectilinear  tangents,  and  oscu- 
lating planes,  but  also  osculating  spaces  of  three  dimen- 
sions ;  by  the  latter  is  meant  the  limiting  position  of  a  se- 
cant three-dimensional  space  Xv  MAPWH!'*  as  the  three 
points  iT,  3f* ,  Jf"  approach  coincidence  with  M.  At 
every  point  M  of  the  curve  we  have  to  consider  a  tetra- 
rectangular  tetraeder  which  has  as  edges  the  tangent,  the 
principal  normal,  the  principal  binormal,  and  the  trinormal. 
By  the  principal  normal  is  meant  the  only  one  of  the  oo' 
normals  at  every  point  which  lies  in  the  osculating  plane ; 
by  the  principal  binormal  is  meant  the  only  one  of  the 
00^  binormals  at  every  point  which  lies  in  the  osculating 
space ;  the  trinormal  is  the  only  binormal  perpendicular  to 
tiie  osculating  space. 

Taking  the  origin  of  the  coordinate  system  at  a  point  M 
movable  along  the  curve,  assume  the  tangent  a«  a;-axis,  the 
trinormal  as  ^-axis,  the  principal  binormal  as  z-axis,  and 
the  principal  normal  as  ^axis.  Let  ^^,  ^^,  ^/  be  the  re- 
spective angles  between  two  consecutive  tangents,  two  ad- 
jacent principal  binormals,  and  two  adjacent  trinormals, 
when  the  origin  is  shifted  from  3/  to  a  neighboring  point 
if  on  the  curve.  The  quadrangle  of  the  direction  cosines 
of  the  new  axes  referred  to  the  old  becomes 
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(11) 


The  limits  of  the  ratios  of  d^,  S4'j  h  to  -Mllf  as  if'  ap- 
proaches if  measure  the  curvatures  of  the  curve  at  if;  the 
first  limit  is  called  the  flexion,  the  second  the  torsion,  and 
the  third  the  curvature ;  or  perhaps  more  simply,  the  first, 
Mcond,  and  third  curvatures.     Then  if  we  put 

d»  ■■  pd^  «  rdx  ■■  rd/, 

the  numbers  /o,  r,  r,  the  reciprocals  of  the  curvatures,  meas- 
ure three  lengths  which  are  called  the  radii  of  the  respec- 
tive curvatures. 

The  array  (11)  shows  that  in  order  to  discuss  the  curve 
in  the  domain  of  any  of  its  points  it  is  sufficient  to  know 
the  functions  f ,  v^',  /  ;  that  is,  it  is  sufficient  to  give  p^  r,  r 
as  functions  of  «.  Three  equations,  the  so-caUed  intrinsic 
equations 

fiih  h  r,  0  =  0,    /,(/>,  r,  r,  «)  =»  0,    /,(/o,  t,  r,  «)  =  0 

which  determine  the  radii  of  curvature  as  functions  of  «,  de- 
termine at  the  same  time  the  forms  of  those  arcs  of  the 
curve  which  lie  between  points  at  which  the  tangent  may 
become  indeterminate  ;  they  do  not  fix  the  position  of  these 
branches  in  space. 

7.  The  method  of  the  intrinsic  analysis  employed  so  suc- 
cessfully by  Professor  E.  Cesiro  in  his  Lezioni  di  geometria 
intrinseca  and  developed  by  him  for  curves  and  surfaces  in 
spaces  of  many  dimensions  may  be  exhibited  for  curves  of 
triple  curvature  in  detail  in  the  following  manner. 

Let  P  be  a  point  in  space  referred  to  if  as  origin  and 
generally  movable  with  M;  let  its  coordinates  be  «(«),  y(«) 
«(«),  t(s).  Let  P*  be  the  point  of  the  trajectory  of  F  corre- 
sponding to  if' ;  its  coordinates  referred  to  the  axes  at  if  are 
X  +  dxy  y  +  dy,  z  -]-  dz,  <  +  ^^ ;  its  coordinates  referred  to  the 
axes  at  i/'  are  x  -{•  dx,  y  +  dy^  z-^-  dz,  t  +dt;  finally  let  u,  v, 
Wj  p  be  the  coordinates  of  M  referred  to  if.  Then  project- 
ing if 'P'  on  the  axes  at  M,  we  have  by  virtue  of  the  array 
(11): 
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z  +  dx»u  +  x  -f  d/  —  (<  +dt)  df , 
y+dy^v  +  y  +  dy  —(2  +  dz)  d/^ 

z  +  dz^  w  +  z  +  dz  +  (y  +  dy)  dz  —  (t  +dt)  d(p, 
t  +  dt^p  +  t-j-  dt+  (x  +  da)  d^+  (z  +  dz)d^. 


(12) 


Excluding  from  further  consideration  here  those  curves 
for  which  it  is  not  Intimate  to  assume  that  the  limit  of  the 
ratio  of  the  arc  to  the  arc  is  unity,  we  have  from  the  defini- 
tion of  the  tangent  as  the  limiting  position  of  a  secant 

8$         '  8s  8s  8s         ' 


and  the  formulse  (12)  give  Ces^ro's  fandamental  relatdons 

(13) 


dx ^dx     ^  ,  -t     ^_dy     « 


dz      dz  ^  y      t       dt       dt  ,  x  ,  z 
ds      ds  '   r      r^      ds      ds      p      r' 

The  formulsB  (12)  are  also  applicable  to  the  cosines  a,  /9, 
Y,  8  that  define  any  direction,  provided  that  u,  i;,  w,  p  are 
zero,  and  the  corresponding  fundamental  formulae  for  this 
direction  are  found  by  replacing  «,  y,  z,  <  in  (13)  respec- 
tively by  a,  /5,  r,  «. 

From  (13)  the  necessary  and  sufficient  conditions  for  the 
immobility  of  a  point  are 

(14) 

8.  The  above  fundamental  formulae  may  be  employed  to 
show  that  every  trio  of  intrinsic  equations  determines  a 
curve  uniquely,  at  least  between  convenient  limits  of  «  in  a 
range  where  the  curvatures  are  finite  and  continuous  func- 
tions of  the  arc.  In  fact  there  exists,  by  the  theory  of 
systems  of  linear  differential  equations,  one  and  but  one 
quatrain  of  functions  x(«),  y(«),  z(«),  t{8)  satisfying  the 
simultaneous  system  (14),  and  reducing  to  a,  6,  c,  eiov  s^  0. 
These  functions  x,  y,  z,  t  are  evidently  the  coordinates  with 
r^ard  to  the  tetraeder  of  origin  Mot  that  point  whose  coordi- 
nates with  regard  to  the  tetraeder  of  origin  0  are  o,  b,  c,  e. 

As  remarked  above,  the  necessary  and   sufficient  con- 


dx        t 

,     dy     « 

dt       t 
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dt 

X 

r 

dt      p 
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ditions  for  the  invariability  of  the  direction  (a,  /9,  y,  c)  are 

cWp'     ds"  r'     ds"       r  "*■;""'     dt'^       p      r'       ^     ^ 

i^  («>  A  r>  «>)  and  (<»'>^'»  r'»  ^')  *^^  *"^y  *w^  solutions  of  this 
system  it  follows  from  the  equations  of  the  system  that 

^  (aa'  +  A5'  +  r/  +  "')  =  0,       1^ (a«  +  /5«  +  r*  +  e')  =  0, 

^(a'«  +  yy«  +  ^«  +  c'«)  =  0; 
that  is 

are  integrals  of  (15). 

Hence  if  there  be  determined  four  systems  of  functions 
contained  in  the  first  of  the  following  arrays 


«,  A 

n 

«i 

1 

0 

0 

0 

<h   fit 

rt 

«« 

0 

1 

0 

0 

<*t    A 

r> 

«8 

0 

0 

1 

0 

"t    A 

r* 

*4 

0 

0 

0 

1 

in  such  a  manner  that  they  satisfy  (15)  and  take  the  cor- 
responding values  in  the  second  array  for  «  =»  0,  we  have 

Sa^j  =  0,      (t+i)  ;     Sa^a^  =  ] ,      (t  =  J)  ; 

that  is,  the  determinant  represented  by  the  first  array  is 
orthogonal.  The  elements  of  this  determinant  are  the  di- 
rection cosines  of  axes  of  origin  0  with  respect  to  those  of 
origin  3/,  since  they  give  the  directions  of  the  former  for 
«=sO,  and  satisfy  the  conditions  (15)  for  the  invariability 
of  those  directions.    Then  in  all  cases 

«  =  «o  +  a«i  +  ^«,  +  ca^  +  ea„  y  =  yo  +  «^i  +  */^i  +  «^f  +  ^^v 
«  =  2.  +  ay-j  +  by^  +  0^^  +  er^,       t^t^  +  as^  +  6e,  +  Cf ,  -f  ee, ; 

for  each  value  of  s  the  constants  a,  6,  c,  e,  can  be  determined 
in  such  manner  that  they  represent  the  coordinates  of  M 
with  respect  to  axes  of  origin  0  ;  for  this  purpose  it  is  suffi- 
cient to  put  X,  y,  z,  t  equal  to  zero  in  the  preceding  equa- 
tions and  solve  for  a,  S,  c,  e : 

c=  — (a^o+/5,yo+rs^o+Vo)j    «=  — («4^o+/^4yo+r42o+e4<p). 
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Thus  the  curve  defined  by  a  trio  of  intrinsic  equations  is 
uniquely  determined  ;  by  varying  «  the  coordinates  (o,  6,  c, 
e)  of  all  of  its  points  with  r^ard  to  a  system  of  immovable 
axes  are  known. 

9.  It  may  be  observed  in  conclusion  that  the  whole  theory 
of  curves  of  triple  curvature  may  be  deduced  by  differentia- 
tion and  elimination  by  means  of  the  fundamental  invari- 
ance  conditions  (14)  and  (15). 

Differentiating  (16)  we  have 

da  -,/    dxQ  ,       dxo\  db  dc  de 


also 


ds         *'    ds        »'    ds 


(£«*""    ^ds  p'^  p*      pr^ 


These  formulae  lead  to  the  following  expressions  for  the  cur- 
vatures as  functions  of  the  arc  s  :  for  the  first  curvature,  or 
flexioni  which  measures  the  rapidity  with  which  the  curve 
deviates  from  being  a  straight  line, 

for  the  second  curvature,  or  torsion,  which  expresses  the 
rapidity  with  which  the  curve  deviates  from  being  a  plane 
curve, 

finally  for  the  third  curvature,  which  measures  the  rapidity 
of  deviation  from  a  curve  of  double  curvature, 

where    A  =  A'/D,  B  =  RID,  C=C/D,  E=^E/D, 
D*  =^"  +  B"  +  Cr  +  E'\ 
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A\  Vj  (7,  E*  being  the  minors  correiqM>nding  to  a,  6^  e,  e  in 
the  Wronskian 

The  above  valaes  for  the  curvatures  are  derived  directly  by 
Pirondini  in  Battaglini^s  Journal  for  1890. 

Pbincetoh,  New  Jkbsey. 


NOTES. 


The  closing  (October)  number  of  Volume  I  of  the  Tram- 
actions  of  the  American  Mathematical  Society  contains 
the  following  papers  :  *^  On  surfaces  enveloped  by  spheres 
belonging  to  a  linear  spherical  complex,"  by  P.  F.  Smith  ; 
**  On  certain  relations  among  the  theta  constants/'  by  J.  I. 
Hutchinson  ;  **  On  groups  which  have  the  same  group  of 
isomorphisms,"  by  G.  A.  Miller  ;  **  Die  Hesse'sche  und  die 
Cayley'sche  Curve,"  by  P.  Gordan  ;  **  Application  of  a 
method  of  D'Alembert  to  the  proof  of  Sturm's  theorem  of 
comparison,"  by  M.  BdcHER ;  ^*  Two  plane  movements  gen- 
erating quartic  scrolls,"  by  E.  M.  Blake  ;  **  The  invariant 
theory  of  the  inversion  group :  geometry  upon  a  quadric 
surface, "  by  E.  K asner  ;  '  *  A  simple  proof  of  the  fundamen- 
tal Cauchy-Goursat  theorem."  by  E.  H.  Moorb  ;  **  Notes 
and  errata  :  Volume  I." 

The  mathematical  section  of  the  British  association  for 
the  advancement  of  science  held  its  meeting  at  Bradford, 
September  10,  1900,  with  Major  P.  A.  MacMahon,  F.R.S. 
as  presiding  officer,  and  Mr.  E.  T.  Whittaker,  secretary. 
The  following  papers  were  read  : 

(1)  Miss  F.  BLardcastle:  Report  (preliminary)  on  the 
present  state  of  the  theory  of  point  groups. 

(2)  Major  P.  A.  MacMahon  :  **  A  property  of  the  char- 
acteristic symbolic  determinant  of  any  n  quantics  in  n  vari- 
ables." 

(3)  Professor  Cyparissos  Stephanos:  **Sur  les  rela- 
tions entre  la  g4om6trie  projective  et  la  m^canique." 

(4)  Mr.  H.  8.  Carslaw  :  ^*  The  use  of  multiple  space  in 
applied  mathematics.  ^  ^ 

(5)  Major  P.  A.  MacMahon:  **The  asyzygetic  and 
perpetuant  co variants  of  systems  of  binary  quantics." 
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(6)  Lieut. -Col.  Allan  Cunningham:  ^*Deterinination 
of  successive  high  primes.'' 

(7)  Mr.  A.  B.  Basset:  ^'A  qnintic  curve  cannot  have 
more  than  fifteen  real  points  of  inflexion." 

(8)  Major  P.  A.  MacMahon  :  **  On  the  symbolism  ap- 
propriate to  the  study  of  orthogonal  and  Boolian  invariant 
systems  which  appertain  to  binary  and  other  quantics." 

(9)  Dr.  J.  Willis:  *'0n  the  construction  of  magic 
squares. '- 

(10)  Professor  J.  D.  Everett:  *' On  a  central-difference 
interpolation  formula." 

(11)  Professor  Everett  :  **  On  Newton's  contributions 
to  central -difference  interpolation," 

The  committee  appointed  in  1888  to  calculate  tables  of 
certain  mathematical  functions  presented  a  report  of  their 
year's  progress.  The  work  on  which  they  have  for  some 
time  been  engaged,  namely,  the  preparation  of  a  new 
**  Canon  Arithmeticus,"  is  now  almost  completed.  The 
calculations  were  made  by  Lieut. -Col.  Allan  Cunningham. 

For  volumes  IV.  and  V.  of  the  Encyclopaedia  of  the 
mathematical  sciences,  edited  by  H.  Burkhardt,  and  W. 
Fr.  Meyer  (see  Bulletin,  2d  series,  volume  3,  p.  326  ;  vol- 
ume 4,  p.  32  ;  volume  5,  pp.  109,  151,  202,  266)  ;  the  fol- 
lowing list  of  collaborators  and  subjects  is  announced  : 

Volume  IV:  Mechanics. — A.  Introduction:  1.  The 
principles  of  rational  mechanics,  A.  Voss,  of  Wiirzburg. — 
B,  Mechanics  of  Points  and  Rigid  Systems :  I.  Geometric 
foundation  and  development  of  concrete  modes  of  represen- 
tation :  2.  Theory  of  systems  of  vectors  and  screws,  H.  E. 
TiMERDiNQ,  of  Strassburg  ;  3,  Geometry  of  masses,  G.  Jung, 
of  Milan  ;  4.  Kinematics,  A.  Schoenfliess,  of  Konigsberg  ; 
5.  Elementary  statics,  including  graphical  statics,  L.  Hen- 
nebero,  of  Darmstadt ;  6.  Elementary  kinetics,  J.  Peter- 
sen, of  Copenhagen.  II.  General  analytical  treatment  of 
arbitrary  systems  with  finite  degrees  of  freedom  :  7.  Gen- 
eral developments,  P.  StIckel,  of  Kiel ;  8.  Complete  treat- 
ment of  special  cases,  P.  StIckel  of  Kiel ;  9.  Mathematical 
treatment  of  the  problem  of  n  bodies,  E.  T.  Whittaker,  of 
Cambridge,  Eng.  III.  Applications,  with  consideration 
of  disturbing  influences :  10.  Mechanics  of  tfie  simplest 
kinds  of  physical  apparatus  and  of  experiments.  Ph.  Furt- 
wIngler,  of  Potsdam  ;  11.  Kinetic  problems  of  machines, 
K.  Heun ,  of  Berlin ;  12.  Ballistics,  C.  Cranz,  of  Stuttgart ; 
13.  Sports,  G.  T.  Walker,  of  Cambridge,  Eng. — C.  Me- 
chanics of  Deformable  Bodies.     I.  Analytical  geometrical 
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aids:  14.  Vector  analysis,  M.  Abraham,  of  Gottingen. 
II.  Hydrodynamics :  15.  Physical  foundation,  A.  E.  H. 
Love,  of  Oxford ;  16.  Theoretical  developments,  A.  E.  H. 
Love,  of  Oxford  ;  17.  Hydraulics,  part  one :  Flow  of  water 
in  pipes,  canals,  etc.,  E.  Paladini,  of  Milan  ;  18.  Hy- 
draulics, part  two :  Motors  and  pumps,  M.  GbCbler,  of 
Charlottenburg ;  19.  Motion  of  ships,  A.  Kriloff,  of  St. 
Petersburg ;  20.  Aerodynamics,  S.  Finsterwalder,  of 
Munich.  III.  Theory  of  elasticity :  21.  Physical  founda- 
tion, A.  SoMKERFELD,  of  Aachcu ;  22.  Theoretical  treat- 
ment of  statical  problems,  O.  Tedone,  of  Genoa ;  23.  Statics 
of  building  construction,  E.  Ovazza,  of  Palermo;  24. 
Vibrations,  in  particular  acoustics,  H.  Lamb,  of  Manchester, 
Eng.;  25.  Theory  of  measuring  apparatus  based  upon  elas- 
tic effects,  Ph.  Furtw angler,  of  Potsdam. — D.  Mechanics 
of  Systems  Consisting  of  very  Numerous  Discrete  Particles : 
26.  The  application  of  the  theory  of  probabilities,  L.  Boltz- 
MANN,  of  Leipsic. 

Volume  V  :  Physics. — A.  Introduction  :  1.  Measures 
and  measurement,  C.  Runge,  of  Hanover ;  2.  General 
properties  of  bodies,  Gravity,  J.  Zenneck,  of  Strassburg. — 
B.  Thermodynamics :  3.  General  foundations  of  thermo- 
dynamics, G.  H.  Bryan,  of  Upper  Bangor,  Wales ;  4.  Spec- 
ial substances  and  conditions,  H.  Kamerlinqh-Oxnes,  of 
Leiden,  and  J.  Korteweg,  of  Amsterdam  ;  5.  Dissipation 
of  energy,  including  conduction  of  heat,  E.  W.  Hobsok,  of 
Cambridge,  Eng. ;  6.  Technical  theory  of  heat,  H.  Lorenz, 
of  Halle,  and  E.  Riecke,  of  Gottingen. — C  Molecular 
Physics :  7.  Fundamental  notions  concerning  atoms  and 
molecules  ;  o.  Introductory  remarks  on  the  atomic  theory, 
L.  BoLTZMANN,  of  Lcipsic ;  6.  The  mathematical  founda- 
tions of  chemistry,  W.  Meyerhoffer,  of  Berlin  ;  8.  Crys- 
tallography ;  a.  Theory  of  symmetry  and  structure,  A. 
Schoenfliess  and  O.  MOoge,  of  Konigsberg ;  b.  Computa- 
tion and  drawing  of  crystals,  Te.  Liebisch,  of  Gottingen  ; 
9.  Kinetic  theory  of  gases,  L.  Boltzmann,  of  Leipsic  ;  10. 
Capillarity  and  cohesion,  H.  Minkowski,  of  Zurich  ;  11. 
Physical  chemistry  and  electrochemistry,  J.  H.  Van't 
HoFF,  of  Berlin. — D,  Electricity  and  Optics  :  Physical 
foundations  of  the  theory  of  electricity.  12.  Action  at  a 
distance,  laws  governing  elements,  R.  Reiff,  of  Stuttgart ; 
13.  Action  of  a  field,  MaxwelPs  theory  and  allied  topics, 
H.  A.  LoRENTz,  of  Leiden ;  14.  Further  developments  of 
MaxwelFs  theory,  Electron-theory,  H.  A.  Lorentz,  of 
Leiden. — Special  mathematical  developments  in  the  theory 
of  electricity.  15.    Electrostatics  and  magnetostatics,  H.  M. 
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Macdonald,  of  Cambridge,  Eng.;  16.  Relations  between 
electricity  and  elastic  deformation,  F.  Pockels,  of  Heidel- 
berg ;  17.  Stationary  and  slowly  changing  fields  (electric 
currents,  induction,  and  electrodynamics  in  the  narrower 
sense),  A.  Taubeb,  of  Vienna;  18.  Eelations  of  the  elec- 
tric current  to  heat  and  magnetism,  H.  Diesselhorst,  of 
Berlin  ;  19.  Eapidly  changing  fields,  M.  Abraham,  of  G^ot- 
tingen  ;  20.  Technical  electricity,  Th.  Descoudres,  of  Got- 
tingen. — Physical  foundations  of  optics.  21 .  Older  theories, 
A.  Wangerin,  of  Halle;  22.  Electromagnetic  theory  of 
light,  W.  WiEN,  of  Wiirzburg;  23.  The  part  played  by 
molecular  physics  and  the  electron -theory  in  optics,  W. 
WiEN,  of  Wiirzburg. — Special  mathematical  developments 
in  optics.  24.  Eay  treatment  of  optics  and  optical  instru- 
ments, S.  FiNSTERW ALDER,  of  Muuich  ;  25.  Wave  treat- 
ment of  optics  (interference  and  refraction),  K.  Strbhl,  of 
Erlangen ;  26.  Optics  of  crystals,  F.  Pockels,  of  Heidel- 
berg.— E,  Conclusion :  27.  General  physical  notions  and 
methods,  A.  Sommerfeld,  of  Aachen,  and  J.  Larmor,  of 
Cambridge,  Eng. 

Cambridge  University.  — Advanced  mathematical  courses 
for  the  current  academic  year  are  announced  as  follows  : 

Miehadmas  term.  1900  : — By  Professor  Sir  G.  G.  Stokes  : 
Hydrodynamics,  three  hours. — By  Professor  A.  R.  Forsyth  : 
AbePs  theorem  and  abelian  functions,  three  hours ;  In- 
variants and  covariants,  two  hours. — By  Professor  G.  H. 
Darwin  :  Lunar  theory,  three  hours. — By  Mr.  R.  Pen- 
DLEBURY :  Theory  of  equations,  three  hours. — By  Dr.  E. 
W.  HoBsoN :  Spherical  and  cylindrical  harmonics,  three 
hours. — By  Mr.  J.  Larhor  :  Electricity  and  magnetism, 
three  hours. — By  Mr.  H.  F.  Baker  :  Continuous  groups, 
three  hours. — By.  Mr.  H.  M.  Macdonald  :  Waves  (espec- 
ially waves  of  light),  three  hours. — By  Mr.  H.  W.  Rich- 
mond :  Plane  analytical  geometry,  three  hours. — By  Mr.  G. 
T.  Walker  :  The  electro-magnetic  field,  three  hours. — By 
Mr.  E.  T.  Whittaker  :  The  problem  of  three  bodies,  three 
hours. — By  Mr.  J.  H.  Grace  :  Invariants  and  geometrical 
applications,  three  hours. 

Lent  term,  1901  :— By  Professor  Sir  G.  G.  Stokes  :  Phys- 
ical optics,  three  hours. — By  Professor  A.  R.  Forsyth  : 
Invariants  and  covariants  (symbolical  methods),  three 
hours. — Fourier's  and  other  expansion  theorems,  two 
hours. — By  Professor  Sir  R.  S.  Ball  :  Planetary  theory, 
three  hours. — By  Mr.  R.  Pendlebfry  :  Theory  of  num- 
bers, three  hours. — By  Dr.  E..W.  Hobson  :  Vibrations  and 
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sound,  three  hours. — By  Mr.  J.  L armor  :  Electricity  and 
magnetism  (continued,  more  advanced),  three  hours. — By 
Mr.  H.  F.  Baker  :  Discontinuous  groups,  three  hours. — By 
Mr.  H.  M.  Macdonald  :  Elasticity,  three  hours. — By  Dr.  J. 
W.  L.  Glaisher  :  Elliptic  functions,  three  hours. — By  Mr. 
A.  Berry  :  Elliptic  functions,  three  hours. — By  Mr.  G.  T. 
Walker  :  Physical  optics,  three  hours. — By  Mr.  G.  T.  Ben- 
nett :  Linear  and  quadratic  complexes,  three  hours. — By 
Mr.  E.  T.  Whittaker  :  Linear  differential  equations  of 
the  second  order. 

Easter  term,  1901  :— By  Professor  G.  H.  Darwin  :  Figure 
of  the  earth  and  precession,  three  hours. — By  Mr.  W.  L. 
Mollison:  Theory  of  potential  and  electrostatics. — By 
Mr.  A.  N.  Whitehead  :  Non-euclidean  geometry. — By  Mr. 
G.  T.  Walker  :  Rigid  dynamics,  three  hours. — By  Mr.  I' A. 
Bromwich  :  Algebra  of  matrices  and  bilinear  forms. 

Long  vacation,  1901  : — By  Professor  Sir  R.  S.  Ball  : 
Theory  of  screws,  two  hours. 

The  several  universities  below  offer  during  the  winter 
semester  1900-1901  courses  in  mathematics  as  follows  : 

Univerbity  of  Strassburg. — By  Professor  T.  Reye: 
Geometry  of  position,  three  hours ;  Analytical  mechanics, 
two  hours  ;  Seminar,  two  hours. — By  Professor  H.  Weber  : 
Elliptic  functions,  four  hours  ;  Selected  chapters  of  higher 
algebra,  two  hours  ;  Seminar  in  cooperation  with  Dr.  Well- 
stein. — By  Professor  G.  Roth  :  Algebraic  analysis  and  de- 
terminants, three  hours  ;  Analytical  geometry  of  space,  two 
hours ;  Ordinary  differential  equations,  two  hours. — By 
Professor  A.  Krazer  :  Infinitesimal  calculus,  four  hours ; 
Plane  analytical  geometry,  three  hours ;  Seminar,  two 
hours. — By  Dr.  H.  E.  Timerding  :  Introduction  to  higher 
analysis,  two  hours ;  Elasticity  and  rigidity,  one  hour. — 
By  Dr.  J.  Wellstein  :  Descriptive  geometry  I,  two  hours, 
with  exercises  ;  Seminar,  with  Professor  Weber. 

University  of  TtyBiNOEN. — By  Professor  A.  v.  Brill  : 
Introduction  to  higher  mathematics,  four  hours ;  On  non- 
rigid  systems  and  the  mechanics  of  Hertz,  three  hours ; 
Seminar,  two  hours. — By  Professor  H.  Stahl  :  Higher 
algebra,  three  hours;  application  of  the  theory  of  func- 
tions, four  hours ;  Seminar,  two  hours. — By  Professor  L. 
Maurer  :  Higher  analysis  II,  two  hours,  with  exercises, 
one  hour;  Spherical  trigonometry,  one  hour,  with  exer- 
cises, one  hour  ;  Theory  of  numbers,  two  hours. 

University  of   WUrzbubg. — By  Professor    F.    Prym  : 
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Differential  calculus,  four  hours,  with  exercises,  two  hours  ; 
Higher  theory  of  functions,  four  hours  ;  Seminar  in  higher 
mathematics,  two  hours. — By  Professor  A.  Voss  :  Introduc- 
tion to  the  theory  of  differential  equations,  four  hours  ; 
Application  of  the  infinitesimal  calculus  to  the  theory  of 
curves  and  surfaces,  four  hours;  Seminar,  in  analytical 
'and  synthetical  geometry  of  conies,  two  hours. 

University  of  Vienna. — By  Professor  J.  v.  Escherich  : 
Definite  int^rals  and  differential  equations,  five  hours  ; 
Proseminar,  one  hour  ;  Seminar,  two  hours. — By  Professor 
Li.  Geobnbauer  :  Algebra  III,  two  hours ;  Theory  of 
numbers,  three  hours ;  Proseminar,  one  hour  ;  Seminar, 
two  hours. — By  Professor  F.  Mertens  :  Elements  of  in- 
finitesimal calculus  for  students  of  all  faculties,  with  exer- 
cises, five  hours ;  Proseminar,  one  hour  ;  Seminar,  two 
hours. — By  Professor  G.  Kohn  :  Introduction  to  synthetic 
geometry,  four  hours,  with  exercises,  one  hour  ;  Algebraic 
plane  curves,  one  hour. — By  Dr.  V.  Sersawy  :  Mathematics 
of  insurance,  two  courses  of  three  and  four  hours,  re- 
spectively.— By  Dr.  A.  Tauber  :  Analytical  mechanics, 
three  hours  ;  Mathematics  of  insurance,  four  hours,  with 
exercises,  two  hours. — By  Dr.  E.  Blaschkb  :  Introduction 
to  mathematical  statistics,  three  hours. — By  Dr.  K.  Zsig- 
MONDY  :  Surfaces  of  second  order,  one  hour. — By  Dr.  R.  D. 
V.  Sterneok  :  Differential  geometry,  three  hours. 

University  of  ZtJRiCH. — By  Professor  H.  Burkhardt  : 
Infinitesimal  calculus,  four  hours  ;  Differential  equations, 
four  hours ;  Seminar,  two  hours. — By  Professor  A.  Weiler  : 
Analytical  geometry,  with  exercises,  four  hours ;  Descriptive 
geometry,  with  exercises,  four  hours ;  Synthetic  geometry, 
two  hours ;  Mathematical  geography,  two  hours. — By  Dr. 
F.  Kraft  :  Modern  synthetic  geometry,  four  hours  ;  An- 
alytical geometry,  two  hours ;  Analytical  mechanics,  four 
hours ;  Exercises  in  higher  mathematics,  two  hours. — By 
Dr.  E.  Gubler  :  Theory  and  resolution  of  higher  equations, 
with  exercises,  three  hours ;  Methods  of  mathematical  in- 
struction in  secondary  schools,  two  hours  ;  Spherical  trigo- 
nometry, one  hour. 

The  G^ttingen  Academy  of  Sciences  has  awarded  800 
marks  to  Professor  F.  Klein  for  his  work  on  the  Mathe- 
matical Encyclopaedia. 

Professor  W.  Dyck  has  been  appointed  director  of  the 
Technical  High  School  in  Munich  for  the  next  three  years. 

Dr.  J.  B.  Faught,  recently  assistant  professor  of  mathe- 
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matics  in  the  University  of  Indiana,  has  been  appointed 
professor  of  mathematics  in  the  Northern  Michigan  State 
Normal  School,  Marquette,  'Mich. 

Dr.  D.  F.  Campbell,  of  the  Lawrence  Scientific  School, 
Harvard  University,   has    been    appointed    instructor  in 
mathematics  in  the  Armour  Institute  of  Technology,  Chi- . 
cago.  111. 

Dr.  G.  a.  Bliss  has  been  appointed  instructor  in  math- 
ematics at  the  University  of  Minnesota. 

Mr.  W.  B.  Ford  has  been  appointed  instructor  in  mathe- 
matics in  the  University  of  Michigan. 

Professor  F.  H.  Loud  has  resumed  his  duties  at  Colo- 
rado College  after  two  years^  leave  of  absence. 

Professor  E.  J.  Townsend  has  returned  to  his  position 
at  the  University  of  Illinois  after  two  years  of  study  at  the 
University  of  Gottingen. 

Professor  I.  Stringham  has  returned  to  the  University 
of  California,  after  a  year  of  travel  in  Europe. 

Professor  B.  O.  Peircb,  of  Harvard  University,  has 
been  granted  a  yearns  leave  of  absence. 

Professor  S.  J.  Brown,  astronomical  director  of  the 
Naval  Observatory,  has  been  appointed  superintendent  of 
the  Nautical  Almanac,  to  succeed  Professor  H.  T.  Todd, 
who  was  retired  by  age  on  August  26th. 

Professor  R.  E.  Allardice,  of  Leland  Stanford  Uni- 
versity, is  spending  a  year  abroad  on  leave  of  absence. 
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4to.    5  pp. 
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Scarpa  (V.  G.)  e  Boroogno  (G.).  Lezioni  di  aritmetica,  geometria  e 
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ScHALLY  (O.).  Die  elektrisohe  Doppelbrechung.  (Progr.)  Aussig, 
1900.    8vo.     22  pp. 
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New  Mathematical  Books 

Published  by  THE  MACMILLAN  COMPANY. 

Theory  of  Differential  Equations. 

By  Andrew  Russell  Forsyth,  ScD.  (Camp.)*  Hon.  8o.D.(DubL), 
F.B.S.,  Sadlerian  Professor  of  Pore  Mathematics,  Fellow  of  Trinity 
College,  Cambridge. 

Part  I.    ExAct  Equations  and  i^aff 'a  Problem.  •s.so  neu 

Part  II.  Ordinary  equations.  Not  Linear,   two  ToIs.  ne  oo  neu 

There  are  Three  Vols.  In  alL    Part  I.  and  Part  II.  In  Two  Vols. 

Rayleigli'8  Scientific  Papers. 

By  JoHK  William  Strutt,  Baron  Bayleigh,  D.Sa,  F.R.S.  Honor- 
arp  FelUnp  of  Trinity  College,  Cambridge.  Professor  of  Natural  PhUoso- 
phy  in  the  Boyal  Institution.    Just  Beady.  ToU  I.  SA.OO  aeL 

Papers  on  varioa^  topics  raneinfc  through  the  hUher  mathematics.  In- 
vestigations in  Soand,  Light,  Vibrations  in  General,  £lectro-m  «  gnetism,  etc. 

Elements  of  Qrapliical  Statics. 

A  Text-Book  for  Students  of  Engineering.  By  L.  M.  Hos- 
KINS,  Professor  of  Pore  and  Applied  Mathematics  in  Leland  Stan- 
ford  Jr.  University.     Illnstrated.   New  Edition  Thoroughly  Revised. 

Cloth.    8vo.    OS.^ffiiet. 

49*  See  on  another  page  a  description  of  Willson's  Graphics. 

Introduction  to  tlie  Tlieory  of  Analytic  Functions. 

By  James  Harkness,  M.A.,  Professor  of  Mathematics,  Bryn  Mawr 
College,  Pennsylvania,  and  Frank  Morley,  M.A.,  Professor  of 
Pnre  Mathematics,  Haverford  Collie,  Pennsylvaniai  joint  authors  of 
a  "  Treatise  on  the  Theory  of  Functions  *'  for  use  in  technical  schools 
and  collies.  Cloth,  8vo,  93.00  net. 

Infinitesimal  Analysis. 

Differential  and  Integral  Calculus  of  Functions  of  Real 
Arguments.  By  William  B.  Smith,  Professor  of  Mathematics 
in  the  Tnlane  University,  New  Orleans ;  Past  Professor  of  Mathe- 
matics in  Missouri  State  University. 

Vol.  I.    Elementary:  Real  Variables.  cioth.  svo,  93.95  net. 

"  This  is  a  masterly  presentation  of  the  subject  which  has  challenged  the 
keenest  thinlcing  of  the  most  vigorous  minds.  .  .  Teachers  of  the  calculus 
and  lovers  of  expeditions  into  the  realms  of  the  infinite  mazes  of  exact 
science  will  find  this  book  most  tempting."— JburnoZ  0/  Education, 
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Theoretical  and  Practical  Qraphics. 

A  Text  BOOK  for  Students  in  ENGiNEERiNa  ob  Ab- 

CHITECTURE  AND  FOB  PBOFBSSIONAL  DBAUaHTBMEN. 

By  Fbedeeick  Newton  Willson,  Professor  of  Descriptive  Geome- 
tary,  Stereotomy  and  Teohnioal  Drawing,  Princeton  University. 

Cloth,  4to.    Price.  94.00  net. 

Note-  fakios:,  Dlmensionlns  and  Letterios:. 

4to.    Cloth.    Price,  91.95  net. 

Some  Mathematical  Curves  and  their  Qraphical  Construction. 

A  Brief  Treatise  on  the  Properties,  Methods  of  Constmction,  and 
Practical  Applications  of  Conic  Sections,  Trochoids,  Link-motion 
Corves,  Centroids,  Spirals,  the  Helix,  and  other  Important  Carves. 

4to.    Cloth.    Price,  Sl.ffO  net. 

Shades,  Shadows,  and  Unear  Perspective. 

4to.    Cloth.    Price,  1.00  net. 

Descriptive  Qeometry—Pure  and  Applied.  With  a  chapter  of 
Higher  Plane  Curves  and  the  Helix.  A  Theoretical  and  Practical 
Treatise  including  Problems  of  Intersection,  Development,  Tan- 
gency,  etc..  Working  Drawings  by  both  the  First  and  Third  Angle 
System,  Trihedrals,  Map  Projection,  Shadows  and  Perspective,  Axo- 
nometrio  (including  Isometric)  Projection,  Oblique  Projection,  Kine- 
matic Geometry,  Projective  Geometry  and  Relief  Perspective,  the 
Conic  Sections,  Trochoids,  Spirals,  etc. 

4to.    Cloth.    Price,  93.00  net. 
Parts  /.,  ///.,  v.,  and  VI.  of  the  first-named  work  issued  in  separate  form 

A  Text-Boole  on  the  Calculus. 

By  P.  A.  Lambebt,  Assistant  Professor  of  Mathematics,  Lehigh  Uni- 
versity, author  of  **  Analytical  Geometry  for  Technical  Schools  and 
Colleges.''  Cloth,  izmo.   91.50  net. 

Octonions :  A  Development  of  Clifford's  Bi-Quaternions. 

By  Alex.  McAulay,  M.A.,  Professor  of  Mathematics  and  Physics 
in  the  University  of  Tasmania.     Cambridge  University  Press, 

8vo.    Cloth,    pp.  zlv  +  963,    Price,  93.00  net. 

Ordinary  Differential  Equations. 

An  Elementary  Text-Book.  With  an  Introduction  to  Lie's  Theory 
of  the  Group  of  one  Parameter.  By  James  Mobbis  Page,  Ph.D., 
Adjunct  Professor  of  Pure  Mathematics,  University  of  Virginia. 

12mo.    Cloth,    pp.  XTm  +  2^5.    Price,  91.25  net. 
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THE  "  PUBLIC  SCHOOL'*  SERIES  OF  ARITHMETICS 

By  J.  A.  McLkllan,  President  of  the  Ontario  Normal  College,  and  A.  F- 
Ames,  Supt.  of  Schools,  Riverside,  III. 
Based  on  McLellan  and  Dewey's  ^^ Psychology  of  Number,^* 

PUBLIC  SCHOOL  ARITHMETIC  12mo.    60  cents  net. 

A  PRIMARY  PUBLIC  SCHOOL  ARITHMETIC  35  cents  net. 

Teachers'  Edition,  with  answers  to  problems,  suggestions  for  first 
grade  work  and  methods  and  some  illustrative  lessons.       50  cents  net. 

These  books,  based  upon  sound  psychological  principles,  stand  for  a  needed 
reform  in  the  methods  of  teaching  Arithmetic. 

"  I  can  see  that  it  is  an  important  contribution  to  the  art  of  teaching  num> 
bers."— W.  T.  Hbbis,   U.  S.  Oommissioner,  Bureau  of  EduccUion, 

THE  PUBLIC  SCHOOL  MENTAL  ARITHMETIC  25  cents  net. 

The  Mental  Arithmetic  based  on  the  same  principles  as  the  above  completes 
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THE  OCTOBER  MEETING  OF  THE   AMERICAN 
MATHEMATICAL  SOCIETY. 

A  BEGULAR  meeting  of  the  American  Mathematical  So- 
ciety was  held  in  New  York  City  on  Saturday,  October  27, 
1900,  extending  through  the  usual  morning  and  afternoon 
sessions.  Thirty-two  persons  were  in  attendance,  includ- 
ing the  following  twenty-five  members  of  the  Society  : 

Professor  E.  W.  Brown,  Professor  F.  N.  Cole,  Dr.  J. 
W.  Davis,  Dr.  W.  S.  Dennett,  Professor  T.  S.  Fiske,  Mr.  A. 
S.  Gale,  Miss  Ida  Griffiths,  Miss  Carrie  Hammerslough,  Dr. 
A.  A.  Himowich,  Professor  Harold  Jacoby,  Mr.  S.  A.  Joffe, 
Dr.  Edward  Kasner,  Mr.  C.  J.  Keyser,  Dr.  G.  H.  Ling, 
Dr.  Emory  McClintock,  Dr.  G.  A.  Miller,  Professor  R.  W. 
Prentiss,  Dr.  P.  L.  Saurel,  Professor  P.  F.  Smith,  Professor 
J.  H.  Van  Amringe,  Professor  E.  B.  Van  Vleck,  Professor 
J.  M.  Van  Vleck,  Professor  L.  A.  Wait,  Miss  E.  C.  Wil- 
liams, Professor  R.  S.  Woodward. 

Professor  Thomas  S.  Fiske,  Vice-President  of  the  So- 
ciety, occupied  the  chair.  The  Council  announced  the  elec- 
tion of  the  following  persons  to  membership  in  the  Society  : 
Professor  G.  L.  Brown,  South  Dakota  Agricultural  College, 
Brookings,  So.  Dak.  ;  Mr.  C.  H.  Davis,  New  York,  N.  Y. ; 
Dr.  D.  N.  Lehmer,  University  of  California,  Berkeley, 
Cal.  ;  Miss  Ida  M.  Schottenfels,  Chicago,  111.  ;  Professor  F. 
D.  Sherman,  Columbia  University,  New  York,  N.  Y.  ;  Mr. 
Burke  Smith,  Northwestern  University,  Evanston,  111. 
Twenty-five  applications  for  membership  were  received. 

It  was  decided  to  hold  the  next  summer  meeting  and  col- 
loquium of  the  Society  at  Cornell  University.  A  committee, 
consisting  of  Professors  W.  F.  Osgood,  James  Pierpont,  J, 
H.  Tanner,  and  H.  S.  White,  was  appointed  to  cooperate 
with  the  Secretary  in  making  the  necessary  arrangements. 
The  conditions  are  favoi-able  for  extending  the  colloquium 
through  a  period  of  two  or  more  weeks. 

The  following  papers  were  read  at  this  meeting  : 

(1)  Professor  Maxime  Bocher  :  **  On  linear  dependence 
of  functions  of  one  variable.'' 

(2)  Professor  David  Hilbert  :  ^^  Ueber  Flachen  von  con- 
stanter  Gauss' cher  Kriimmung.'' 

(3)  Professor  E.  O.  Lovett  :  *^  Three  notes  on  the  geo- 
metry of  contact  transformations." 

(4)  Dr.  G.  A.  Miller  :  *'  On  a  theorem  in  substitutions.'* 

(5)  Mr.  H.  W.  KuHN  :  **  Several  theorems  on  imprimitive 
groups." 
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(6)  Professor  8.  L.  Penfield  ;  **The  solution  of  spher- 
ical triangles  by  graphical  methods,  with  exhibition  of 
scales  and  protractors.'' 

(7)  Miss  I.  M.  ScHOTTENFELs  :  **  On  a  set  of  definitional 
functional  properties  for  the  analytical  function 

(8)  Professor  P.  F.  Smith  :  *^  Geometry  within  a  linear 
spherical  complex. ' ' 

(9)  Dr.  E.  J.  WiLCZYNSKi :  '*  Invariants  of  systems  of 
linear  differential  equations." 

Professor  Hilbert's  paper  was  presented  to  the  Society 
through  Professor  E.  H.  Moore,  Mr.  Kuhn's  through  Dr. 
6.  A.  Miller,  and  Miss  Schottenfels's  through  the  Secre- 
tary. Professor  Penfield  was  introduced  by  Professor  P.  F. 
Smith.  In  the  absence  of  the  authors,  Mr.  Kuhn's  paper 
was  read  by  Dr.  Miller,  and  the  papers  of  Professor  B6cher, 
Professor  Hilbert,  Professor  Lovett,  Miss  Schottenfels,  and 
Dr.  Wilczynski  were  read  by  title. 

Professor  Bocher's  paper  appears  in  the  present  number 
of  the  Bulletin.  Abstracts  of  the  remaining  papers  are 
given  below. 

Professor  Hilbert' s  paper  will  appear  in  an  early  number 
of  the  Transactions.  Following  Beltrami,  it  is  known  that 
a  piece  free  of  singularities  of  a  surface  of  negative  con- 
stant curvature  makes  real  in  the  domain  of  ordinary 
euclidean  space  a  piece  of  a  Lobachevsky  (non-euclidean) 
plane,  the  straight  lines  of  the  Lobachevsky  plane  corre- 
sponding to  the  geodetic  lines  of  the  surface  of  negative 
constant  curvature  and  the  distances  and  angles  in  the 
plane  being  the  real  distances  and  angles  on  the  surface. 
Of  the  known  surfaces  of  negative  constant  curvature  there 
is  none  which  in  all  its  extent  is  continuous  and  has  a  con- 
tinuously varying  tangent  plane  ;  on  the  contrary  all  such 
known  surfaces  have  singular  lines  beyond  which  a  con- 
tinuation of  the  surface  with  preservation  of  the  properties 
just  mentioned  is  impossible.  The  first  part  of  this  mem- 
oir concludes  with  the  theorem  that  there  exists  no  surface 
of  negative  constant  curvature  which  in  all  its  extent  is 
continuous  and  has  a  continuously  varying  tangent  plane, 
and  hence  that  the  complete  Lobachevsky  plane  cannot  by 
the  method  of  Beltrami  be  realized  in  ordinary  euclidean 
space. 
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The  principal  theorem  of  the  second  part  is  this :  On 
any  simlpy  or  multiply  connected  closed  region  entirely  in 
the  finite  and  free  of  singularities  lying  on  an  analytic  sur- 
face of  positive  constant  curvature  +  1  the  greater  of  the 
two  principal  radii  of  curvature  of  the  surface  at  the  vari- 
ous points  of  the  region  takes  its  maximum  value  at  a  point 
of  a  boundary,  and  at  an  interior  point  only  if  the  surface 
is  a  part  of  the  sphere  of  radius  1.  From  this  follows  im- 
mediately a  new  proof  of  the  theorem  proved  by  Liebmann 
(  Oottinger  NachrickUn^  1899)  that  the  sphere  of  radius  1  is 
the  only  closed  analytic  surface  free  of  singularities  and  of 
positive  constant  curvature  -(-1. 

Professor  Lovett^s  paper  consists  of  three  notes.  The 
first  is  a  collection  of  original  problems  relative  to  the  con- 
tact transformations  between  the  principle  elements  of  ordi- 
nary space,  namely  points,  planes,  straight  lines,  and  spheres, 
and  has  been  sent  to  the  Annals  of  Mathematics  for  publica- 
tion. 

The  second  constructs  the  invariants  of  an  n  dimensional 
space  as  was  done  for  four  dimensional  space  in  a  recent 
number  of  the  Bulletin.  It  has  been  offered  to  the  Amer- 
ican Journal  of  Mathematics, 

The  third  determines  all  contact  transformations  between 
singular  manifoldnesses  of  surface  elements  and  employs 
the  results  to  effect  the  integration  of  the  equations  defin- 
ing certain  other  cat^ories  of  transformations.  A  surface 
element  is  the  ensemble  of  a  point  and  a  plane  through  it, 
the  dimensions  of  the  plane  being  infinitesimal.  Two  sur- 
face elements  are  said  to  be  associated  when  the  point  of 
each  lies  in  the  plane  of  the  other  to  terms  of  the  first 
order.  An  element  manifoldness  of  surface  elements  is  an 
aggregate  such  that  every  element  of  the  aggregate  is 
associated  Mrith  its  infinitely  near  neighboring  element. 
These  notions  of  surface  element  and  element  manifold- 
ness were  introduced  by  Lie.  Now  among  these  element 
manifoldnesses  there  exist  certain  ones  which  enjoy  the 
property  that  every  element  of  the  aggregate  is  associated 
not  only  with  its  nearest  neighbor  but  also  with  eveiy  other 
element  of  the  family.  Such  element  manifoldnesses  might 
be  called  singular.  There  are  but  three  varieties  of  such 
manifoldnesses,  namely,  the  aggregates  of  all  the  surface 
elements  of  a  point,  of  all  those  appertaining  to  a  straight 
line,  and  of  all  the  elements  belonging  to  a  plane.  If  it  be 
proposed  then  to  determine  all  the  contact  transformations 
which  change  singular  element  manifoldnesses  into  such, 
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the  following  cases  call  for  further  examination  :  1°  those 
which  change  point  into  point ;  2°  those  which  change 
point  into  point  and  plane  into  plane ;  3°  those  which 
change  point  into  plane  and  plane  into  point ;  4^  those 
which  change  straight  line  into  straight  line ;  5°  those 
which  change  plane  into  plane.  The  first  three  cat^ories 
are  well  known  to  consist  respectively  of  the  infinite  group 
of  all  extended  point  transformations,  of  the  finite  group 
of  all  projective  transformations,  and  of  all  dualistic  trans- 
formations. The  fourth  cat^ory  is  equally  well  known 
to  consist  of  the  second  and  third  cat^ories,  a  result 
which  yields  itself  immediately  from  the  above  defini- 
tion of  singular  element  manifoldness.  The  fifth  category 
which  does  not  seem  to  have  been  constructed  is  readily  de- 
signed geometrically  from  the  products  DPD^  where  D  is 
the  general  dualistic  transformation  and  P  is  an  arbitrary 
point  transformation. 

Dr.  Miller's  paper  is  in  abstract  as  follows  :  Let  *„  «,  be 
any  two  substitutions  which  involve  the  same  n  letters,  and 
let  Gxy  Ot  be  the  groups  which  are  composed  of  all  the  sub- 
stitutions in  these  n  letters  that  are  commutative  with 
«,,  «,  respectively.  The  necessary  and  sufficient  condition 
that  G^,  (t,  represent  the  same  substitution  group  is  that 
8^J  «,  are  similar.  All  the  substitutions  of  degree  m  that  are 
commutative  with  «j  form  a  group.  When  m  =  n  +  6  and 
this  group  involves  all  the  letters  of  «,,  it  is  the  direct  pro- 
duct of  G,  and  the  symmetric  group  of  degree  b.  Two  dis- 
similar substitutions  of  degree  n  give  rise  to  two  distinct 
groups  of  degree  w.  Hence  every  substitution  8^  gives  rise 
to  an  infinite  number  of  substitution  groups,  each  of  which 
is  distinct  from  the  infinite  number  of  groups  that  are  ob- 
tained by  the  same  process  from  any  substitution  that  is  not 
similar  to  s^, 

Mr.  Kuhn's  paper  relates  to  imprimitive  groups  that  con- 
tain more  than  one  set  of  systems  of  imprimitivity.  Let  G 
denote  any  regular  group.  It  is  proved  that  the  number  of 
sets  of  systems  of  imprimitivity  that  can  be  found  for  G  is 
equal  to  the  number  of  its  subgroups  (not  including  iden- 
tity). The  cyclical  group  of  order  p'  is  therefore  the  only 
regular  group  that  contains  just  one  set  of  systems  of  im- 
primitivity. Any  set  of  systems  that  corresponds  to  a  sub- 
group that  contains  no  invariant  subgroup  of  G  besides 
identit}"  is  permuted  by  the  substitutions  of  G  according  to 
a  transitive  group  that  is  simply  isomorphic  to   G ;  any 
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other  set  is  permuted  according  to  a  transitive  group  that 
has  a  (1,  a)  isomorphism  to  G,  a  being  greater  than  unity. 
Let  G'  denote  any  imprimitive  group  that  has  more  than 
one  set  of  systems  of  imprimitivity.  When  the  substitu- 
tions of  G'  permute  all  its  sets  of  systems  according  to 
primitive  groups  and  when  none  of  the  heads  is  identity, 
then 

(1)  No  two  of  the  heads  of  G'  can  contain  a  common 
substitution  besides  identity,  and  hence 

(2)  Each  substitution  of  any  other  given  head  is  com- 
mutative to  each  substitution  of  any  other  head. 

(3)  Each  head  contains  at  least  one  substitution  whose 
d^ree  equals  the  degree  of  &,  and 

(4)  Each  head  is  formed  by  establishing  a  simple  iso- 
morphism among  its  transitive  constituents. 

After  a  brief  statement  of  the  principles  of  the  stereo- 
graphic  projection  Professor  Penfield  exWbited  a  number  of 
devices  for  plotting.  One  of  these  consisted  of  sheets  upon 
which  were  printed  a  graduated  circle  of  14  cm.  diameter 
and  four  scales,  as  follows  :  No.  1,  giving  the  radii  of  stere- 
ographically  projected  arcs  of  great  circles.  No.  2,  giving 
the  radii  of  stereographically  projected  arcs  of  vertical 
small  circles.  No.  3,  giving  the  degrees  of  a  vertical  circle 
stereographically  projected  upon  a  diameter.  No.  4,  giving 
the  r^ius  of  the  circle  divided  into  one  hundred  parts. 
Other  devices  consisted  of  two  protractors,  one  having 
along  its  base  line  a  scale  giving  the  degrees  of  a  circle 
stereographically  projected,  the  other  us^  in  measuring 
and  for  that  purpose  printed  on  transparent  celluloid,  giv- 
ing the  arcs  of  vertical  small  circles  stereographically  pro- 
jected. There  were  also  exhibited  devices  of  a  similar 
nature,  but  made  up  on  a  large  scale  for  blackboard  demon- 
strations. 

Right  and  oblique  angled  triangles  were  solved  graphically 
on  the  blackboard,  and  the  graphical  solution  of  similar 
problems  carefully  executed  on  the  printed  sheets  were  ex- 
hibited, indicating  that  within  a  circle  of  14  cm.  diameter 
computations  could  be  made  with  an  average  error  not  ex- 
ceeding seven  minutes. 

There  were  also  exhibited  a  patented  arm  protractor  for 
drawing  and  measuring  plane  angles,  and  goniometers  es- 
pecially devised  for  measuring  crystals. 

Special  emphasis  was  laid  upon  the  importance  of  graph- 
ical methods  for  making  the  studies  of  plane  and  spherical 
trigonometry  and  geometry  more  real  to  students,  as  a 
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means  of  checking  numerical  calculations,  and  as  a  rapid 
method  for  obtaining  approximate  results. 

The  subject  of  Miss  Schottenfels's  paper  was  suggested 
by  the  investigation  of  Professor  E.  H.  Moore  for  the  fimc- 

tion —  in  the  Annals  of  Mathematics,  volume  9,  January, 

1895.  A  set  of  definitional  functional  properties  are  ob- 
tained for  the  function  /(«)  =  -  ,  and  it  is  shown  that 

there  is  one  and  only  one  function  /(«)  possessing  these 
properties.  The  external  exponential  factor  is  then  de- 
termined in  the  expression  of  the  function  as  a  Weierstraa- 
siau  infinite  product  of  primary  factors. 

Professor  Smith's  paper  takes  up  the  relation  of  the  ge- 
ometry of  reciprocal  radii  to  the  geometry  within  a  spher- 
ical complex,  as  determined  by  the  single  isomorphism  of 
the  corresponding  groups,  viz.,  these  groups  are  trans- 
formed into  each  other  by  contact  transformation,  whose 
properties  were  defined  and  studied  by  the  author  in  the 
paper  published  in  the  Transactions,  October,  1900,  "  On  sur- 
faces enveloped  by  spheres  belonging  to  a  linear  spherical 
complex.'' 

In  a  paper,  soon  to  be  published  in  the  American  Jour- 
nal of  Mathematics,  Dr.  Wilczynski  has  shown  that  the  most 
general  point  transformation  which  converts  a  general  sys- 
tem of  n  linear  homogeneous  differential  equations  into  an- 
other of  the  same  form  and  order  is 

(1)  a;  =  /(e),     y,=  WeH,  (l:  =  l,  2,  .-,*). 

where /(^)  and  a^/^)  are  arbitrary  functions  of  $. 

Functions  of  the  coeflScients  and  of  their  derivatives 
which  have  the  same  value  for  the  original  as  for  the  trans- 
formed system  are  called  invariants.  Covariants  are  such 
invariant  functions  involving  also  y„  •-,  y^,  y/,  — ,  y/,  etc. 

Equations  (1)  define  an  infinite  group  G  in  the  n  +  1 
variables  x,  y^,  •-,  y^.  A  subgroup  of  this  is  that  for  which 
X  remains  unchanged  and  only  y,,  ••,  y^  are  transformed. 
Functions  of  the  coefficients  invariant  under  this  subgroup 
are  called  seminvariants.  These  can  be  found  by  setting  up, 
by  the  method  of  infinitesimal  transformations,  the  partial 
differential  equations  which  tliey  satisfy.  The  invariants 
are  functions  of  the  seminvariants. 


Digitized  by  VjOOQIC 


1900.]         THE   OC3TOBER   MEETING   OF  THE   SOCIETY.  119 

The  actual  computation  of  the  seminvariants  and  in- 
variants is  carried  out  only  for  a  system  of  two  equations 
each  of  the  second  order,  t.  e, ,  for  the  system 

(2)         v:  +  PnV/  +  Pay/  +  ^o^i  +  ^«y,  =  0,       (*• = 1, 2), 

but  the  methods  employed  admit  of  generalization. 
If  we  put 

«ii  =  ^Pn  -  ^9n  +  Pn   +  PnPtv 

/ox  ^"  ^  ^^"'  -  ^^»  +  ^"(^"  +  ^«^' 

«ii  =  2p,/  -  4^„  +  ;)„(  p,,  +  pj , 

ti„  =  2p„'  —  45rM  +  p„*  +  l>i»Pai, 

then  two  seminvariants  are 

(4)  I^Uii  +  iht,     t7'=tiiiti„  — Vi,t*,i. 

Four  quantities  v^^  are  now  formed,  cogredient  with  the 
quantities  w^,  viz., 

V„  =  2u„'+  (pn  —pn^U^t  —  J>ii(Wii  —  w«), 
(5) 

v«  =  2t«„'—  Puti,!  +  j)«w,„ 
and  a  new  independent  seminvariant  is 

(6)  K^  VnVn  —  VuVti. 

A  third  set  of  quantities  w^  is  formed  from  v^  and  p^  in 
exactly  the  same  way  as  v^  from  u^  and  jj^^  in  (5),  i.  e., 

Wii  =»  2t;n'  +  PiiVn  —  PnVu, 

etc.,  etc.; 

and  since  the  vJb  were  cogredient  with  the  ujs,  so  are  the 
w^'s.     Then 

(8 )  Zr  =«  toiitoa  —  tiHsti;^ 

is  a  new  seminvariant. 

All  seminvariants  are  functions  of  J,  J,  Kj  L,  and  their 
derivatives. 

Some  of  the  invariants  are 

tf.  -  2/(/'~  4/)  +  5  (£--  jP«)  +  4(£'-  2,^'  +  ir). 
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etc. ,  these  being  of  weight  4  and  6  respectively. 

If  the  system  of  equations  (2)  is  equivalent  to  a  single 
linear  differential  equation  of  the  second  order,  all  of  the 
invariants  vanish,  and  conversely. 

Any  system  of  form  (2)  can  be  transformed  into  another 
for  which  jj^  =  0.  This  is  called  the  semicanonical  form  of 
the  system.  The  subgroup  G'  of  G  which  leaves  this 
form  unchanged  is  examined.  But  we  can  fulfill  the  fur- 
ther condition  9,,  +  q^  =  0,  and  a  system  for  which  both 
p^^  =s  0  and  9ji+  Qu  =  0,  is  said  to  be  in  the  canonical  form. 
The  subgroup  G"  of  G'  which  leaves  this  unchanged  is  a 
finite  group  of  very  simple  form,  and  has  some  additional 
invariants  of  the  form  called  quadn-derivatives  by  Forsyth. 

Only  a  few  simple  results  about  covariants  are  mentioned. 
This  and  further  generalizations  are  left  for  a  future  paper. 

F.  N.  Cole. 
Columbia  Univebsity. 


ON  LINEAR  DEPENDENCE  OF  FUNCTIONS  OF 
ONE   VARIABLE. 

BY  PBOFESSOB  MAXIME  BdCHEB. 

It  is  ordinarily  stated  that  the  identical  vanishing  of  the 
determinant 


Z)  = 


[n-lU     (»-l]. 


(n-lj 


is  a  sufficient  *  condition  for  the  linear  dependence  of  the 
functions  w,(a;),i*,(a;),-,  uj^x).  This  is  perfectly  true  if  the 
ti's  are  analytic  functions  of  the  complex  variable  x.  This 
condition  is  however  no  longer  sufficient  if  we  are  dealing  with 
functions  of  a  real  varuibk,  even  though  these  functions  pos- 
sess derivatives  of  all  orders  for  every  real  value  of  x.  The 
truth  of  this  statement  will  be  seen  from  the  example  of  two 
functions  u^  and  u^  defined  as  follows : 


(^+0) 


(*>0) 
(x  =  0) 
(x<0) 


*It  is  of  course  a  necessary  condition  provided  the  li's  have  derivatives 
of  the  first  n  —  1  orders. 
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Similar  examples  for  a  larger  number  of  functions  can 
readily  be  built. 

The  following  theorem  however  is  true  : 

If  tij,  w,,  •-,  u^  are  single  valued  functions  of  the  real  variable 
X  defined  at  every  point  of  a  certain  interval  and  having  at  every 
point  of  this  interval  derivatives  of  the  first  n  —  1  orders^  and  if  it 
is  possible  to  strike  out  tlie  Jxist  row  and  one  of  the  columns  of  the 
determinant  D  in  such  a  way  that  there  is  no  point  of  the  interval 
in  question  ai  which  the  remaining  determinant  and  its  derivative 
both  vanish,  then  if  D  vanishes  (U  every  point  of  the  interval,  the 
functions  ttj,  ti,,  •••,  u^  will  be  linearly  dependent  throughout  this 
interval. 

This  theorem  can  be  readily  proved  by  a  slight  extension 
of  the  method  given  for  instance  by  Heflfter  in  his  book  on 
linear  differential  equations  p.  233. 

Ems,  Germany, 
September  15,  1900. 

[Note  added  November  2,  1900 :  I  have  just  found  in  Pas- 
cal's book  on  determinants  a  reference  to  three  papers  by 
Peano  {Maihem,  vol.  9  (1889),  p.  75  and  p.  110 ;  Rend.  d. 
Acead.  d.  Lincei,  ser.  5,  vol.  6  (1897),  1°  sem.,  p.  413),  in 
which  the  question  which  I  have  here  considered  is  taken 
up.  My  result  is  however  different  from  Peano' s,  which 
states  that  the  identical  vanishing  of  Z>  is  a  sufficient  con- 
dition for  linear  dependence,  provided  there  is  no  point  at 
which  the  first  minors  corresponding  to  the  elements  of  the 
last  column  all  vanish.] 


REPORT  ON  THE  GROUPS  OF  AN   INFINITE 
ORDER. 

BY  DR.  O.  A.  MILLER. 

(Read  before  Section  A  of  the  American  Association  for  the  Advance- 
ment of  Science,  New  York,  June  28,  1900. ) 

Various  terms  have  been  employed  to  designate  the 
smallest  elements  of  which  any  abstract  group  is  composed. 
Cay  ley  has  called  them  symbols,*  or  symbols  of  operation. 
Dyck  and  many  others  have  called  them  operations  f  or 
operators.  Frobenius  and  others  have  called  them  ele- 
ments. X    In  what  follows  we  shall  employ  the  last  one  of 

♦Cayley,  Phil.  Magazine^  vol.  7  (1854),  p.  41. 
t  Dyck,  Math.  Annalen,  vol.  20  ( 1882),  p.  1. 
t Frobenius,  CreUe,  vol.86  (1879),  p.  218. 
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these  terms.  According  to  the  early  definitions  of  an  ab- 
stract group  a  set  of  distinct  elements  becomes  a  group  with 
respect  to  a  given  law  of  combination  when  it  has  the  prop- 
erty that  no  new  element  is  obtained  by  combining  the  ele- 
ments of  the  set  in  every  possible  manner  according  to  this 
law  of  combination.  *  In  recent  years  the  following  ad- 
ditional conditions  have  been  imposed  : 

(1)  The  elements  must  be  associative  when  combined  ac- 
cording to  the  given  law.  (2)  From  either  of  the  two  equa- 
tions «i«,  =  «/«„  «,«,  =  «,«/  it  follows  that  «,  =  «/.  (3)  If  any 
two  of  the  elements  of  the  equation  «,«,  =  «,  are  in  the  given 
set  there  is  one  and  only  one  element  in  the  set  which  may 
be  used  for  the  third.  This  definition  is  much  more  explicit 
than  Cayley^s  dictum  f  **a  group  is  defined  by  the  law  of 
combination  of  its  symbols,'*  since  it  is  easy  to  give  definite 
laws  of  combination  of  a  set  of  distinct  elements  which  do 
not  form  a  group.  Every  particular  group  is,  however, 
defined  by  the  special  laws  of  combination  of  its  symbols — 
by  its  own  multiplication  table. 

One  of  the  best  known  examples  of  a  group  of  an  indefi- 
nitely large  order  is  furnished  by  the  totality  of  finite  in- 
tegers when  they  are  combined  by  addition.  If  we  denote 
by  «"•  the  inverse  of  «*,  it  is  clear  that  the  negative  expo- 
nents of  elements  may  be  used  to  indicate  subtraction  and 
that  the  identical  element  is  «®  =  0,  when  the  elements  of 
a  group  are  combined  by  addition.  In  general,  if  s  repre- 
sents any  integer,  the  exponent  of  «  will  indicate  the  num- 
ber of  times  this  number  is  to  be  added  or  subtracted.  The 
given  group  of  indefinitely  large  order  is  evidently  generated 
by  «i  =  1  as  well  as  by  «,  =  «i"*  =  —  1,  but  by  no  other 
one  of  its  elements.  While  ^(m)  of  the  elements  of  any 
cyclical  group  of  a  given  finite  order  m  are  generators  of 
the  group  we  have  here  a  cyclical  group  of  an  indefinitely 
large  order  which  contains  only  two  generating  elements. 
All  the  multiples  of  any  integer  whose  absolute  value  exceeds 
unity  constitute  a  subgroup  of  this  group  and  each  one  of 
these  subgroups  is  of  an  indefinitely  large  order  and  involves 
only  two  elements  that  generate  it. 

In  order  to  obtain  a  subgroup  of  a  finite  order  m  we 
may  take  the  complete  series  of  smallest  positive  residues 
mod.  m  (0, 1,2,3,  •••,  m~l).  When  we  add  any  two  numbers 
of  this  series  and  use  the  smallest  positive  residue  in  place 
of  the  sum  we  evidently  obtain  some  number  of  this  series. 

^Cajley,  loo.  cit.;  Lie,  Le  oentenairederEoolenormale,  1895,  p.  486  ; 
Klein,  Vorlesangen  iiber  das  Ikosaeder,  1884.  p.  5. 
t  Cay  ley,  Amer.  Jour,  of  Math.  ^  vol.  1  (1878),  p.  51. 
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As  the  other  group  conditions  are  satisfied  we  have  here  a 
cyclical  group  of  order  m  which  is  generated  by  any  one  of 
the  sp(m)  numbers  that  are  not  greater  than  m  and  prime  to 
it.  Hence  we  observe  that  the  finite  integers,  when  com- 
bined by  addition,  furnish  very  elementary  examples  of 
groups  of  any  given  finite  orders  as  well  as  of  groups  of  in- 
definitely large  orders. 

Since  x  cannot  be  an  integer  in  such  an  equation  as 
Sx  =  19,  it  follows  that  the  integers  do  not  constitute  a 
group  with  respect  to  multiplication.*  The  finite  commen- 
surable numbers  which  exceed  zero,  on  the  contrary,  con- 
stitute such  a  group.  Those  which  are  less  than  zero  do  not 
constitute  a  group;  but,  together  with  those  that  exceed  zero, 
they  clearly  constitute  a  group  with  respect  to  the  given 
operation.  This  group  of  infinite  order  is  included  in  the 
one  formed  by  all  the  real  numbers  with  the  exception  of  0 
and  CD.  The  latter  group  is,  in  turn,  included  in  the  abelian 
group  formed  by  multiplying  together  all  the  complex  num- 
bers whose  absolute  value  is  neither  0  nor  oo.  The  finite 
commensurable  numbers,  including  0,  evidently  constitute 
a  group  of  infinite  order  when  they  are  combined  by  addi- 
tion and  this  group  is  included  in  the  one  formed  by  all  the 
real  finite  numbers.  The  totality  of  complex  numbers  of 
finite  absolute  value  constitute  a  group,  with  respect  to  ad- 
dition, of  which  the  preceding  is  a  subgroup. 

Although  all  the  integers  do  not  form  a  group  with  re- 
spect to  multiplication,  yet  it  is  clear  that  ail  the  powers  of 
any  finite  integer,  with  the  exception  of  0  and  1,  constitute 
a  group  of  an  indefinitely  large  order  with  respect  to  this 
operation.  In  order  to  obtain  a  group  of  a  finite  order  by 
multiplying  int^ers  together  we  may  take  the  ^(m)  positive 
numbers  which  are  less  than  m  and  prime  to  it  and  replace 
their  products  by  the  least  positive  residues  mod.  m.  We 
thus  obtain  a  very  important  class  of  abelian  groups  which 
has  been  studied  recently  by  Weber  and  others,  f 

While  the  fundamental  operations  addition,  multiplica- 
tion, and  their  inverses  furnish  such  lucid  examples  of 
groups  of  an  infinite  as  well  as  of  a  finite  order,  yet  it  is  not 
customary  to  claim  that  the  theory  of  groups  is  as  old  as 
these  elementary  operations.  At  least  one  group  property 
of  these  operators  must  have  been  observed  very  early; 
viz.,  that  the  successive  application  of  two  elements  is  equiv- 
alent to  the  single  application  of  some  one  of  them.     While 

♦Weber,  Lehrbndi  der  Algebra,  1899,  p.  4  ;  of.  ibid.,  1896.  p.  54. 
t  Weber,  Lebrbuob  der  Algebra,  1899,  p.  60.     Cf.  Burnside,  Theory  of 
groaps  of  a  finite  order,  1897,  p  239. 
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this  concept  is  of  great  theoretic  interest  yet  it  did  not 
enter  explicitly  into  the  early  use  of  these  fundamental 
operations  and  hence  it  may  perhaps  be  said  to  have  played 
a  secondary  r61e  in  the  developments  along  this  line. 

The  concept  of  group  of  an  infinite  order  appears  in  many 
other  early  developments  but  the  earliest  extensive  paper  in 
which  this  concept  occupies  a  very  prominent  place  seems 
to  be  the  **M6moire  sur  les  groupes  de  mouvements,*'  by 
Jordan,  which  was  published  in  the  Annali  di  Matematiea^ 
vol.  2  (1868).*  No  general  definition  of  a  group  occurs  in 
this  memoir  but  on  page  181  a  **  definition  caract^ristique 
d'un  groupe  de  mouvements''  is  given,  which  is  in  accord 
with  the  present  definition.  An  abstract  of  this  memoir  was 
published  somewhat  earlier  in  the  Paris  Comptes  rendus,  vol. 
65  (1867).  In  the  beginning  of  the  memoir  Jordan  points 
out  that  the  determination  of  all  the  groups  of  movements 
is  equivalent  to  the  determination  of  all  the  possible  systems 
of  molecules  which  can  be  superposed  in  different  positions. 

Bravais  had  studied  particular  cases  of  this  question  at  a 
much  earlier  date  from  the  latter  point  of  view,t  and  ap- 
plied his  results  in  the  study  of  the  structure  of  crystals. 
Since  Jordan's  memoir  was  inspired  by  the  work  of  Bravais 
it  might  perhaps  be  said  that  the  theory  of  groups  of  an  in- 
finite order  has  its  source  in  the  theory  of  the  structure  of 
crystals.  However,  the  group  concept  does  not  occupy  as 
prominent  a  place  in  the  works  of  Bravais  as  in  the  mentioned 
memoir  of  Jordan.  We  proceed  to  give  an  elementary  ex- 
position of  the  first  part  of  this  memoir  with  a  view  to  giv- 
ing an  accurate  idea  of  its  contents.  After  some  prelimi- 
nary remarks  and  a  brief  study  of  the  composition  of 
movements  the  author  proceeds  to  determine  all  the  groups 
of  translations  in  the  following  manner  : 

The  lengths  and  the  directions  of  all  the  translations  of 
the  group  are  represented  by  line  segments  starting  from  a 
general  point  P.  It  is  first  assumed  that  all  of  these  seg- 
ments are  of  finite  lengths  and  the  length  of  the  shortest 
segment  L^  (or  one  of  the  shortest  segments,  if  there  is  more 
than  one  of  minimum  length)  is  represented  by  I,  The 
line  through  L^  is  taken  for  the  x-axis.  An  indefinite  num- 
ber of  segments  of  length  I  are  laid  off  on  the  x-axis  starting 
from  P.     The  point  P  can  evidently  be  transformed  into 

♦  Cf.  Fricke  und  Klein,  Automorphe  Functionen,  vol.  1 ,  1897,  p.  12. 
Klein  seems  to  have  been  the  first  to  make  prominent  use  of  the  concept 
of  discontinuous  groups  of  an  infinite  order  in  function  theory;  cf.  Dyck, 
Math.  Annalen,  vol.  20  (1882),  p.  2,  footnote. 

t  Bravais,  LiouviUe' 8  Journal^  vol.  14  (1849),  p.  167. 
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any  one  of  these  points  of  division  on  the  x-axis  by  means 
of  some  translation  of  the  group.  If  P  could  be  translated 
into  any  other  point  on  the  x-axis,  its  distance  from  P  would 
be  m/  ±  r,  m  being  an  integer  and  0<r^^/2.  If  we  com- 
bine this  ti*anslation  with  the  translation  through  —  mly 
which  is  also  in  the  group,  we  obtain  a  translation  whose 
length  cannot  exceed  1/2.  As  this  is  contrary  to  the  hypo- 
thesis, it  follows  that  the  points  of  division  can  be  trans- 
formed into  none  of  the  points  on  the  x-axis  except  points 
of  division,  by  all  the  translations  of  the  group. 

After  proving  that  all  the  translations  parallel  to  the 
a;-axis  are  generated  by  a  single  translation  the  author  pro- 
ceeds to  determine  all  the  possible  translations  in  the  plane 
and  proves  that  all  of  these  are  generated  by  two  trans- 
lations which  make  a  finite  angle  with  each  other.  This  is 
done  as  follows :  Among  the  given  line  segments  starting 
from  P  we  take  one  L,  whose  extremity  is  at  a  minimum  dis- 
tance from  the  x-axis  and  represent  this  distance  by  d.  The 
first  object  is  to  prove  that  d  must  be  finite.  We  may  as- 
sume that  the  projection  a  of  L^  upon  the  a;-axis  does  not 
exceed  J I  since  the  group  involves  translations  of  length  I 
parallel  to  the  x-axis.  Since  the  length  of  jL,  cannot  be  less 
than  I,  we  have 

r^^^cr+¥^J^^+d\  or  j«^|p. 

On  the  line  through  L,  an  indefinite  number  of  segments  of 
the  same  length  as  L^  are  laid  off,  starting  from  P.  Through 
the  points  of  division  lines  are  drawn  parallel  to  the  a;-axis 
and  through  the  given  points  of  division  of  the  a;-axis  lines 
parallel  to  L^  are  drawn.  The  plane  is  thus  divided  into 
parallelograms,  as  is  usually  done  in  the  study  of  doubly 
periodic  functions.  It  is  then  proved  that  the  vertices  of 
these  parallelograms  can  be  transformed  only  among  them- 
selves by  all  the  translations  of  the  group  and  hence  there 
is  no  finite  translation  in  the  plane  determined  by  L,  and 
i,  except^those  which  are  generated  by  the  translations  rep- 
resented by  the  s^ments  L^  and  L,.  From  this  it  follows 
that  there  are  two  and  only  two  groups  of  translations,  involving 
only  finite  translations^  in  a  given  plane.  In  one  of  these  groups 
all  the  translations  are  parallel  to  a  given  line  ;  in  the  other 
they  are  generated  by  two  translations  making  a  finite  angle 
with  each  other. 

If  a  group  contains  any  finite  translations  in  addition  to 
those  given  above  they  cannot  lie  in  the  plane  determined 


Digitized  by  VjOOQIC 


126  GROUPS  OF  AX  INFINITE  ORDER.        [DeC., 

by  I/,  and  I/,.  We  choose  one  of  them,  having  a  minimum 
projection  ?  upon  the  normal  to  the  given  plane,  and  rep- 
resent it  by  L^,  The  length  of  /5  may  be  proved  to  be  finite 
by  the  following  method.  The  projection  of  L,  upon  the 
given  plane  may  be  assumed  to  lie  in  any  one  of  the  four 
parallelograms  which  have  P  for  a  common  vertex.  This 
parallelogram  is  so  chosen  that  the  distance  from  the  x-axis 
to  the  terminus  of  the  given  projection  is  ^  ^/2.  Since  L, 
cannot  terminate  closer  to  the  x-axis  than  L^  it  follows  that 


g^-T 


or    /P^jH 

4 


Space  is  now  divided  into  parallelepipeds  whose  vertices 
are  the  points  into  which  P  may  be  translated  by  all  the 
operators  of  the  group  genei*ated  by  the  translations  repre- 
sented by  I/p  i/,,  Ly  It  is  readily  proved  that  a  vertex  of 
such  a  parallelepiped  cannot  be  transformed  into  any  point 
except  a  vertex  by  means  of  the  translations  of  the  group. 
This  is  therefore  the  largest  group  composed  entirely  of 
finite  translations  in  ordinary  space  and  the  two  groups 
mentioned  above  are  subgroups  of  this  one.  Every  point  of 
space  which  is  not  a  vertex  of  the  given  system  of  parallel- 
epipeds will  clearly  be  transformed  into  a  vertex  of  a  similar 
S}'stem  of  parallelepipeds  by  the  translations  of  this  group. 

There  are  six  groups  of  translations  that  involve  indefi- 
nitely small  translations.  The  first  of  these  is  generated 
by  a  single  infinitesimal  translation,  the  second  by  an  infi- 
nitesimal and  a  finite  translation  not  in  the  same  direction, 
the  third  by  an  infinitesimal  and  two  finite  translations  the 
three  translations  being  not  co-planar,  the  fourth  is  gene- 
rated by  two  infinitesimal  translations  not  in  the  same 
direction,  the  fifth  by  two  infinitesimal  and  one  finite  trans- 
lation not  in  the  same  plane,  and  the  sixth  by  three  infini- 
tesimal translations  not  in  the  same  plane.  The  last  of  these 
groups  includes  all  the  others  as  subgroups  and  each  one  of 
these  nine  groups  is  of  an  infinite  order. 

After  the  groups  which  involve  only  translations  have 
been  determined  the  author  proceeds  to  the  groups  which 
are  composed  of  rotations  only.  Here  the  matter  becomes 
somewhat  more  difficult.  The  first  step  is  to  prove  that  all 
the  axes  of  rotation  must  go  through  the  same  point.  This 
is  done  as  follows  :  Let  i?,,  R^  be  two  such  rotations.  Their 
combination  /?,  /?,  =  /?,  is  a  new  rotation  around  some  axis 
Ay  Let  X  be  a  point  on  Ay  /?,  will  bring  x  to  some  new 
point  Xy    Hence  the  axis  of  i?,  must  lie  on  the  plane  per- 
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pendicular  to  the  segment  joining  x  and  x^  at  its  middle 
point.  Since  B^  must  transform  x^  into  x  its  axis  must  lie 
in  the  same  plane.  Hence  the  axes  of  any  two  rotations 
must  go  through  the  same  point.  Since  this  point  is  trans- 
form^ into  itself  by  the  two  rotations  i?„  B^  it  must  also 
lie  on  J,.  As  A^  passes  through  the  point  x,  which  is 
not  in  the  plane  of  the  axes  of  B^  and  B^,  the  three  axes  of 
rotation  cannot  lie  in  the  same  plane.  Since  any  other 
axis  of  rotation  has  to  meet  each  of  these  three  lines  it  must 
go  through  their  common  point,  as  the  lines  are  not  in  the 
same  plane.  This  proves  that  all  the  axes  of  a  group  com- 
posed entirely  of  rotations  must  be  concurrent. 

It  is  not  difficult  to  see  that  there  are  at  least  eight 
groups  which  are  composed  of  rotations  only.  The  first 
is  generated  by  the  rotation  through  an  angle  27r/n,  n  being 
any  integer.  The  second  is  generated  by  rotating  through 
an  infinitesimal  angle.  The  third  and  fourth  are  generated 
by  adding  to  each  of  the  preceding  a  rotation  through  180° 
around  an  axis  perpendicular  to  the  given  one.  The  fifth, 
sixth  and  seventh  are  the  well  known  rotations  which 
transform  the  regular  tetrahedron,  the  cube,  and  the 
r^ular  icosahedron  *  into  themselves.  These  groups  are 
respectively  of  order  12,  24,  and  60,  and  may  be  repre- 
sented as  the  alternating  group  of  four  letters,  the  sym- 
metric group  of  four  letters,  and  the  alternating  group  of 
five  letters  respectively.  The  eighth  is  composed  of  all  the 
possible  rotations  around  a  point.  The  proof  that  there  is 
no  other  group  of  rotations  is  somewhat  lengthy,  and  we 
shall  not  enter  upon  it. 

The  greater  part  of  the  memoir  under  consideration  is 
devoted  to  groups  which  involve  both  rotations  and  transla- 
tions. These  have  recently  been  studied  by  Schonflies,  who 
published  his  results  in  two  well-known  memoirs,  f  It  may 
be  remarked  that  Jordan's  memoir  is  not  entirely  free  from 
errors.  Sohncke  seems  to  have  been  fche  first  to  observe 
that  an  important  class  of  groups  was  overlooked  in  the 
memoirs  mentioned.  J  The  determination  of  all  the  con- 
tinuous groups  of  euclidean  and  non-euclidean  movements 
in  a  space  of  three  dimensions  was  first  published  by  Lie. 

Although  groups  of  an  infinite  order  were  studied  before 
Lie  and  Klein  began  to  publish  on  this  subject,  yet  they 
were  the  first  to  bring  them  prominently  before  the  pub- 

*Cf  KleiD,  Vorleeangen  iiber  das  Ikoeaeder,  pp.  1-19. 
\Math,  Annalen,  vol.,  28,  pp.  319-342  ;  vol.  29,  pp.  50-80  ;  of.  Schon- 
flies, Chicago  Mathematical  Congress  Papers,  1896,  p.  341. 
t  Theorie  der  Krystallstruktur,  1879,  p.  26. 
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lie*  Their  investigations  along  this  line  are  so  far  reaching 
and  so  numerous  as  to  deserve  a  report  by  themselves.  Hap- 
pily the  German  Mathematical  Association  has  arranged  for 
a  report  on  Lie's  work,  which  is  expected  to  be  presented  at 
the  meeting  of  next  year  (1901).  The  report  is  to  be  pre- 
pared by  Engel  assisted  by  Scheffers,  Schur,  and  Kowalewski 
— men  who  are  in  the  best  possible  position  to  prepare  an 
extensive  and  reliable  report  in  reference  to  the  work  of  this 
great  Norwegian  mathematician.  In  view  of  this  fact  we 
shall  not  consider  the  works  of  Lie  and  his  followers  in  the 
present  report. 

In  1882  two  remarkable  memoirs,  dealing  with  groups  of 
an  infinite  order,  appeared.  One  of  these  was  published  by 
Dyck  in  the  Mathematische  Annaletij  volume  20,  and  the  other 
by  Poincar6  in  the  Acta  Maihematica,  volume  1.  These 
articles  have  received  so  much  attention  that  it  seems  un- 
necessary to  give  an  outline  of  them.  Burnside  has  de- 
voted Chapter  XII.  of  his  Theory  of  groups  of  a  finite  order 
(1897)  to  an  exposition  of  Dyck^s  memoirs,  while  many 
parts  of  Poincar6*s  memoir  are  elucidated  in  the  work  on 
Automorphic  Functions  by  Fricke  and  Klein,  which  also 
appeared  in  1897. 

This  last  work  makes  a  clear  distinction  between  continu- 
ous groups  and  groups  which  contain  infinitesimal  transfor- 
mations. It  is  easy  to  prove  that  a  continuous  group  al- 
ways involves  infinitesimal  transformations,  for  if  T  is  any 
transformation  of  the  group  and  T'  the  transformation  ob- 
tained by  using  parameters  which  differ  by  an  infinitesimal 
from  those  of  Tthen  T'  T~^  is  infinitesimal.  However  the 
existence  of  infinitesimal  transformations  does  not  prove  the 
group  continuous.  Attention  is  called  f  to  the  fact  that  in 
Lie-EngePs  work  on  Transformationsgruppen  and  in  Poin- 
car^'s  memoir  not  sufficient  emphasis  is  laid  upon  this 
distinction.     The  work  of  Fricke  and  Klein  on  the  group- 

*Cf.  Klein,  Erlangen  Programme  (1872),  Bulletin,  vol.  2  (1893),  p. 
215.  Lie's  contribatious  are  systematically  treated  in  the  three  volnraes 
of  his  Theorie  der  Transformationsficrappen  (1888-93);  Differential- 
gleichnn^en  (1891);  Continnierliohe  Gruppen  (1893);  Beruhrangstraot- 
formationen,  vol.  1  (1896);  Klein's  Emleitung  in  die  hohere  Geometrie 
(18931;  etc.  A  considerable  part  of  Klein's  work  along  this  line  is  con- 
tained in  the  two  volumes  of  his  Modulfanctionen  (1890-92),  and  in  the 
Aatoraorphe  Functionen,  vol.  1  ( 1897) .  Numeroas  publications  by  Pioard 
and  Poincar^  have  also  contributed  very  much  towards  the  general  in- 
terest in  this  subject.  Picard  was  the  first  to  develop  the  theory  of  linear 
differential  equations  parallel  with  the  Galois  theory  of  algebraic  equa- 
tions. Vessiot,  Drach,  and  others  have  perfected  this  theory  in  certain 
directions 

t  Page  65. 
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theoretic  foundation  of  automorphic  functions  is  doubtless 
the  best  work  on  discontinuous  groups  of  an  infinite  order 
that  has  yet  been  published.  The  direct  object  of  this  work 
is  the  investigation  of  the  groups  of  linear  substitutions  in 
one  variable  which  do  not  contain  any  infinitesimal  substi- 
tution. 

While  in  Lie*s  theory  the  parameters  of  the  product  of 
two  transformatioils  are  functions  of  the  parameters  only  of 
these  transformations,  Halphen  has  considered  groups  in 
which  these  parameters  are  functions  both  of  the  variables 
and  of  the  parameters  of  the  two  transformations  that  are 
multiplied  together.  Lie  pronounced  this  group  concept 
trivial  and  said  that  it  had  not  found  any  application.*  He 
expressed  the  opinion  that  the  definition  of  group  of  trans- 
formations had  perhaps  reached  a  definite  form,  but  that  it 
was  not  certain  that  the  general  notion  of  group  had  as  yet 
assumed  such  a  form.f 

Study  and  Engel  seem  to  have  discovered  independently  J 
that  the  special  linear  homogeneous  group  of  the  plane  con- 
tains transformations  which  are  not  generated  by  any  in- 
finitesimal transformations  of  the  group,  as  was  apparently 
assumed  by  Lie.§  Such  transformations  have  been  called 
MtngiUar  transformatioriA  and  they  have  received  considerable 
attention  in  recent  years.  The  two  memoirs  by  Engel 
have  been  followed  by  numerous  other  memoirs  especially 
by  Taber,||  who  established  the  existence  of  singular  trans- 
formations in  the  group  of  orthogonal  substitutions  in  n 
variables,  n  >  3,  and  also  in  the  group  of  linear  automophic 
transformations  of  a  general  bilinear  form.  He  has  also  de- 
termined many  properties  of  groups  that  contain  such  trans- 
formations. 

One  of  his  students,  Mr.  Rettger,  has  recently  investi- 
gated^ the  two  and  three  parameter  subgroups  of  the  gen- 
eral projective  group  in  two  variables  and  of  the  general 
linear  homogeneous  group  in  three  variables  with  regard  to 
singular  transformations,  and  proved  that  singular  trans- 

*Tbeorie  der  TransformationsgnippeD.  vol.  3  (1893),  p.  19;  cf. 
Amur,  Jour,  of  Math.,  vol.  11  (1889).  p.  182. 

t  Le  eenUnaire  de  VEcoU  normale,  1895,  p.  486. 

i  Engel,  Leipziger  BeriefUe,  vol.  44  (1892),  pp.  277-296  and  vol.  45 
(1893),  pp.  659-696  ;  of.  BULLETIN,  vol.  3  (1893),  p.  66. 

JCf.  Taber,  Bulletin,  vol.  6  (1900),  p.  199. 

II  Taber,  Amer,  Jour,  of  Math. ^  vol.  16,  p.  130  ;  Proc.  of  the  Lond.  Mat, 
8oc,,  vol.  26  (1895),  p.  364;  Math.  Annaleuy  vol.  46,  p.  561;  Bulletin, 
vol.  6  (1900),  p.  199.  Kameroos  other  references  are  contained  in  these 
articles. 

1[  Rettger,  Amer.  Jour,  of  Math. ^  vol.  22  (1900),  p.  60. 
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formations  occur  among  the  transformations  of  many  of 
these  groups.  A  list  of  such  subgroups  is  given  at  the  end 
of  the  article.  Many  of  the  results  of  this  article  are  con- 
tained in  an  earlier  note  by  the  same  author  in  the  Froceed- 
ings  of  the  American  Academy,  vol.  33  (1898),  p.  493. 

Besides  the  groups  which  are  explicitly  of  an  infinite  order 
there  is  a  large  class  of  groups  whose  orders  depend  upon 
one  or  more  parameters,  which  are  generally  assumed  to  be 
finite  but  may  also  be  regarded  as  infinitely  large.  To  this 
class  belong  the  symmetric  and  the  alternating  groups  of 
degree  n,*  the  cyclical  groups  of  order  n,  the  metacyclic  and 
the  semi-metacylic  groups,  of  orders  jp(;)—l)  and  ipip^l) 
respectively,  etc.  Such  groups  are,  however,  generally 
classed  with  the  groups  of  a  finite  order.  We  observed 
above  that  Bumside  devoted  a  small  part  of  his  theory  of 
groups  of  finite  order  to  the  study  of  groups  of  an  infinite 
order.  In  the  second  volume  of  Weber^s  Algebra  these 
groups  receive  much  more  attention.  Considerable  portions 
of  the  chapters  on  linear  groups  are  devoted  to  considera- 
tions which  explicitly  relate  to  groups  of  an  infinite  order. 
The  object  seems  to  be  to  devote  some  space  to  discussions 
in  which  the  order  is  not  restricted  and  then  to  proceed  to 
the  special  cases  where  the  order  is  finite. 

The  theory  of  groups  of  an  infinite  order  is  closely  re- 
lated to  that  of  a  finite  order  and  the  development  of  the 
former  has  been  greatly  influenced  by  the  latter.  The 
latter,  in  turn,  has  contributed  verj'^  much  towards  the 
interest  and  importance  of  the  former,  and,  in  several  in- 
stances, it  has  led  to  important  new  developments  in  this 
theory  ;  e,g.j  Maillet  has  shown  f  how  the  concept  of  param- 
eter groups,  as  used  by  Lie,  can  be  employed  in  the  theory  of 
substitution  groups  and  has  made  use  of  this  concept  to  obtain 
several  general  theorems  on  simply  isomorphic  groups.  In 
a  recent  article,!  Loewy  has  establinhed  the  fundamental 
theorem  that  a  linear  substitution  group  of  infinite  order 
which  contains  at  least  one  substitution  whose  characteris- 
tic equation  has  no  equal  roots,  must  always  contain  a  sub- 
stitution whose  order  exceeds  any  given  number.  The 
presence  of  such  a  substitution  is  therefore  a  necessary  and 
sufficient  condition  that  the  order  of  a  linear  group  is  in- 
finite. 

CtoBNELL  University, 
June,  1900. 


*Dyok,  Math,  Annalen,  vol.  22  (1883).  p. 72. 

t  Maillet,  Ann.  di  Matematiea,  vol   23  (1895),  p.  199. 

i  Loewy,  Math,  Annalen,  vol.  53  (1900),  p.  225. 
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THE    STRENGTH   OF  MATERIALS. 

The  Strength  of  Materials.  By  J.  A.  Ewing,  M.A.,  B.Sc., 
F.R.S.,  M.Inst.C.E.  Professor  of  Mechanism  and  Ap- 
plied Mechanics  in  the  University  of  Cambridge,  Fellow  of 
King's  College,  Cambridge.  Cambridge,  The  University 
Press,  1899.  Pp.  vii-xii  +  1-246,  with  150  illustrations 
in  the  text. 

This  work  is  intended  to  supply  to  students  '*  in  modem 
schools  of  Engineering"  a  ^^ knowledge  of  the  Strength  of 
Materials  and  of  its  application  in  design  *  *  *  which  to  be 
effective  must  be  supplemented  by  laboratory  and  drawing- 
office  work."  It  is  desirable  that  the  mathematical  elas- 
tidan  should  learn  what  light  modern  experimental  research 
throws  on  the  validity  of  the  hypotheses  at  the  basis  of  the 
mathematical  theory,  and  also  that  he  should  know  what 
parts  of  his  subject  possess  most  interest  for  his  more  prac- 
tical contemporaries.  On  the  other  hand,  it  is  conceivable 
that  the  practical  man  may  derive  some  advantage  from 
realizing  how  the  mathematical  treatment  which  passes  cur- 
rent in  everyday  life  strikes  the  mathematician.  This  re- 
view thus  naturally  divides  itself  into  two  principal  parts, 
the  first  dealing  with  the  more  experimental  portions  of  the 
book,  the  second  with  the  mathematical  methods.  A  pre- 
liminary description  of  the  contents  of  the  book  will  facili- 
tate comprehension. 

After  a  brief  preface  and  a  table  of  contents,  pp.  vii-xii, 
chaps.  I  and  II,  pp.  1-23,  define  stress  and  strain,  ex- 
plain their  simpler  common  types,  and  treat  of  the  ordinary 
moduli,  or  elastic  constants,  for  isotropic  material.  Chap. 
Ill,  pp.  24-58,  treats  of  ultimate  strength  and  non-elastic 
strain,  dealing  mainly  with  simple  tension  and  compression, 
describes  the  phenomena  presented  during  the  loading  of 
steel  and  iron  up  to  rupture,  and  discusses  experiments  on 
the  effects  of  rest  or  of  heating  after  over-straining.  It  also 
gives  an  account  of  Wohler's  experiments  on  the  **  weaken- 
ing" of  material  under  very  frequent  repetitions  of  loading 
and  unloading.  Chap.  IV,  pp.  59-95,  describes — with  ex- 
cellent illustratlbns — ^a  number  of  testing  machines  and 
instruments  for  measuring  extensions  and  compressions, 
discusses  some  methods  of  determining  the  modulus  of 
rigidity  and  gives  some  numerical  results. 

Chaps.  V,  VI,  and  VII,  pp.  96-153,  deal  mainly  with  the 
application  of  the  ordinary  BernouUi-Euler  mathematical 
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theory  to  beams.  Analytical  methods  are  generally  followed , 
but  the  ordinary  graphic  methods  are  aJso  illustrated. 
Chap.  VIII,  pp.  154-170,  treating  of  **  frames,''  may  be 
regarded  as  part  of  a  text  book  on  ordinary  statics.     Chap. 

IX,  pp.  171-186,  treats  of  struts  and  columns,  first  on 
Euler's  mathematical  theory,  and  then  from  the  more  em- 
pirical standpoint  of  Gordon  or  Rankine's  formula.     Chap. 

X,  pp.  187-203,  is  denominated  *<  Torsion  of  Shafts.'' 
It  is  however  not  confined  to  this,  but  touches  upon  the 
theory  of  spiral  springs  and  the  *'  whirling"  of  rotating 
shafts.  Chap.  XI,  pp.  204-217,  treats  of  shells  and  thick 
cylinders  under  pressure,  with  a  discussion  of  rotating  rings 
and  thin  discs.  Chap.  XII,  pp.  218-237,  is  devote  to 
**  Hanging  Chains  and  Arched  Ribs,"  including  parabolic 
chains,  the  common  catenary,  etc.  An  appendix,  pp.  239- 
242,  gives  numerical  data  as  to  strengths  and  densities  of 
ordinary  building  materials  ;  and  an  index  occupies  pp.  243- 
246. 

Experiment. — The  fundamental  fact  underlying  the  ordi- 
nary mathematical  theory,  and  therefore  all  ordinary  girder 
theory,  whether  its  outward  form  be  graphical  or  analytical, 
is  Hooke's  law  that  stress  is  proportional  to  strain,  or — ^as 
Professor  Pearson  puts  it — that  the  stress-strain  relation  is 
linear.  On  this  point  we  are  told  (Art.  15)  '*  A  material  is 
elastic  *  *  *  if  the  strain  disappears  when  the  stress  is  re- 
moved. Strain  which  persists  after  the  stress  *  *  *  is  re- 
moved is  called  permanent  set.  *  *  *  Actual  materials  are 
in  general  nearly  perfectly  elastic  with  regard  to  smaU 
stresses  *  *  *  if  the  applied  stress  is  less  than  a  certain 
limit,  the  strain  *  ♦  *  disappeara  wholly  or  almost  wholly 
when  the  stress  is  removed.  *  *  *  The  limits  of  stress  within 
which  strain  is  wholly  or  almost  wholly  elastic  are  called 
limits  of  elasticity  *  *  *.  (Art.  16)  Within  the  limits  of 
elasticity  the  strain  *  *  *  is  proportional  to  the  stress." 
Later  we  have  the  following  statement  (Art.  32) :  "  Within 
these  limits  (of  elasticity)  we  may  without  serious  inaccuracy 
take  the  strain  as  *  *  *  proportional  to  the  stress  and  as 
disappearing  when  the  stress  is  removed.  Strictly  speaking, 
absolute  proportionality  of  strain  to  stress  is  never  found, 
and  probably  there  is  no  stress,  however  small,  that  does 
not  produce  some  permanent  effect.  There  is  always  some 
slight  hysteresis  or  lagging  in  the  relation  of  strain  to  stress. 
*  *  *  But  in  general  this  imperfection  of  elasticity  is  so  slight 
that  *  *  *  up  to  a  certain  limit,  which  is  in  general  pretty 
well  defined,  Hooke's  Law  may  be  taken  as  substantially 
accurate." 
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A  student  when  reading  Art.  15  would  be  apt  to  conclude 
that  the  only  two  things  known  to  exist  are  elastic  strain  dis- 
appearing simultaneously  with  the  removal  of  the  stress, 
and  set  persisting  permanently.  In  Act.  32  he  seems,  how- 
ever, expected  to  distinguish  between  set  and  hysteresis  (a 
term  which  seems  equivalent  to  **  Elastische  Nachwirkung '' 
or  what  Pearson  calls  **  Elastic  after-strain  '').  It  is  to  be 
regretted  that  the  author  does  not  bring  out  more  clearly 
the  theoretical  distinction  between  set  which  persists  and 
strain  which  gradually  disappears,  especially  as  the  practi- 
cal discrimination  between  them  is  so  diflBcult. 

Another  question  is  whether  the  author  is  well  advised 
in  assuming — as  he  seems  tacitly  to  do — that  failure  of 
Hooke's  law  necessarily  implies  the  existence  of  hysteresis, 
or  set,  and  conversely.  It  is  at  least  conceivable  that  ma- 
terials exist  in  which  the  relation  between  stress  and  elastic 
strain  is  not  linear.  Experiments  by  Hodgkinson,  Kupffer, 
and  others  have  sometimes  been  supposed  to  show  that  cast 
iron  is  such  a  material.  Our  author  refers  to  Hodgkinson* s 
experiments  (Art.  38),  but  not  in  such  a  way  as  to  show 
whether  he  is  aware  of  the  interpretation  put  upon  them  by 
others  (see  Todhunter  and  Pearson's  **  History  of  Elastic- 
ity ''  Vol.  1,  Note  D,  p.  891  ;  Vol.  2,  Art.  793,  etc.).  The 
subject  seems  one  which  might  repay  experimental  re-inves- 
tigation with  modern  appliances. 

The  next  question  that  calls  for  consideration  is  that 
which  gives  its  name  to  the  book.  In  Art.  33  we  are  told 
**The  load  which  suffices  to  cause  rupture  measures  the 
ultimate  strength  of  the  piece.''  At  this  stage,  however,  a 
difficulty  comes  in.  Engineering  calculations  are  almost  all 
ultimately  based  on  Hooke's  law.  But  when  the  stress  is 
carried  beyond  the  elastic  limit  the  departure  from  the  law 
begins  to  be  serious,  and  with  the  approach  of  rupture  the 
law  is  often  a  travesty  of  the  facts.  If  then  calculation 
supplies  values  for  the  stresses  or  strains,  at  any  point  of  a 
structure,  such  as  answer  to  the  breaking  load,  the  only 
legitimate  conclusion  is  that  the  physical  basis  for  the  calcu- 
lation is  not  satisfactory.  It  would  certainly  be  prudent  in 
such  a  case  to  conclude  that  the  load  contemplated  is  exces- 
sive, or  badly  distributed  ;  but  how  excessive  it  may  be,  or 
what  would  happen  if  it  were  applied,  lies  outside  the  range 
of  the  ordinary  theory.  From  the  theoretical  standpoint 
the  most  logical  course  would  seem  to  be  to  consider  not  the 
breaking  load  but  that  answering  to  the  elastic  limit.  Ac- 
cording to  our  author,  the  elastic  limit  is  usually  pretty 
clearly  defined  in  most  building  materials ;  and,  supposing 
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this  to  be  true,  there  would  not  appear  to  be  serious  objec- 
tion on  the  practical  side  to  focussing  attention  on  it  rather 
than  on  the  breaking  load.  It  appears,  however,  to  be  the 
invariable  or  almost  invariable  custom  amongst  practical 
men  to  make  use  ostensibly  of  the  breaking  load  modified 
by  so-called  **  factors  of  safety.' '  Aft^r  giving  the  defi- 
nition 

factor  of  safety  =  (ultimate  strength)  -r-  (extreme  working 

stress), 

our  author  adds  (Art.  34)  :  **  The  rational  use  of  a  factor  of 
safety  *  *  *  results  *  *  *  in  preventing  waste  of  material 
locally  by  making  the  margin  of  strength  equal  for  all  parts. ' ' 
Perhaps  a  more  logical  way  of  presenting  the  facts  would 
be  to  say  that  what  the  engineer  puts  before  him  is  the 
**  extreme  working  stress '^  which  he  gets  by  dividing  his 
ultimate  strength,  i.  e.,  breaking  load,  by  a  certain  number 
which  he  calls  a  factor  of  safety.  Supposing  the  working 
stress  thus  arrived  at  not  to  strain  the  material  beyond  the 
elastic  limit,  there  is  no  objection  on  mathematical  grounds 
to  calculations  in  which  it  plays  a  part. 

There  still,  however,  remains  a  diflSculty  ;  for  how  are 
we  to  determine  the  factor  of  safety  ?  On  this  point  we  are 
told  in  Art.  34:  **The  choice  of  a  factor  *  *  *  depends  on 
many  considerations,  such  as  the  probable  accuracy  of  the 
estimated  loads  and  also  that  of  the  theory  *  *  *  the  possible 
effects  of  bad  workmanship,  *  *  *  the  variability  or  uni- 
formity of  the  load.  *  *  *  The  factor  *  *  *  also  serves  to 
provide  for  *  *  *  incidental  shocks.  *  *  *  The  factor  *  *  * 
is  rarely  less  than  3,  it  is  very  commonly  4  or  6,  and  it  is 
sometimes  as  much  (in  machines)  as  10  or  12."  The  factor 
of  safety  covers,  in  short,  uncertainty  in  the  material,  un- 
foreseen contingencies  from  loading  or  weather,  and  gaps  in 
the  engineer's  physical  or  mathematical  knowledge.  So  long 
as  all  these  sources  of  uncertainty  are  lumped  together,  '^  a 
rational  use  of  a  factor  of  safety"  seems  rather  much  to 
hope  for.  One  of  the  things  most  likely  to  narrow  the 
range  of  uncertainties  is  a  knowledge  of  what  really 
determines  the  changes  that  take  place  in  the  material  as 
the  load  is  raised.  There  are  various  theories  bearing  on 
this  point.  The  three  principal  believe  that  in  isotropic 
materials  the  crux  is:  (1)  the  maximum  principal  stress, 
(2)  the  maximum  stress-difference  (or  difference  between  the 
greatest  and  least  principal  stresses),  (3)  the  greatest 
principal  strain.  Of  these  theories  the  first — employed  by 
Lam6  and  others — is  now  hardly  supported  by  any  the- 
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oretical  elastician  ;  the  second — suggested  by  Tresca's  ex- 
I>erimeDt8  on  the  flow  of  metals — has  been  used  by  Prof.  G. 
H.  Darwin  and  others  ;  the  third  was  that  advocated  by 
St.  Yenant.  Our  author  refers  explicitly  to  no  theory. 
In  dealing  with  ultimate  strengths  he  invariably  speaks 
of  the  stress,  and  his  language  in  many  places  (e.  g.,  Art.  8 
where  he  says  **  the  greatest  principal  stress  measures  the 
greatest  intensity  which  the  material  has  to  bear  *  ^ )  certainly 
suggests  that  he  supports  the  first  or  greatest  stress  theory 
of  rupture.  In  general ,  however,  he  really  avoids  com- 
mitting himself.  When  a  piece  of  given  material,  of  given 
size  and  shape,  is  loaded  in  a  particular  way,  so  long  as 
Hooke's  law  holds,  doubling  the  load  doubles  alike  every 
stress  and  strain  ;  thus  the  condition  of  the  material  can  be 
defined  by  specifying  the  magnitude  of  any  one  convenient 
stress  or  strain.  In  such  a  case  the  laying  down  a  limiting 
stress  does  not  commit  one  to  any  theory  of  rupture.  If,  for 
instance,  we  take  a  uniform  bar  under  simple  tension  S,  the 
greatest  stress  and  the  maximum  stress-difference  are  both 
iS,  and  the  greatest  strain  is  S/E,  where  J&  is  a  constant  for 
the  material  (Young's  modulus).  Thus  we  may  specify 
that  the  working  stress  shall  not  exceed  S,  and  yet  believe 
that  the  critical  thing  is  that  the  maximum  stress-difference 
shall  not  exceed  S,  or  the  greatest  strain  shall  not  exceed 
S/E.  Our  author  refers  to  separate  limiting  stresses  for 
simple  tension,  simple  compression,  and  shearing ;  and  if 
the  simple  states  were  those  that  always  existed,  one  might 
get  along  fairly  comfortably  without  any  theory  of  rupture. 
As  matters  actually  stand,  however,  empiricism  is  under  the 
disadvantage  that  absolutely  simple  tension,  compression,  or 
shearing  are  rather  ideal  states,  and  are  only  approximated 
to  even  in  the  testing  machine.  In  some  of  the  problems 
treated  in  this  book  the  stress  system  is  not  simple,  and,  as 
we  shall  see  later,  the  conclusions  drawn  as  to  the  strength 
are  not  always  reliable  unless  the  maximum  stress  theory 
be  really  true. 

Nature  of  matericd, — In  Arts.  17  to  19,  Young's  and  the 
rigidity  moduli  are  defined  in  a  way  applicable  only  to  iso- 
tropic materials,  while  isotropy  is  first  mentioned,  and  then 
only  incidentally,  in  Art.  20.  In  Art.  26,  where  the  stress- 
strain  relations  are  formulated,  it  is  indeed  mentioned  that 
isotropy  is  assumed,  but  nothing  is  said  as  to  the  general 
form  of  the  relations  in  non-isotropic  materials.  In  Art.  33 
there  are  fuller  references  to  differences  between  isotropic 
and  non-isotropic  materials,  but  only  from  the  point  of  view 
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of  ultimate  strength.  The  same  article  tells  us  that  wrought 
iron  is  not  isotropic,  and  data  confirming  this  statement 
appear  in  Table  III,  p.  241.  Yet  in  Table  IV,  p.  241,  there 
appear  values  of  Young's  and  the  rigidity  moduli  for 
wrought  iron,  as  if  it  were  isotropic,  and  we  even  have  a 
Young's  modulus  given  for  **  timber  '  *  without  any  specifi- 
cation of  direction.  All  the  mathematical  calculations  in 
the  book,  which  depend  in  any  way  on  the  precise  form  of 
the  stress-strain  relations,  tacitly  assume  isotropy  ;  and  no 
attempt  is  made  to  ascertain  what  modification  is  necessary 
to  render  the  results  applicable  to  non-isotropic  material. 
This  assumption  of  isotropy  is  by  no  means  peculiar  to 
the  present  work.  Rankine  and  St.  Venant  indeed  in 
various  writings  intended  for  practical  men  treated  non- 
isotropy  in  considerable  detail,  but  we  know  of  no  recent 
English  practical  writer  who  has  followed  this  example.  It 
is  very  possibly  undesirable  that  elementary  books  should 
go  into  much  detail  in  this  matter,  but  greater  prominence, 
should  be  given  to  the  limitations  involved  by  the  assump- 
tion of  isotropy,  whose  occurrence  is  after  all  probably  the 
exception  rather  than  the  rule. 

Mathematical  treatment. — The  author  puts  stresses  in  the  fore- 
front. Supposing  the  three  principal  stress  directions  to 
coincide  with  the  rectangular  axes,  then  the  strain  **e,  is 
made  up  partly  of  the  direct  strain  which  (the  stress)  p, 
produces  in  its  own  direction,  and  partly  of  the  lateral 
strains  produced  by  p  and  pj^  (p.  21).  In  this  way 
Young's  modulus  and  Poisson's  ratio  at  once  come  to  the 
front  as  elastic  constants.  The  general  properties  of  strain, 
the  relations  of  strain  to  displacement,  the  surface  stress 
equations  and  the  ordinary  body  stress  differential  equations 
are  not  considered.  When  the  basis  provided  proves  too 
narrow,  as  it  sometimes  does — e,  g.,in  Arts.  143  and  147—, 
the  author  makes  such  supplement^ary  assumptions  as  he 
finds  necessary.  This  seems  a  trifle  hard  on  the  con- 
scientious student  whose  knowledge  of  elasticity  is  con- 
fined to  this  book.  The  proof  of  the  *  *  equality  of  shearing 
stress  in  two  directions ' '  in  Art.  1 2  is  not  rigid  ;  the 
author  makes  no  use  of  his  hypothesis  that  the  cube  is  in- 
definitely small,  and  in  fact  does  not  refer  at  all  to  bodily 
forces.  The  use  of  l/<r  for  Poisson's  ratio  may  lead  to  con- 
fusion, as  that  quantity  is  represented  by  <r  in  Thomson 
and  Tait's  Natural  Philosophy  and  in  Love's  Treatise  on 
ElavSticity.  Again  in  Art.  147,  l/<r  is  replaced  by  fi  —  used 
to  represent  the  rigidity  by  St.  Venant,  Pearson,  Love,  etc. 
— the  rigidity  itself  being  denoted  by  C     In  discussing  the 
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determination  of  the  rigidity  in  Article  72.  ix  is  used  for  the 
twisting  couple  for  unit  angle  of  twist.  The  difference  be- 
tween static  and  kinetic  moduli  is  presumably  an  unneces- 
sary refinement  in  engineering,  so  that  the  absence  of  refer- 
ence to  the  subject  in  Arts.  71  and  72  is  hardly  surprising, 
but  in  Art.  73  the  discussion  of  MaxwelPs  method  of  de- 
termining the  rigidity  might  well  have  called  attention  to 
the  fact  that  it  keeps  the  tension  of  the  wire  unaltered  and 
eliminates  the  moments  of  inertia  of  the  shifted  masses 
round  their  own  axes  of  figure. 

Before  entering  on  a  discussion  of  beam  problems  in 
Chap.  V,  the  author  describes  **  uniformly  distributed 
stress,"  which  means  stress  the  same  in  intensity  and  direc- 
tion at  every  point  of  a  plane  surface,  and  **  uniformly 
varying  sti'ess  "  in  which  the  stresses  are  parallel,  but  vary 
as  the  distance  from  some  line  (a  '^neutral  axis")  in  the 
plane  to  which  they  are  perpendicular.  He  adds  (Art.  79)  : 
"  Uniformly  varying  stress  is  practically  important  because 
it  occurs  *  *  *  in  a  bent  beam,  in  a  tie-rod  when  subjected  to 
a  non-axial  pull,  and  in  a  long  strut  or  column."  In  short 
the  author  assumes  the  ordinary  Bernoulli-Euler  theory  for 
beams  whether  locally  or  generally  loaded.  He  considers 
first  the  stresses  alone,  explaining  several  graphic  methods. 
He  then  proceeds  to  determine  the  **  slopes  "  and  **  deflec- 
tions" in  beams,  on  the  assumption  that  **  The  strain  on 
any  imaginary  filament  taken  along  the  length  of  the  beam 
is  sensibly  the  same  as  if  that  filament  were  directly  com- 
pressed or  extended  by  itself"  (Art  97).  Supposing  a; 
measured  parallel  to  the  length  of  the  beam,  and  denoting 
the  slope  by  i,  the  deflection  by  li,  and  the  radius  of 
curvature  of  the  central  axis  by  i?,  the  author  (Art. 
99)  deduces  l/B  =  di/dx  =  d'u/dx^  whence  i  =  f(l/E)dx, 
u  =  Jidx,  Having  expressed  1/R  in  t^rms  of  the  bending 
couple  by  the  Bemoulli-Euler  method,  he  thus  arrives  by 
one  step  at  i  and  by  a  second  step  at  u.  In  introducing  the 
formula  1/R  =  d^ujdx^  the  author  specifies  that  the  deflection 
is  assumed  very  small,  but  he  does  not  explain  that  this 
means  that  (du/dxy  is  neglected  as  compared  to  unity. 

The  strained  form  of  a  bent  beam  is  illustrated  by  Fig. 
84,  Art.  102.  This  would  have  been  clearer  if  the  excess 
of  width  at  the  top  had  been  more  exaggerated  (cf. 
Thomson  and  Tait's  Natural  Philosophy,  Art.  716).  Also 
when  the  author  says  :  "  The  lateral  strain  being  l/<r  of  the 
longitudinal  strain,  the  anticlastic  or  transverse  curvature 
*  *  *  is  l/<r  of  the  longitudinal,"  one  cannot  but  fear  that 
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the  student  will  obtain  an  erroneous  idea  both  of  what  is 
meant  by  "anticlastic  curvature ''  and  of  what  actually 
takes  place.  The  conclusions  in  the  end  of  Art.  102  as  to 
the  bending  of  a  **  wide  flat  strip ''  seem  hardly  in  accord- 
ance with  Pearson  and  Filon's  results  (^Quarterly  Journal  of 
Pure  and  Applied  MathematicSy  Vol.  31,  p.  66,  especially 
Arts.  52  et  seq.).  The  author's  treatment  of  the  ordinary 
first  approximation  results  for  beams  has  much  to  com- 
mend it,  especially  for  students  weak  at  mathematical 
analysis.  When,  however,  he  tries  to  improve  on  the  first 
approximation  results,  he  is  less  satisfactory.  Thus  in 
Art.  95  when  deducing  the  distribution  of  shearing  stress 
over  the  section  of  a  beam,  and  in  Art.  105,  when 
applying  the  results  so  obtained  to  the  calculation  of  the 
'^  additional  deflection  due  to  shearing,*'  he  tacitly  as- 
sumes that  the  shearing  stress  is  the  same  at  every  point  of 
a  narrow  strip  perpendicular  to  the  plane  of  bending.  We 
are  not  aware  that  this  has  been  proved  in  any  particular 
case  ;  it  is  not  in  accordance  with  the  solution  obtained  by 
St.  Venant  for  beams  under  terminal  shearing  force  (Tod- 
hunter  and  Pearson's  History,  Vol.  2,  Part  I,  p.  64),  or 
with  that  found  by  Pearson  and  Filon  for  a  heavy  elliptic 
beam  (1.  c. ,  pp.  88  and  98) .  Further  the  *  *  correction' '  in  Art. 
105  is  of  the  same  order  of  magnitude  as  the  difference 
between  the  vertical  displacements  at  different  points  of 
the  cross  section ;  it  was  obtained  by  equating  work  done  by 
stresses  to  work  done  by  gravity  on  the  load,  while  no  ac- 
count was  taken  of  what  part  of  the  central  section  the  load 
was  applied  at. 

In  dealing  with  such  matters,  a  reviewer  cannot  but  re- 
gret the  great  scarcity  of  references  in  the  work  to  mathe- 
matical text  books  or  papers.  There  are  two  or  three 
references  to  Lord  Kelvin  and  one  to  Pearson,  in  connec- 
tion with  experimental  work  or  definitions,  while  St. 
Venant  is  mentioned  generally  in  connection  with  torsion; 
but  to  the  text  books  of  these  authors,  or  to  that  of  Love, 
or  to  their  mathematical  papers,  there  seems  no  reference 
anywhere.  Thus  when  the  author  reaches  an  unusual  re- 
sult one  is  uncertain  whether  it  has  or  has  not  any  more 
substantial  basis  than  the  proof  presented  in  the  book. 
The  average  engineering  student  is  perhaps  unlikely  to 
utilize  references,  but  their  presence  would  at  least  not 
harm  him  and  should  facilitate  enlargement  of  ideas  amongst 
the  more  competent. 

The  treatment  of  **  frames  "  in  Chap.  VIII  is  condensed, 
and  various  assumptions,— e.  g.,  in  Arts.  113, 116, 117,  and 
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119 — seem  to  require  more  explanation.  The  index  tells  us 
that  the  "  method  of  reciprocal  figures ''  in  Arts.  114  et  seq. 
is  due  to  Maxwell,  but  his  name  does  not  appear  in  the 
text.  The  subject  of  ** redundant  members''  in  frames  is 
very  lightly  touched  upon,  and  there  is  no  reference  to 
Macaulay's  recent  extension  of  Maxwell's  method  (^Philo- 
sophiccd  ifagazine,  Jan.,  1898,  p.  42). 

The  treatment  of  struts  in  Chap.  IX  is  fairly  full,  but  the 
explanation  of  Euler's  method  in  Art.  122  might  be  im- 
proved. On  p.  172  the  curvature  is  taken  as  <Pu/d]f  with- 
out restriction.  The  solution  of  course  assumes  that  (du/dy)  * 
is  n^ligible,  and  yet  the  conclusion  is  drawn  :  'Hhe  same 
force  will  serve  to  keep  the  strut  bent  whether  the  curvature 
is  small  or  not  so  small. ' '  Presumably  in  engineering  prac- 
tice anything  but  sndall  curvature  is  rare,  but  considerable 
elastic  bending  is  easily  introduced  in  thin  rods,  and  a  ref- 
erence to  some  more  general  treatment  (c.  g,,  Love's  Elas- 
ticity, Vol.  2,  Arts.  227  et  seq.)  would  appear  desirable. 
The  conclusion  reached  by  the  author  (Art.  122)  that  the 
length  of  a  segment  of  a  bent  strut  may  be  any  submultiple, 
even  or  odd,  of  the  whole  length,  is  correct,  but  it  does  not 
follow  from  his  mathematics.  His  final  equation  justifies 
his  conclusion  (P/EI)^{L/2)  =  nn/2,  only  when  n  is  an 
odd  integer.  The  fact  is  that  in  originally  assuming 
u  s=  ti,cos{  (P/EI)^y\  the  author  excluded  all  cases  in  which 
the  displacement  u  vanishes  at  the  center  of  the  rod  (his 
origin).  The  illustration  selected  in  Art.  12G  of  **  struts 
with  lateral  load"  is  rather  curious.  A  bending  moment 
whose  true  value  is  (  TrL/8)}l  —  {2x1  Ly\  is  represented  as 
(  WL/S)coa{T:x/L) ,  thus  replacing  the  true  differential  equa- 
tion by  one  of.  the  type 

(d'u/d3:^)+  au  +  e  cos  bx  =  0. 

A  pure  mathematician,  it  may  be  feared,  would  hardly  ac- 
cept as  adequate  the  explanations  that  '^  a  parabola  *  *  *  ig 
not  far  from  coincidence  with  a  curve  of  sines"  and  that 
1  —  {2x1  Ly  agrees  in  value  with  cos  {^x/L)  both  when 
a:  =  0  and  when  x  =  L/2.  It  may  be  added — as  a  personal 
contribution  from  the  reviewer — that  while  the  solution  of 
the  true  differential  equation  presents  no  real  difficulty,  the 
result  does  not  lend  itself  to  manipulation  by  quite  elemen- 
tary methods. 

Chap.  X  calls  for  a  few  criticisms.  Art.  127  assumes — as 
is  indeed  usual — that  when  a  circular  shaft  of  any  length 
is  twisted  in  any  symmetrical  way  each  element  suffera  a 
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displacement  directly  proportional  to  its  distance  from  the 
axis.  There  are  in  reality  any  number  of  possible  sjrm- 
metrical  kinds  of  twisting,  the  species  depending  on  the 
force  system  applied,  and  unless  the  length  be  great  com- 
pared to  the  diameter  there  is  no  a  priori  reason  to  suppose 
that  the  stress  and  strain  will  even  approximate  to  the  ordi- 
nary simple  law  (see  Cambridge  Transactions,  vol.  14,  p.  365). 
The  crank  shaft  dealt  with  in  Art.  131  is  a  case  where  the  ap- 
plication of  the  Bernoulli-Euler  method  is  somewhat  specula- 
tive. The  author  seems  here  to  hesitate  between  the  greatest 
principal  stress  and  the  maximum  shearing  stress  as  the 
criterion  for  rupture,  but  his  language  is  rather  ambiguous. 
In  Art.  133,  dealing  with  torsion  beyond  the  elastic  limit, 
the  author  supposes  that  the  twisting  couple  can  be  in- 
creased until  practically  the  whole  of  the  material — starting 
with  the  outer  layers — passes  beyond  the  elastic  limit,  and 
that  the  altered  material  possesses  everywhere  the  same 
shearing  stress  ^  ;  he  speaks  of  ^'  as  **  the  ultimate  shearing 
stress  of  the  material.''  In  Arts.  84  and  85  the  author  pre- 
sented a  closely  similar  view  in  dealing  with  the  bending  of 
rectangular  beams  ;  stating  that  the  stress  may  approach  a 
limiting  condition  in  which  there  is  a  iiniform  longitudinal 
tension  over  one  half  the  cross  section  and  an  equal  com- 
pression over  the  other  half.  It  would  be  desirable  that 
the  conditions  should  be  clearly  stated  under  which  material 
may  be  expected  to  behave  in  the  way  assumed  in  these 
articles,  and  that  there  should  be  references  to  experiments 
on  the  subject.  The  point  seems  of  importance  in  con- 
nection with  theories  of  rupture.  In  Arts.  134  and  135 
dealing  with  spiral  springs  a  reference  to  some  more  com- 
plete treatment  of  the  subject  would  be  particularly  desir- 
able. When  the  author  (p.  197)  talksof  resolving  *'  angles 
about  the  axes  ox  and  oy  to  find  the  horizontal  and  vertical 
components  of  the  angular  displacement  *  *  *'»  Ijis  mean- 
ing may  be  plain  to  the  practical  man,  but  it  certainly  is 
not  so  to  one  habituated  to  a  different  usage  of  mathematical 
terms.  Art.  138  dealing  with  the  whirling  of  shafts  is  more 
satisfactory,  but  it  might  be  desirable  to  tell  the  student 
that  the  formala  (P3I/dx^  =  ^Tr^n'vm/g,  which  is  really  as- 
sumed in  the  proof,  is  obtainable  by  ordinary  statics.  It 
would  also  be  well  to  refer  to  the  possibility  that  the  ma- 
terial may  be  strained  beyond  the  elastic  limit  before 
**  whirling*'  can  come  in  (Proceedings  of  the  Cambridge  Philo- 
sophical Society,  vol.  7,  p.  283). 

Chapter  XI  deals  with  several  interesting  problems,  but 
the  author  is  handicapped,  as  in  Chapter  X,  by  his  avoid- 
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ance  of  the  less  elementary  methods.  The  assumption 
that  *'  hoop  stresses  "  are  the  same  at  every  point  of  the 
thickness  of  a  thin  shell — ^whether  spherical,  or  cylindrical 
(of  circular  or  elliptical  section) — ^is  a  short  way  of  reach- 
ing results,  but  it  has  the  serious  disadvantage  of  possess- 
ing limitations  on  which  it  throws  no  light.  In  the  **  oval 
section,''  Article  142,  the  hypothesis  seems  of  doubtful 
validity  under  any  conditions  (cf.  Todhunter  and  Pear- 
son's History,  Vol.  2,  Part  1,  Arts.  537-638).  Articles 
143-4  treating  of  the  thick  circular  cylinder  are  less  ele- 
mentary and  more  satisfactory ;  but  the  author  has  to  in- 
troduce the  supplementary  assumption  that  the  longitudinal 
strain  is  uniform,  and  he  commits  himself  to  the  greatest 
stress  theory  of  rupture.  As  this  is  a  specially  good  ex- 
ample of  the  difficulty  of  getting  along  without  some  gen- 
eral theory  of  rupture,  and  also  of  the  expediency  of  know- 
ing what  the  true  theory  is,  the  reviewer  ventures  on  a 
slight  addition  to  the  text.  The  displacements  u  along  the 
radius  from  the  cylindrical  axis,  and  w  parallel  to  its  length 
taken  as  the  2-axis,  are  of  the  type  (^Proceedings  of  the  Cam- 
bridge Fhilosophical  Society y  Vol.  7,  p.  204) 

u=i  ar  +  D/r,         w  =  Az, 

where  Ay  a,  D  are  constants  determined  from  the  surface 
conditions.  Suppose  these  conditions  to  be  uniform  pres- 
sures p^  and  p^  over  the  inner  and  outer  cylindrical  surfaces, 
whose  radii  are  r.  and  r„  along  with  unifoim  tension  P  par- 
allel to  the  cylindrical  axis  (we  may  suppose  P  to  represent 
the  action  of  closed  ends  when  such  exists).  Then  denot- 
ing Young's  modulus  by  E  and  Poisson's  ratio  by  rj,  we 
ea^y  find 

\     E       r,'-r,'  'Ej^     E       r     r,' -  n" 

"^      '\E      E     r,'-n>    /• 

Art.  143  treats  the  case  when  P  and  p^  vanish,  for  which 

^  =  %  ^^^«  Kl  -  >?)  ^  +  (1  +  'J)  r,Vr\ ; 
E    T^^r,^^ 
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The  corresponding  principal  stresses,  in  Todhunter  and 
Pearson's  notation  (the  radial,  the  **  hoop,"  and  the  longi- 
tudinal) are 

^=  -l>Xr,/r)'(r,^-r')/(r,«-r,0; 

Everywhere  ^tp  is  the  gi'eatest  stress,  iptp  —  rr  the  maxi- 
mum stress-difference,  and  ujr  the  greatest  strain  ;  and  all 
three  quantities  have  their  greatest  values  over  the  inner 
cylindrical  surface,  where 

rp  =  vSTx  +  r^^liri  -  ^i') ;    s^  —  i7  =  "^niliri  -  r,*) ; 

ulr^^pJE)  {V  +  V  +>?(r,«  -  r,')  {/(r,«  -  r,'). 

Now  suppose,  as  in  Art.  143,  that/  is  the  largest  safe 
tension  in  a  long  bar  of  the  material ;  then  /  is  a  superior 

limit :  on  the  greatest  stress  theory  to  ^^,  on  the  maximum 

stress  difference  theory  to  ^^  —  rr,  and  on  the  greatest 
strain  theory  to  E{u/r).  Thus  if  the  limiting  values 
allowed  by  the  three  theories  to  the  internal  pressure  be 
respectively  p/,  p^'  and  pi",  we  have 

P:  =/('•.'  -  V)/(r,'  +  r,') ;   ?/'=  /(r,'  -  r,')/(2r,') ; 
!'/"=/('•.'  -  '•,')/}'•.'  +  r.'  +  ,(r.'  -  r.') } ; 
and  so  p/'  =  p;W  +  r.')/(2r,'); 

Pr=  P.'  -  1 1  +  '»(V  -  r,) Kr,*  +  r,') } . 

As  r*  >  r,*,  clearly  p{  is  always  larger  than  p{^  or  ;>/";  or 
the  greatest  stress  theory — of  which  alone  our  author  takes 
cognizance — allows  a  greater  internal  pressure  than  either 
of  the  other  two  theories  would  consider  safe.  In  a  very 
thin  shell  jp/,  />/',  and  />/"  approach  equality  ;  but  in  a  very 
thick  shell  we  have  ultimately  jj/'=p//2,  p/"=l>//(l  +  ^j). 

'^  The  use  of  initial  internal  stress  in  strengthening  a  thick 
tube ''  (Art.  145)  represents  a  case  where  a  good  deal  may 
depend  on  the  theory  of  rupture  adopted.  Art.  146  assumes 
the  stress  in  a  revolving  ring  to  be  uniform  over  the  cross 
section.  Presumably  this  is  approximately  true  when  the 
diameter  of  the  cross  section  is  small  compared  to  the  aper- 
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tore  of  the  ring,  but  not  otherwise,  and  the  conclusions 
arrived  at  should  be  correspondingly  restricted. 

Art,  147  dealing  with  the  **  stress  in  a  revolving  disc''  is 
perhaps  the  nearest  approach  in  the  book  to  the  use  of  the 
strict  mathematical  theory.  In  drawing  conclusions  as  to 
the  fastest  safe  speed  of  rotation  the  author  again  confines 
himself  to  the  greatest  stress  theory.  It  happens,  however, 
that  all  three  rupture  theories  mentioned  above  allow  the 
same  limiting  velocity  in  the  case  of  a  disc  with  a  hole.  In 
the  disc  without  a  hole  the  greatest  stress  and  maximum 
stress  difference  theories  likewise  agree,  but  the  greatest 
strain  theory  allows  a  velocity  greater  than  that  allowed  by 
the  other  two  theories  in  the  ratio  1:  v^l  — 17.  The  problem 
of  the  rotating  disc  has  had  a  somewhat  curious  history,  an 
account  of  which — ^with  a  more  complete  treatment  of  the 
problem — ^will  be  found  in  the  Proceedings  of  the  Cambridge 
Philosophical  Society,  Vol.  7,  p.  201. 

Units. — Those  who  regard  the  retention  of  British  units 
as  a  sign  post  on  the  road  to  destruction  will  regard  the 
author  as  situated  far  on  the  downward  track.  There  seems 
no  reference  to  the  C.  G.  S.  system  except  in  footnotes  on 
pp.  3  and  53,  which  give  the  relation  between  tons  or  lbs. 
per  square  inch  and  kilogrammes  per  sq.  cm.  The  tables 
of  strength  and  of  elastic  moduli  at  the  end  use  '  *  tons  per 
sq.  inch,''  whilst  the  table  of  the  **  approximate  weights  of 
materials"  uses  **lbs.  per  cubic  foot."  In  Art.  130  work 
is  measured  in  **  inch-pounds  "  per  minute.  In  the  text  the 
author  speaks  of  tons  or  lbs.  per  sq.  inch  (not  ton  weights 
etc.),  and  his  attitude  towards  **^"  when  he  has  to  use  it 
is  apt  to  be  reserved  (see  Art.  72).  Our  own  view  is  that 
so  long  as  it  is  sufBciently  clear  what  is  meant,  the  termi- 
nology employed  in  referring  to  the  unit  of  stress  is  of 
secondary  importance.  So  long  as  *'  factors  of  safety  "  are 
as  elastic  (in  the  usual  sense)  as  at  present,  it  does  not 
much  matter  whether  the  standard  ton  resides  in  London  or 
New  York. 

This  review  has  been  written  under  the  belief  that  what 
the  readers  of  the  Bulletin  are  accustomed  to  is  a  critical 
examination  of  books,  and  not  the  kind  of  general  apprecia- 
tion that  is  so  easy  to  write  and  so  pleasant  (for  the  author's 
uncritical  friends)  to  read.  Lest,  however,  the  Bulletin 
may  occasionally  fall  into  the  hands  of  uncritical  persons, 
it  may  be  well  to  state  explicitly  that  in  many  respects 
Professor  Ewing's  book  is  an  excellent  one,  especially  as  an 
introduction  to  the  subject.  In  general,  it  is  clearly  written 
and  well  arranged,  and  bears  evidence  of  the  author's  ex- 
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perience  aa  a  teacher.  My  criticismB  largely  arise  from  the 
fact  that  the  author  seldom  indicates  the  limitations  and  un- 
certainties in  the  mathematical  methods  adopted,  or  sup- 
plies references  whence  his  readers  might  obtain  the  knowl- 
edge which  the  book  does  not  itself  supply.  Even  in  the 
parts  of  the  work  dealing  with  experimental  results  one  is 
rather  struck  by  the  paucity  of  references  to  recent  work 
done  outside  the  author's  laboratory.  The  insertion  of  long 
lists  of  authorities  in  an  elementary  book  may  savor  of 
ostentation,  but  the  author  goes  too  far  in  the  opposite 
direction. 

The  book  seems  carefully  printed.  Of  the  few  errata  I 
have  noticed  the  following  are  the  chief  not  already  referred 
to  :— p.  84, 1.19,  for  '*  then ''  read  ''  there  " ;  p.  101,  last  line, 
for  ** negative"  read  ** positive'';  p.  108,  lines  22  and  23, 
interchange  **  upper"  and  **  lower  "  (?);  p.  Ill,  1.  6  from 
foot,  insert  *' greatest"  before  ** stress";  p.  117,  case  4, 
the  force  jP,  increases  uniformly  (algebraically)  from  one  end 
to  the  other  ;  p.  126,  the  conclusion  that  shearing  stress  is 
greatest  at  the  neutral  axis  would  follow  from  proof  given 
only  if  breadth  C  constant ;  p.  135,  in  lines  9  and  10  of  Art. 
1 02,  interchange  *  *  above ' '  and  *  *  below  ";  p.  158, 1. 2  below 
fig.  101,  for  188  read  116  ;  p.  185,  1.  3  from  foot,  for  '*  Jf" 
r^d  '^ifj";  p.  207,  'T'  is  omitted  in  denominators  of 
formulae  for /and  /'  in  Art.  142  ;  p.  208,  **^"  should  be 
shown  in  Fig.  136  ;  p.  227,  1.  10,  for  dM/da  read  dMJda. 

Charles  Chbee. 

Richmond,  Subbby, 
July  2,  1900. 


SCHEFFERS'   DIFFERENTIAL   GEOMETRY. 

Anwendung  der  Differential'  und  Integralrechnung  auf  Oeo- 
metric.  By  Dr.  Georg  Scheffers,  Professor  in  the  Darm- 
stadt Polytechnic  School.  Erster  Band  :  Einfuhrung  in 
die  Theorie  der  Curven  in  der  Ebene  und  im  Raum.  Leipzig, 
Veitand  Co.,  1901. 

The  author  of  this  work  has  already  proved  his  capacity 
for  writing  text-books  in  a  clear  and  readable  manner,  in 
the  three  volumes  of  Lie's  works  which  he  edited.  The 
present  volume  is  arranged  and  written  in  the  same  attrac- 
tive and  on  the  whole  satisfactory  style — for  which  the 
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author  is  to  be  particularly  congratulated,  inasmuch  as  the 
work  is  intended  for  students  who  wish  to  obtain  a  bird's- 
eye  view  of  the  vast  subject  of  the  applications  of  the  in- 
finitesimal calculus  to  geometry — a  subject  which  is  touched 
upon,  more  or  less,  by  nearly  every  writer  of  mathematical 
text-books  or  papers,  and  which  for  that  reason  is  almost 
inaccessible  as  a  whole  to  the  average  stuc^ent. 

There  is  a  remarkable  dearth  of  books  on  this  subject  in 
the  English  language — practically  the  only  sources  of  in- 
formation for  the  beginner  being  Salmon's  classical  (but  an- 
tiquated) works,  and  the  various  larger  text-books  on  the 
calculus.  Important  portions  of  the  subject  are  treated  by 
all  the  French  authors  who  edit  a  Ck)ur8  d'analyse — Houel, 
Jordan,  Picard,  Laurent,  etc. ;  but  these  works  fail  to  be 
adapted  to  the  wants  of  the  beginner  either  from  being  too 
much  condensed — as  those  of  Jordan  and  Picard — or  from 
being  too  diffuse,  as  that  of  Laurent.  In  German,  the  ele- 
mentary text-books  are  Hoppe  and  Joachimsthal— neither 
of  which  appeals  to  the  beginner  on  account  of  peculiarities 
of  arrangement ;  while  Stahl-Kommerell  is  much  too  brief 
and  Bianchi  too  difficult  for  one  who  has  only  had  a  course 
in  elementary  calculus. 

A  great  mathematical  discovery  is  nearly  always  the  out- 
growth of  a  need,  felt  by  mathematicians  in  general  rather 
than  by  a  single  investigator,  for  the  advance  represented 
by  the  discovery ;  so  that  a  work  which  coordinates  and 
presents  in  a  readable  form  the  principal  branches  of  a 
many-sided  subject  paves  the  way,  at  least,  for  a  notable 
advance  in  the  science.  In  this  sense.  Professor  Scheffers 
deserves  the  thanks,  both  of  the  students  of  mathematics, 
for  whom  the  work  is  especially  intended,  and  of  mathe- 
maticians in  general. 

The  volume  which  has  just  appeared,  and  which  we  shall 
examine  briefly,  contains  the  first  grand  division  of  the 
author's  subject :  the  theory  of  curves — plane  curves,  and 
space  curves  with  their  accompanying  developables.  The 
second  division,  which  will  appear  within  a  year,  will  con- 
tain the  general  theory  of  surfaces. 

The  subjects  considered  in  Part  I.  of  the  present  volume 
are  largely  those  given  in  any  complete  work  on  the  calcu- 
lus— the  theory  of  contact  of  plane  curves,  curvature,  evo- 
lute  and  involute,  etc.  It  is  perhaps  regrettable  that  practi- 
cally nothing  is  done  towards  the  discussion  of  asymptotes 
(as  is  done,  for  example,  in  Houel* s  Calcul  infinitesimal, 
volume  2),  and  the  treatment  of  singular  points  is  very 
meager. 
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Some  sections  of  this  part,  however,  treat  of  subjects  not 
usually  given  in  the  current  text-books,  and  they  deserve 
special  notice.  In  §2  the  writer  explains  what  is  meant  by 
a  movement  in  the  plane,  by  showing  that  it  is  immaterial 
whether  the  operations  represented  by  the  familiar  equations 

of  ^=  X  cos  a  —  y  sin  a  +  a, 

(1) 

y'  =  a;  sin  a  +  y  cos  a  +  6, 

be  interpreted,  1°,  as  a  change  in  the  position  of  the  co- 
ordinate axes  with  reference  to  the  geometrical  figure  under 
consideration,  or  2°,  as  a  change  of  the  position  of  the 
figure  with  reference  to  the  (unchanged)  axes.  This  in- 
troduces the  reader  at  once,  and  in  the  most  natural  man- 
ner, to  the  conception  of  a  transformation  of  the  points  of 
the  plane.  In  §  8  certain  differential  invariants  of  a  plane 
curve  are  defined  and  deduced  by  means  of  the  definition 
of  a  movement  contained  in  §  2.     Any  function  of 


y> 


dy       d*y 
dx'      cPx' 


which  remains  unchanged,  when  the  curve  y  =/(«)  is  sub- 
jected to  the  movements  (1),  is  called  a  differential  invar- 
iant of  the  curve  with  regard  to  those  movements.*  All 
possible  differential  invariants  (in  this  sense)  are  shown — ^in 
an  entirely  elementary  manner  and  without  reference  to  the 
theqry  of  transformation  groups — to  be  functions  of  the 
magnitudes 

where  r  and  r  are  radius  of  curvature  and  angle  of  contin- 
gence,  respectively. 

The  results  of  this  section  are  applied  in  §  9  to  establish 
the  necessary  and  sufficient  conditions  that  two  plane  curves 
shall  be  congruent.  For  since  the  differential  invariants 
(2)  are  unchanged  by  a  movement  (1),  it  is  clear  that  two 
curves  can  be  congruent  only  when  their  differential  in- 
variants have  the  same  values  at  corresponding  points.     It  is 

'*'  The  conception  **  differential  invariant ''  is  contained  implicitly  in  all 
the  older  works  on  differential  equations.  Cayley,  in  his  Theory  of  In- 
variants, and  Halphen,  in  his  *^  These  sur  les  invariants  diff^rentiels  " 
(1878),  established  certain  classes  of  differential  invariants  ;  but  the 
general  theory  of  differential  invariants  is  due  to  Lie  (  Verhand,  der  Gesell. 
der  Wiss.  zu  Christiania,  Febr.,  1875,  also  1882-3  ;  Archiv  for  Maih.j 
1882-3  ;  Math,  Annalen,  vol.  24). 
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clear  that  dr/dr  is  some  function  of  t  ;  so  that  if  dr/dr  =  u){r) 
along  the  one  curve,  the  necessary  and  sufficient  condition 
for  congruence  may  be  seen  to  be  that  dr/dr  must  be  the 
%ame  function  of  r  along  the  other  curve.* 

All  properties  of  a  given  curve  therefore  which  are  inde- 
pendent of  the  position  of  the  coordinate  axes,  find  their 
complet'C  expression  in  the  equation  dr/dT  =  io{r^  ;  there- 
fore nothing  is  more  natural  than  to  introduce  dr/dr  =  u){r^ 
as  the  intrinsic,  or  natural,  equation  to  a  curve,  f 

In  §  11  it  is  shown  that  the  differential  invariants  (2) 
represent,  geometrically,  the  radii  of  curvature  of  the  evo- 
lute,  or  of  the  evolute  of  the  evolute,  — ,  of  the  given  curve, 
as  readily  appears. 

The  §§  14-20  of  Part  I.  are  taken  up  with  a  brief  outline 
of  the  theory  of  ordinary  differential  equations  in  the  plane : 
and  the  introduction  of  the  conceptions  curvilinear  coordi- 
nates^ curve-neUj  etc.  It  is  very  fortunate  for  the  beginner 
that  the  author  treats  the  subject  of  parametric  (curvi- 
linear) coordinates  in  the  plane  very  fully  and  clearly — 
carefully  deducing  the  conditions  that  two  curve  families 
shall  form  an  orthogonal  system,  an  isometric  system,  etc., 
in  the  plane — as  most  of  these  results  can  be  extended  at 
once  to  curve  families  on  a  surface.  It  is  just  these  sec- 
tions of  Part  I.  which  will  be  most  useful  and  most  interest- 
ing to  the  beginner — as  those  subjects  are  not  systematically 
treated  in  the  current  text-books,  at  least  until  the  difficult 
general  theory  of  surfaces  is  studied.  Of  especial  interest 
are  the  paragraphs  giving  Lie's  geometrical  interpretation 
of  an  integrating  factor,  the  finding  of  all  transformations 
which  leave  areas  invariant,  the  finding  of  all  conform  trans- 
formations, and  the  discussion  of  Lie's  method  of  integrat- 
ing two  ordinary  differential  equations  when  a  certain  rela- 
tion between  their  integrating  factors  is  known. 

Part  II.  of  this  volume  scarcely  demands  a  detailed  dis- 
cussion here,  as  it  consists  mainly  of  an  excellent  exposi- 
tion of  the  classical  theory  of  the  space-curve,  introducing 
the  reader  to  the  conceptions  osculating  plane,  contact,  curva- 
ture, osculaJting  sphere,  etc.,  together  with  the  natural  exten- 
sion to  space  of  the  developments  in  Part  I.  concerning 
movements,  differential  invariants,  etc. 

In  §  3,  for  instance,  the  writer  explains  how  the  (space) 
equations  analogous  to  (1)  define  a  movement,  and  proves 
incidentally  Mozzi's  theorem  that  (in  general)  any  move- 
ment in  space  can  be  replaced  by  a  screw  movement. 

*ThiB  criterion  does  not  hold,  for  obviooa  reasons,  for  circles  and  mini- 
mal straight  lines. 

t  That  this  is  equivalent  to  Whewell's  form  a  =/(  i")  is  readily  verified. 
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Then  in  §  12  all  differential  invariants  of  a  space  curve — 
with  r^:ard  to  the  movements — ^are  determined  ;  and  they 
are  shown  to  be  functions  of  the  radius  of  curvature  r,  the 
radius  of  torsion  />,  and  the  derivatives  of  these  functions 
with  respect  to  the  arc  length  «.  Thence  are  obtained  the 
intrinsic  (or  natural)  equations  of  space  curves  as  the  two 
independent  equations  which  contain  the  differential  in- 
variants of  lowest  orders  of  the  curve.  In  the  next  sec- 
tion the  author  gives  Lie's  method  of  reducing  to  the  inte- 
gration of  a  Riccati  equation  the  problem  of  finding  the 
finite  equations  of  a  space  curve  from  its  given  intrinsic 
equations. 

These  sections,  as  well  as  §  18,  19  in  which  the  curve  is  to 
be  determined  from  the  spherical  iudicatrix  of  its  tangents, 
principal  normals,  or  binormals,  will  offer  considerable,  but 
by  no  means  insuperable,  difficulties  to  the  beginner. 

In  order  to  complete  the  development  of  the  theory  of 
the  space  curve — in  particular,  the  theory  of  the  evolutes 
or  involutes  of  a  given  space  curve — it  is  necessary  to  ex- 
amine the  curve  in  connection  with  its  accompanying  de- 
velopable surfaces.  The  more  important  of  these  develop- 
ablesare,  respectively,  the  envelopes  of  the  osculating  planes 
and  of  the  normal  planes  of  the  curve.  The  author  gives, 
therefore,  in  the  first  section  of  Part  III.  a  brief  discussion 
of  the  ruled  surface,  and,  in  particular,  of  the  developable, 
deducing  afterwards  the  theory  of  the  evolutes  and  involutes 
of  the  space  curve  in  his  usual  clear  manner. 

All  theorems  which  are  proved  with  the  arc  length  $ 
chosen  as  the  variable  parameter  of  which  x,  y,  and  is  are 
functions,  fail  of  course  for  the  special  curves  for  which  $ 
is  everywhere  zero.  Hence  the  minimal  curves  (or  min- 
imal straight  lines)  demand  a  special  discussion,  and  the 
development  of  the  theory  of  these  curves  according  to 
Legendre,  Enneper,  Weierstrass,  and  Lie  closes  the  volume. 

The  type  work  of  the  book  is  excellent ;  very  few  mis- 
prints have  been  observed.  It  is  furnished  with  an  appen- 
dix containing  several  tables  of  useful  formulae,  and  with  a 
good  index.  The  author  has  enriched  the  general  theory  of 
curves  by  several  original  developments — notably  in  the 
discussion  of  the  trajectories  of  a  curve  family*  in  the 
plane,  and  in  the  integration  of  the  intrinsic  equations  f  of 
a  space  curve.  The  historical  references,  given  whenever  a 
new  definition  is  introduced,  will  be  of  great  value  to  the 

*G.  Scheffere,  Ber.  der  maih.-phys.  Klasse  der  kgl,  Sachs.  Qesell.  der 
Wi89.  zu  Leipzig,  October  24,  1898. 
t  Same  publication,  January  8,  1900. 
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reader  who  wishes  to  penetrate  deeper  into  this  branch  of 
the  science.  The  figures  in  the  text  are  drawn  with  great 
care,  and  the  illustrative  examples  worked  out  fully  and 
clearly.  The  reader  of  English  text-books  will  miss  the 
long  hsts  of  problems  usually  given  at  the  ends  of  the  chap- 
ters in  such  works  ;  but  we  predict  for  the  book  a  very  use- 
ful career  in  the  lecture  room,  especially  in  the  hands  of  an 
energetic  teacher  who  can  supply  himself  with  an  abundance 
of  illustrative  problems. 

J.  M.  Page. 
Univeesity  of  Vibginia, 
November  11,  1900. 


NOTES. 


A  NEW  edition  of  the  Annual  Raster  of  the  Society  will 
be  issued  in  January.  Forms  for  furnishing  necessary  in- 
formation have  been  sent  to  each  member,  and  a  prompt  re- 
sponse will  be  of  great  assistance  to  the  Secretary. 

At  the  annual  general  meeting  of  the  London  mathe- 
matical society  held  November  8,  1900,,  the  following 
officers  were  elected :  Dr.  E.  W.  Hobson,  president ;  Lord 
Kelvin,  Professor  W.  Burnside,  and  Major  P.  A.  Mac- 
Mahon,  vice-presidents  ;  Dr.  J.  Larmor,  treasurer ;  Mr. 
R.  Tucker,  and  Professor  A.  E.  H.  Love,  honorary  secre- 
taries; Mr.  J.  E.  Campbell,  Lieut. -Ck)l.  A.  C.  Cunning- 
ham, Professor  E.  B.  Elliott,  Dr.  J.  W.  L.  Glaisher, 
Professor  M.  J.  M.  Hill,  Messrs.  A.  B.  Kempe,  H.  M.  Mac- 
DONALD,  A.  E.  Western  and  E.  T.  Whittaker,  additional 
members  of  the  council.  The  subject  of  Lord  Kelvin's 
address  as  retiring  president  of  the  society  was  **  The  trans- 
mission of  force  through  a  solid." 

At  the  anniversary  meeting  of  the  Royal  Society  of  Lon- 
don, on  November  30,  Sir  William  Huggins  was  elected 
president.  Among  the  new  members  of  the  council  is  Pro- 
fessor E.  B.  Elliott.  A  Royal  medal  was  presented  to 
Major  P.  A.  MacMahon  for  his  contribution  to  mathemat- 
ical science. 

The  National  academy  of  sciences  held  its  autumn  meet- 
ing at  Brown  University,  Providence,  R.  I.,  on  November 
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13.  The  following  mathematical  and  physical  papers  were 
among  those  read  : 

J.  Trowbridge  :  '*  Investigations  of  light  and  electricity 
with  the  aid  of  a  battery  of  twenty  thousand  cells."" 

S.  L.  Penfield  :  '^  Stereographic  projection  and  some  of 
its  possibilities  from  a  graphical  standpoint." 

T.  C.  MENDEiiHALL:  **  Notc  on  the  energy  of  recent 
earthquakes." 

H.  A.  Rowland:  *'0n  the  explanation  of  inertia  and 
gravitation  by  means  of  electrical  phenomena." 

C.  Barus  :  *  *  On  stability  of  vibration  and  on  vanishing 
resonance." 

The  Royal  Academy  of  Belgium  proposes  the  following 
prize  questions  for  the  year  1901 : 

1.  Find  the  form  of  the  principal  terms  introduced  by  the 
elasticity  of  the  earth's  shell  into  the  formulas  for  the  change 
of  obliquity  and  of  longitude.  Value  of  the  prize,  800 
francs. 

2.  An  important  contribution  is  to  be  made  to  the  theory 
of  mixed  forms  in  any  number  of  series  of  variables,  and  the 
results  are  to  be  applied  to  the  geometry  of  the  correspond- 
ing space.     Value  of  the  prize,  600  francs. 

The  memoirs  may  be  written  in  French  or  Flemish,  and 
should  be  sent  before  August  1,  1901,  under  the  usual  con- 
ditions as  to  anonymity  to  the  permanent  secretary  of  the 
academj'  in  Brussels. 

University  of  Paris.  The  following  courses  in  mathe- 
matics are  among  the  announcements  of  the  faculty  of 
sciences  for  the  academic  year  1900-1901  : — First  semester  : 
— By  Professor  G.  Darboux  :  Fundamental  principles  of 
infinitesimal  geometry  especially  with  reference  to  the 
theory  of  triple  systems  of  orthogonal  surfaces,  two  hours. 
— By  Professor  E.  Goursat  :  The  operations  of  the  differen- 
tial and  integral  calculus,  and  analytic  functions,  two 
hours. — By  Professor  P.  Apfell  :  The  general  laws  of 
equilibrium  and  motion,  two  hours. — By  Professor  H. 
Poincare:  The  motions  of  celestial  bodies  about  their 
centers  of  gravity,  two  hours.  — By  Professor  Boussinesq  : 
On  the  internal  friction  of  fluids,  two  hours. — By  Profes- 
sor G.  Kcenigs  :  Kinematics  of  solid  and  deformable  bodies, 
with  application  to  the  study  of  machines,  two  hours. — By 
Professor  L.  Raffy  :  Elements  of  analysis  and  mechanics, 
two  hours. — By  Dr.  M.  Andoyer  :  General  theory  of 
planetary  perturbations,  one  hour. — Conferences  by  Pro- 
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fessors  Ra.ffy,  Hadamard,  and  Puiseux,  and  Messrs. 
Andoyer  and  Blutel. — The  preliminary  announcements 
for  the  second  semester  include  courses  by  Professor  E. 
PicARD  on  algebraic  functions,  by  Professor  E.  GIoursat  on 
differential  equations,  by  Professor  P.  Appell  on  analytical 
mechanics,  by  Professor  G.  Kcenigs  on  the  study  of  ma- 
chines, and  by  Professor  L.  Raffy  on  the  differential  equa- 
tions of  mechanics  and  physics. 

Oxford  University.  Advanced  mathematical  courses 
for  the  Michaelmas  term  of  the  current  academic  year  are 
announced  as  follows : — By  Professor  E.  B.  Elliott  : 
Theory  of  numbers,  two  hours ;  substitutions  and  resol- 
vents, one  hour. — By  Professor  W.  Esson  :  Analytic 
geometry  of  plane  curves,  two  hours ;  synthetic  geometry 
of  plane  curves,  one  hour. — By  Professor  A.  E.  H.  Love  : 
Gravitational  attraction  and  theory  of  the  potential,  three 
hours ;  theory  of  sound,  one  hour. — By  Mr.  J.  E.  Camp- 
bell: Differential  equations,  two  hours. — By  Mr.  H.  T. 
Gerrans  :  Three-dimensional  rigid  dynamics,  two  hours. 

Cambridge  University.  Mr.  A.  N.  Whitehead  and  Mr. 
A.  Berry  are  the  examiners,  and  Mr.  J.  G.  Leatham  and 
Mr.  J.  H.  Grace  the  moderators  for  Part  I.  of  the  mathe- 
matical tripos,  1901.  Professor  H.  Lamb,  Mr.  H.  W. 
Richmond,  Mr.  H.  F.  Baker  and  Mr.  H.  M.  Macdonald 
are  the  examiners  for  Part  II.  of  the  same  tripos. 

The  Smith's  prizes  for  1900  have  been  granted  to  J.  F. 
Cameron  for  his  essay  :  '  *  The  molecules  as  electric  oscilla- 
tors,'' and  to  R.  W.  H.  T.  Hudson  for  **  Differential  equa- 
tions of  the  second  order  and  their  singular  solutions." 
Mr.  Hudson  was  senior  wrangler  and  Mr.  Cameron  second 
wrangler  in  1898. 

The  library  of  the  late  Dr.  M.  C.  Verloren  van 
Themaat,  containing  a  number  of  rare  mathematical  works, 
will  be  sold  at  auction  by  Frederick  Muller  and  Company, 
Doelenstraat  10,  Amsterdam,  Holland,  on  December  18-19. 

In  a  pamphlet  of  forty-seven  pages,  Ueber  die  Nomo- 
graphie  von  M.  d'Ocagne,  Leipzig,  Teubner,  1900,  Pro- 
fessor F.  Schilling  presents  the  salient  ideas  of  M. 
d'Ocagne's  book  (reviewed  in  the  Bulletin,  volume  5,  p. 
362)  under  the  conviction  of  its  great  utility  for  all  branches 
of  applied  mathematics.     As  this  utility  seems  generally  ad- 
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mitted,  we  may  hope  that  a  series  of  abaci  for  practical  use 
will  soon  be  accessible. 

According  to  Nature,  Dr.  Cullis,  professor  of  mathe- 
matics, at  Hartley  College,  Southampton,  has  been  appointed 
professor  of  mathematics  at  the  Presidency  College,  Calcutta  ; 
and  Mr.  J.  F.  Hudson,  late  lecturer  in  mathematics  at 
Jesus  College,  Oxford,  has  been  appointed  professor  of 
mathematics  at  Hartley  College,  Southampton. 

Professor  Frank  Morley  of  Johns  Hopkins  University 
has  recently  been  appointed  editor  of  the  American  Journal 
of  Mathematics, 

Professor  A.  Tresse  has  been  appointed  professor  of 
mathematics  at  the  college  Rollin,  Paris. 

Dr.  H.  Lorenz,  of  Halle,  has  been  made  director  of  the 
physical  and  technical  institute  of  the  university  of 
Oiittingen. 

Professor  G.  Oltramare,  the  venerable  dean  of  the 
faculty  of  sciences  of  the  university  of  Geneva,  has  retired 
from  the  chair  of  higher  mathematics  at  the  age  of  eighty- 
four,  after  a  tenure  of  fifty-two  years. 
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Baroni  (E.).  Sai  metodi  elementari  per  la  risoltusione  del  problemi 
geometrioi.     BolQgDU,  Zaniobelli,  1900.    8vo.    23  pp. 

Berby  (T.  W.  )  and  Vine  (G.  F.  ).  How  to  work  dedactions  in  Eaolid. 
London,  Simpkin,  190U.     12mo.     112  pp.  3t. 

Dupuis  (N.  F.  )•  Principles  of  elementary  algebra.  Revised  and  cor^ 
reoted  edition.  New  York,  Maomillan,  1900.  12mo.  7  +  336  pp. 
Cloth.  11.10 

DuRFEB  (W.  P.).  Elements  of  plane  trigonometry.  Boston,  Ginn, 
1900.     16mo.     6  4-105  pp.    Cloth.  |0.80 

Faudblla  e  Pantalbo.  Aritmetioa  e  geometria  per  la  qoarta  olasM 
elementare.    Torino,  Paravia,  1900.    16ma     128  pp.  Fr.  0.60 

.    Aritmetioa  e  geometria  per  la  qainta  olasse  elementare.    Torino^ 

Paravia,  1900.     16mo.    99  pp.  Fr.  0.60 

Gazzaniqa  (E.  P.).  Aritmetioa  generale:  division!  ordinarie,  speoiali 
e  mobili,  confignrazioni  nnmeriohe  e  nnmeri  primi,  divisioni  e 
frazioni  periodiche,  nnovi  stndi  e  teoremi.  Bergamo,  Bolia,  1900. 
8vo.     4 +  213  pp.  Fr.  6.00 

Giordano  (D.).  Nozioni  di  aritmetioa  rasionale,  esposte  per  nso  del 
ginnasio  superiore.  Ragosa  inferiore,  Criscione,  1900.  16ma 
102  pp.  Fr.  1.00 

HoLZBfANN  (A.)  nnd  Massinqbr  (R.).  Geometrisohe  ADSohannngs- 
lehre  (in  3  Teilen]  im  Ansohlnss  an  den  l^hrplan  der  badisofaen 
Realsohulanstalten.  Teil  I :  Erster  Abeohnitt  der  ebenen  Gebilde ; 
Pensam  der  Klasse  IV ;  32  pp.  Teil  II :  Z welter  Absdhnitt  der 
ebenen  Gebilde ;  Pensam  der  Klasse  V ;  30  pp.  2te  Anflage. 
Karlsruhe,  Reiff,  1900.    8vo.     Boards.  M.  0.60 

JACX2UET  (E.)  et  Laclef  (A.).  Cours  d'arithm^tiqne  th^riqne  et 
pratique,  avee  de  nombreax  exeroioes,  problemes,  eta,  4  Pussgedes 
dooles  normales  d'instituteurs  et  dMnsti tutrices,  des  ^les  primaires 
sup^rieures,  des  ^ooles  professionnelles  et  des  candidate  an  brevet 
sup^rieur.     Paris,  Nathan.  1901.     18mo.    8 +317  pp. 

JULINO  (G.).  Fiinfetellige  Logarithmentafeln  far  Sohuler.  Leipzig, 
Bei^r,  1900.    8vo.     144  pp.     Cloth.  M.  1.20 

KuTNEWSKY  (M. ).    See  Mullbr  (  H.  ). 

Laclef  (A.).    See  Jacquet  (E.). 

LiCHTBLAU  (W.)  and  Wiesb  (B.).  Sammlung  geometrisoher  Reohen* 
aufgaben,  zum  GebrauchanSeminarien,  sowiezum  Selbstunterriofat 
bestimmt  und  herausgegeben.  2te  Auflage.  Breslau,  Hirt,  1900. 
8vo.     164  pp.  M.  1.75 

Liebbe(H.)  und  LOhmann  (F.  von).  Leitfaden  der  ElementarMa- 
thematik.  Neu  herauagegeben  von  C.  Musebeok.  Tell  I :  Auqgabe 
B  fiir  Realgymnasien,  Oberreal-  und  Realscbulen.  Planlmetrie. 
Etnf uhrung  in  die  Trigonometrie  und  Stereometrie.  ( Lehraa(gabe 
der  Qaarta  bis  Untersekunda. )  Berlin,  Simion,  1900.  8vo.  5  + 
109  pp.  M.  1.60 

LOhmann  (F.  von).    See  Liebeb  (H.). 
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Massinoeb  (R.  ).    See  Holzmakn  (A. ). 

MCllbb  (H.)  uDd  KuTNEWSKY  (M.)*  Sammlang  von  Anfgaben  aoB 
der  Arithmetik,  Trigonometrie  und  Stereometrie.  Ansgabe  A,  fiir 
Gymnasien,  Realgymnasien  and  Oberrealsohalen.  Teil  I.  Leipzig, 
Teubner,  1900.    8vo.     8  +  315  pp.     Cloth.  M.  2.80 

.    Ansgabe  B,  fur  Realscbnlen.    Teil  I.     Leipzig,  Tenbner,  1900. 

8vo.    8 +  289  pp.  M.  2.60 

MfsBBBCK  ( C. ) .    See  Liebeb  (  H.  ) . 

NuN£Z  (M.  O.).  Tratado  oompleto  de  matematioas.  Cnaderno  1  : 
Opeiaciones  fnndamentales  con  nnmeros  enteros.  Madrid,  1900. 
4to.     Pp.  1-82.  Ft.  3.50 

Paktaleo.    See  Faudblla. 

Patnb  (E.  L.).  Principles  and  methods  of  college  algebra.  Emporia, 
Kan.,  M'Cord  &  M'Cord,  1900.     12mo.    56  pp.  |0.25 

RiEDEL  (E.).  Eatechismns  der  Planimetrie,  mit  einem  Anhang  uber 
harmonisohe  Teilnng,  Potenzlinien  and  das  Beriihmngsproblem  des 
Apollonins.  Leipzig,  Weber,  1900.  12mo.  10  +  346  pp.  (We- 
ber's illnstrirte  Katecbismen,  No.  225.)    Cloth.  M.  4.00 

Sbbbbt  (J.  A.).  Traits  de  trigonometric.  8c  ^ition.  Paris,  Gan- 
thier-Villars,  1900.    8vo.     10  +  336  pp.  Fr.  4.00 

Vine  (G.  P.).    Sec  Bkbby  (T.  W.). 

WiESE  ( B. ) .    See  Lichtbl au  (  W.  ) . 


III.  APPLIED  MATHEMATICS. 

Adahczik  (J.).  Compendium  der  Geodasie.  Wien,  Deutioke,  1900. 
8to.     8  +  515  pp.  M.  10.00 

BuBONi  (8. ).    See  Cabdani  ( P. ). 

Cai«dabeba  (F.).  Corso  di  meccanioa  razionale.  Vol.  I :  Cinematica. 
Palermo,  1900.    8vo.     329  pp.  Fr.  12.50 

Cabdani  (P.).  Fisica  matematioa.  Lezioni  [dettate  nell'anno  soolas- 
tico]  1899-1900  nella  r.  university  di  Parma  e  oompilate  per  onra  di 
S.  Buroni.  Disp.  31-40  (ultima).  Parma,  Zafferri,  1900.  8vo. 
Pp.  241-320. 

Cabtle  (F.).  Workshop  mathematics.  Part  I.  London  and  New 
York,  Maomillan,  19U0.     12mo.    8  + 154  pp.    Cloth.  |0.35 

.    Part  II.    London  and  New  York,  Macmillan,  1900.     12mo.    9  + 

177  pp.    Cloth.  10.35 

DicoMBE  (L. ). '  La  o^Mrit^  des  ^branlements  de  Pother.  Evreuz,  H^- 
issey,  1900.  16mo.  96  pp.  (Scientia,  physique  math^matiqne. 
No.  9.) 

Emtaqe  (W.  T.  a.).  Elementary  mechanics  of  solids.  London  and 
New  York,  Maomillan,  1900.     12mo.     338  pp.  $0.60 

FoPPL  (A.).  Vorlesungen  uber  die  teohnisohe  Mechanik.  Vol.  2: 
Graphisohe  Statik.  Leipzig,  Teubner,  1900.  8vo.  10  +  452  pp. 
Cloth.  M.  10.00 
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FUHRMANN  (A.)*  Anwendangen  der  Infinitestmalreohniuig  in  den  Na- 
turwiasenschaften,  im  Uoohban  and  in  der  Teohnik.  Lehrbach  and 
Anfgabensammlang.  (In  6  Teilen. )  Teil  I:  Naturwissensohaft- 
liohe  Anwendangen  der  Di£ferentialreohnang.  2te  Aaflage.  Berlin, 
Ernst,  1900.     8vo.     18  -f  239  pp.  M.  6.00 

OuiLHAUMON  (J.  B.).  R^snm^  de  th^rie  da  navire.  2e  ^ition. 
Paris,  Berger-Leyranlt,  1900.    Bvo.    84  pp.,  2  plates.  Fr.  2.60 

Hebmak  (R.  a.),  a  treatise  on  geometrioal  optics.  London,  Clay, 
1900.    8vo.    354  pp.  10s. 

Hebtz  (H.).  Eleotric  waves ;  researches  on  the  propagation  of  electric 
action  with  finite  velocity  through  space.  Anthorizeid  English  trans- 
lation by  D.  E.  Jones,  with  a  preface  by  Lord  Kelvin.  London, 
Macmillan,  1900.     8vo.     298  pp.  lOs. 

Kelvin.    See  Hertz  (H.  ). 

Jokes  (D.  E.).    See  Hertz  (H.). 

Lauenstein  (R.).  Die  Festigkeitslehre.  Elementares  Lehrbnch  fur 
den  Schnl-  and  Selbstanterricht  sowie  zam  Gebraach  in  der  Praxis, 
nebst  einem  Anhang  entbaltend  Tabellen  der  Potenzen,  Wnrzeln, 
Kreisumfange  and  Kreisinhalte.  6te  Aaflage.  Stat^;art,  Bergstraa- 
ser,  1900.    8vo.     6  +  179  pp.  M.  4.40 

Loney(S.  L.).  Elements  of  hydrostatics.  London,  Clay,  1900.  12mo. 
270  pp.     (Pitt  press  mathematical  series.).  4s.  6d. 

RosENBERQ  (F.).  First  stage  mechanics  of  solids.  For  the  elementary 
examination  of  the  Science  and  art  department  3d  edition.  Lon- 
don, Clive,  1900.    12mo.    320  pp.     (Organized  science  series.)    2s. 

Slate  (F.).  The  principles  of  mechanics.  An  elementary  exposition 
for  students  of  physics.  Part  1.  New  York,  The  Macmillan  Co., 
1900.     12mo.     10  +  299  pp.     Cloth.  $1.90 

Streissler  (J.).  Elemente  der  darstellenden  Geometric  furOberreal- 
schnlen.  4te  Aaflage.  Briinn,  Winiker,  1900.  8vo.  4  + 162  pp., 
4  pUtes.  M.  2.60 

y  ITI  (  R. ) .  Sal  la  teoria  matematica  della  previdenza  ;  seconda  conf  erenza 
tennta  il  17  marzo  1900  alia  r.  accademia  dei  ragionieri  di  Bologna. 
Roma,  Giovanni,  1900.    8vo.     15  pp. 

Williamson  (B. )  and  Tarlbton  (F.  A. ).  Elementary  treatise  on  dy- 
namics containing  applications  to  thermodynamics,  with  numerous 
examples.  3d  revised  and  enlarged  edition.  London  and  New 
York,  Longmans,  Green  &  Co.,  1900.     12mo.     16  +  559  pp.    Cloth. 

$3.50 

Zbuner  (G.).  Technische '  Thermodynamik.  2te  Aufiage  ;  zugleioh 
4te  Auflfige  der  **Grundzuge  der  mechanischen  Warmetheorie." 
Vol.  I :  Fundamentalsatze  der  Thermodynamik ;  Lehre  von  den 
Gasen.    Leipzig,  Felix,  1900.     8vo.     16  +  436  pp.  M.  13.00 
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Theory  of  Differential  Equations. 

By  Andbew  Russell  Fobsyth,  So.D.  (Camp. ),  Hon.  So.D.(DQbL), 
F.R.S.,  Sadlerian  Professor  of  Pure  Mathematios,  Fellow  of  Trinity 
College,  Cambridge. 

Part  I.    Exact  Equations  and  Pfaf f 's  Problem.  ssjio  net. 

Part  II.  Ordinary  equations,  Not  Linear.   twoToU.  96  oo  net. 
There  are  Three  Vols.  In  all.    Part  I.  and  Part  II.  in  Two  Vola. 

Rayleisrii's  Scientific  Papers. 

By  John  William  Stbutt,  Baron  Rayleigh,  D.So.,  F.B.S.  ffonor- 
ary  Fellow  of  Trinity  College^  Cambridge.  Professor  of  Natural  Philooih' 
phy  in  the  Royal  Institution,    Just  Ready.  VoU  I.  05.00  net. 

Papers  on  various  topics  ranging  through  the  higher  mathematics.  In- 
vestigations in  Sound,  Light,  Vibrations  in  General,  £lectro-m  «  gnetism,  etc. 

Elements  of  Graphical  Statics. 

A  Text-Book  fob  Students  of  Enginebbino.  By  L.  M.  Hob- 
kins,  Professor  of  Pure  and  Applied  Mathematics  in  Leland  Stan- 
ford Jr.  University.    Illnstrated.  New  Edition  Thoroughly  Revised, 

Cloth.    Sto.    •t.^5iitft. 

4^  See  on  another  page  a  description  of  Willson's  Graphics, 

Introduction  to  the  Theory  of  Analytic  Functions. 

By  James  Habkness,  M.A.,  Professor  of  Mathematios,  Bryn  Mawr 
Collie,  Pennsylvania,  and  Fbank  Mobley,  M.A.,  Professor  of 
Pure  Mathematics,  Haverford  College,  Pennsylvania,  joint  authors  of 
a  **  Treatise  on  the  Theory  of  Functions  **  for  use  in  technical  sohooli 
and  colleges.  Cloth,  8vo,  as.oo  net. 

Infinitesimal  Analysis. 

DiFFEBBNTIAL  AND  INTEGBAL  CALCULUS  OF  FUNCTIONS  OF   REAL 

Abguments.  By  William  B.  Smith,  Professor  of  Mathematics 
in  the  Tulane  University,  New  Orleans ;  Past  Professor  of  Mathe- 
matics in  Missouri  State  University. 

Vol.  I.    Elementary:  Real  Variables.  cioth.  Svo.  93.95  net. 

'*  This  is  a  masterly  presentation  of  the  subject  which  has  challenged  the 
keenest  thinking  of  the  most  vigorous  minds.  .  .  Teachers  of  the  calcolnt 
and  lovers  of  expeditions  into  the  realms  of  the  infinite  mases  of  exact 
science  will  find  this  book  most  tempting."— Jbumoi  o/  Education, 
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Published  by  THE  MACMILLAN  COMPANY. 


Theoretical  and  Practical  Graphics. 

A  Text  book  fob  Students  in  Enginebbing  ob  Ab- 

CHITEGTUBE  AND  FOB  PBOFESSIONAL  DBAUGHTSMEN. 

By  Fbbdebick  Newton  Willson,  Profeeeor  of  Defloriptive  Geome- 
try, Stereotomy  and  Technioal  Drawing,  Princeton  University. 

Cloth,  4to.    Price,  S4.00  net. 

Note-TaklnSt  Difnenslonlns  and  Lettering. 

4to.    Cloth.    Prioe.  •1.90  net. 

Some  Matheituitlcal  Curves  and  their  Oraphical  Construction. 

A  Brief  Treatise  on  the  Prop^es,  Methods  of  Ck>n8tmotion,  and 
Practical  Applications  of  Conic  Sections,  Trochoids,  Link-motion 
Curves,  Centroids,  Spirals,  the  Helix,  and  other  Important  Curves. 

4to.    Cloth.    Price,  91.00  neU 

Shades,  Shadows,  and  Linear  Perspective. 

4to.    Cloth.    Price,  l.ou  net. 

Descriptive  Qeometry—Pure  and  Applied.  With  a  chapter  of 
Higher  Plane  Curves  and  the  Helix.  A  Theoretical  and  Practical 
Treatise  including  Problems  of  Intersection,  Development,  Tan- 
gency,  etc..  Working  Drawings  by  both  the  First  and  Third  Angle 
System,  Trihedrals,  Map  Projection,  Shadows  and  Perspective,  Axo- 
nometric  (including  Isometric)  Projection,  Oblique  Projection,  Kine- 
matic Geometry,  Projective  Geometry  and  Relief  Perspective,  the 
Conic  Sections,  Trochoids,  Spirals,  etc. 

4to.    Cloth.    Price,  93.00  Off. 
Parts  /.,  TIL,  V.,  and  VI.  of  the  ftrsUnamed  work  isMued  in  separate  form 

A  Text-Book  on  the  Calculus. 

By  P.  A.  Lambebt,'  Assistant  Professor  of  Mathematics,  Lehigh  Uni- 
Tersity,  author  of  '*  Analytical  Geometry  for  Technical  Schools  and 
Colleges."  Cloth,  ismo.  SLaonet. 

Octonions :  A  Development  of  Clifford's  Bi-Quaternlons. 

By  Alex.  McAulay,  M.A.,  Professor  of  Mathematics  and  Physios 
in  the  University  of  Tasmania.     Cambridge  University  Press, 

8vo.    Cloth,    pp.  xlT  +  263,    Price,  93.00  net. 

Ordinary  Differential  Equations. 

An  Elementary  Text- Book.  With  an  Introduction  to  Lie's  Theory 
of  the  Group  of  one  Parameter.  By  James  Mobbis  Page,  Ph.D., 
Adjunct  Professor  of  Pure  Mathematics,  University  of  Yiiginia. 

i2mo.    Cloth,    pp.  xviU  +  leSdS.    Trice,  MUM  net. 
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THE  "  PUBLIC  SCHOOL"  SERIES  OF  ARITHMETICS 

By  J.  A.  McLbllan,  President  of  the  Ontario  Normal  College,  and  A.  F. 
AMESf  8npt.  of  Schools,  Riverside,  111. 
Based  on  McLellan  and  Dewky^s  '^ Psychology  of  Number,** 

PUBLIC  SCHOOL  ARITHMETIC  12fno.    60  cents  net. 

A  PRIKART  PUBLIC  SCHOOL  ARITHHBTIC  35  cents  net. 

Teachers'  £dition,  with  answers  to  problems,  suggestions  for  first 
grade  work  and  methods  and  some  illostratiye  lessons.      50  cents  net. 

These  books,  based  npon  sound  psvcbological  principles,  stand  for  a  needed 
reform  in  the  methods  of  teaching  Arithmetic. 

**  I  can  see  that  It  is  an  Important  contribution  to  the  art  of  teaching  num- 
bers. "—W.  T.  Hrbis,   U.  a.  OommUHoner,  Bureau  of  Education. 

THE  PUBLIC  SCHOOL  KSNTAL  ARITHMETIC  25  cents  net. 
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MATHEMATICS  AT  THE  INTERNATIONAL   CON- 
GRESS OF    PHILOSOPHY,    PARIS,    1900. 

The  first  iDternational  congress  of  philosophy  was  held 
at  Paris,  August  1-5,  1900,  under  the  presidency  of  M.  E. 
BouTROUx,  professor  at  the  Sorbonne.  The  proceedings  of 
the  third  section,  devoted  to  logic  and  history  of  the  sciences, 
are  of  especial  interest  to  mathematicians.  The  delibera- 
tions of  this  section  were  directed  by  Professor  Jules 
Tannery.  In  his  inaugural  address  as  president  of  the 
section,  after  the  usual  felicitations  and  customary  acknowl- 
edgments. Professor  Tannery  emphasized  the  union  be- 
tween science  and  philosophy,  a  union  which,  he  said,  is 
better  designated  by  the  term  unity.  Any  separation  be- 
tween scientists  and  philosophers  is  only  apparent.  The 
savants  of  the  present  century  have  set  most  important  re- 
sults before  philosophers  for  speculation.  Count  the  power- 
ful geniuses  who  from  the  beginning  of  the  century  to  its 
end  have  attacked  the  notion  of  space  ;  measure  how  much 
the  critique  of  this  notion  has  done  for  the  problem  of 
knowledge.  What  illumination  has  been  thrown  upon  the 
notion  of  function  and,  ascending  farther,  on  the  notion 
of  number,  by  the  revision  of  the  principles  of  analysis  I 
Will  not  the  theory  of  ensembles  show  somewhat  how 
we  ought  to  think  of  infinity?  Will  not  mathematical 
logic  furnish  us  a  sure  instrument  for  the  discernment  and 
transformation  of  the  data  of  intuition  ?  WMll  not  the  al- 
gebra of  logic  enable  us  to  penetrate  deeper  into  the  mech- 
anism of  deduction?  Every  hope  seems  legitimate,  after 
what  has  been  accomplished  in  the  foundations  of  geometry. 
What  surprises  may  be  in  store  for  us  in  the  study  of  the 
principles  of  mechanical  Before  turning  aside  from  the 
mathematical  sciences,  Professor  Tannery  called  attention 
to  the  import  for  philosophy  of  those  works  which  had  been 
devoted  to  the  evolution  and  history  of  these  sciences. 

Among  the  papers  which  were  presented  to  this  section 
the  following  deal  more  or  less  directly  with  questions  math- 
ematical. They  are  given  in  the  order  of  presentation. 
The  r6sumfe  of  the  papers  and  the  discussions  occasioned 
by  them  are  drawn  from  the  number  of  the  Remie  de  Metaphy- 
sique  et  de  Morale,  for  September,  1900,  which  is  specially 
devoted  to  the  congress  of  philosophy. 

G.  Vailati,  **  The  classification  of  the  sciences.'' 

G.  MiLHAUD,  **0n  the  origins  of  the  infinitesimal  cal- 
culus." 
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S.  GOxTHER,  **  On  the  history  of  the  origins  of  the  new- 
tonian  law  of  gravitation/* 

M.  Cantor,  **0n  the  origins  of  the  infinitesimal  cal- 
culus.'^ 

H.  PoiNCARE,  **  The  principles  of  mechanics. '^ 

B.  Russell,  *'  The  idea  of  order  and  absolute  position  in 
space  and  time.'' 

H.  MacColl,  **  Symbolic  logic." 

G.  Peano,  **  Mathematical  definitions." 

C.  BuRALi-FoRTi,  **  The  different  logical  methods  for  the 
definition  of  the  real  number." 

A.  Padoa,  **  Essay  at  an  algebraic  theory  of  integral  num- 
bers, with  a  logical  introduction  to  any  deductive  theory 
whatever." 

M.  PiERi,  **  On  geometry  considered  as  a  pure  by  logical 
system." 

P.  PoRETSKY,  "  The  theory  of  logical  equalities  with 
three  terms." 

E.  Schroder,  '*  An  extension  of  the  idea  of  order." 
W.  E.  Johnson,  **The  theory  of  logical  equations." 
A.  Macfarlane,  **The  ideas  and  principles  of  the  geo- 
metric calculus." 
A.  Calinon,  **The  r61e  of  number  in  geometry." 
G.  Lechalas,  **  The  comparability  of  various  spaces." 
J.  Hadamard,  **  On  induction  in  mathematics." 
R.    Blondlot,    **  Exposition   of   the  principles  of    me- 
chanics." 

M.  Le  Verrier,  **  On  the  genesis  and  import  of  the  prin- 
ciples of  thermodynamics." 

A.  Varsilief,  **  Principles  of  the  calculus  of  probabil- 
ities." 

In  his  paper  on  the  origins  of  the  infinitesimal  calculus, 
M.  G.  MiLHAUD  commenced  b}'  seeking  these  origins  in 
antiquity  ;  in  the  discovery  of  the  incommensurable  mag- 
nitudes, which  destroyed  the  atomism  of  the  pythagoreans ; 
in  the  theory  of  ratios  of  Euclid,  applied  by  Hippocrates  to 
the  quadrature  of  his  lunes  ;  finally,  in  the  method  of  ex- 
haustion of  Eudoxus  employed  by  Archimedes  for  the  quad- 
rature of  the  parabola.  Passing  to  modern  times,  he  discussed 
the  method  of  indivisibles  Cavalieri,  as  compared  with  the 
method  of  exhaustion  of  the  ancients ;  then  the  problem 
of  tangents  and  the  methods  proposed  by  Descartes  and 
Roberval  for  solving  it ;  finally,  the  problem  of  maxima 
and  minima  solved  by  Fermat.  The  paper  concludes  with 
an  account  of  the  contributions  of  Hu3'gens  and  Barrow, 
and  their  respective  relations  with  Leibniz  and  Newton. 
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M.  GtyNTHER  began  his  memoir  on  the  origins  of  the  new- 
touian  law  of  gravitation  by  reviewing  the  early  conceptions 
of  weight,  notably  the  nominalistic  conception  of  Aristotle, 
which  he  opposed  to  the  animistic  conception  and  to  the 
atomistic  conception.  It  was  against  the  peripatetic  theory 
of  heaviness  and  lightness  that  all  the  modern  reformers 
struggled  :  Copernicus  was  not  altogether  free  from  it ;  it  was 
Galileo  who  finally  destroyed  it.  In  the  seventeenth  cen- 
tury weight  was  conceived  as  a  universal  property  of  matter. 
Kepler  conceived  of  gravitation  as  a  magnetic  attraction, 
and  Roberval  likened  it  to  heat.  On  the  other  hand,  Gas- 
sendi,  Berigard,  Digby,  Hobbes,  and  Huygens  attempted  to 
explain  it  by  corpuscular  hypotheses.  Up  to  this  point  only 
the  law  of  masses  was  considered.  The  law  of  distances 
was  formulated  by  BouUiau,  but  his  explanation  is  bad  ; 
Borelli,  on  the  contrary,  correctly  understood  centripetal 
acceleration,  but  he  did  not  find  the  formula.  The  author 
finds,  in  Leibniz's  theory  of  verticity  a  precursor  of 
Faraday's  theory  of  lines  of  force.  He  comes  finally  to 
Hooke,  the  immediate  predecessor  of  Newiion,  to  whom  the 
latter  showed  himself  rather  unfair.  He  concludes  by  de- 
claring that  the  success  of  the  newtonian  law  resulted  in  the 
triumph  of  the  theory  of  action  at  a  distance,  in  which 
Leibniz  saw  the  restauration  of  the  doctrine  of  occult 
qualities,  and  eclipsed  for  a  time  the  corpuscular  and 
kinetic  theories,  which  are  however  returning  to  favor  in 
our  days. 

M.  Couturat  added  a  historical  note  to  M.  Giinther's 
memoir.  The  latter  credited  the  Dutch  physicist  Deusing 
with  having  anticipated  modern  theories  by  distinguishing 
a  potential  effort  from  an  actual  force.  M.  Couturat  re- 
marked that  this  distinction  between  potential  and  actual 
is  fundamental  in  the  physics  and  metaphysics  of  Aristotle 
from  whom  Deusing  and  modern  physicists  have  appropri- 
ated these  terms. 

The  memoir  of  Pi'ofessor  M.  Cantor  on  the  origins  of  the 
infinitesimal  calculus  was  read  at  a  general  session  presided 
over  by  Professor  H.  Poincar6.  The  author  recalled  that 
the  ancients  had  anticipated  the  integral  calculus  by  their 
methods  of  quadrature  and  cubature.  In  the  middle  ages, 
Petrus  de  Dacia  designated  the  continuous  generation  of 
magnitudes  by  the  term  *'fluere";  Bradwardine  distin- 
guished two  kinds  of  infinity ;  Nicole  Oresme,  from  the 
consideration  of  latitudes  and  longitudes,  discovered  that 
the  variation  is  zero  at  the  points  of  maxima  and  minima. 
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Kepler  rediscovered  this  theorem  ;  he  generalized  the  idea 
of  Vieta  that  the  circle  is  a  polygon  having  an  infinite 
number  of  sides  infinitely  small,  and  applied  it  to  the  quad- 
rature of  the  circle  and  the  cubature  of  the  sphere  and  sol- 
ids of  revolution.  Cavalieri  conceived  the  method  of  indi- 
visibles, which  permitted  him  to  effect  veritable  intima- 
tions. Descartes  found  a  general  method,  purely  algebraic, 
for  calculating  the  normal  to  a  curve,  and  consequently  its 
tangent.  But  it  is  Format,  the  greatest  French  mathema- 
tician of  the  seventeenth  century,  who  really  anticipated  the 
infinitesimal  calculus  by  his  method  of  maxima  and  min- 
ima; he  also  invented  a  method  of  tangents  superior  to 
that  of  Descartes.  Koberval  found  another  solution  of  the 
problem  of  tangents  by  the  composition  of  movements ;  but 
if  his  method  is  ingenious,  it  is  of  little  practical  value, 
since  at  each  application  it  demands  a  new  exercise  of  in- 
genuity, and  a  good  method  ought  to  dispense  with  such 
demand  once  for  all.  After  having  spoken  of  Pascal's 
Trait6  des  sinus  du  quart,  de  cercle,  of  which  a  figure  sug- 
gested to  Leibniz  his  differential  calculus,  the  author  ar- 
rived at  Barrow,  the  tutor  of  Newton,  from  whom  the  lat- 
ter extorted  the  last  of  his  Lectiones  geometricae  (1669). 
Leibniz  invented  his  calculus  October  29,  1675,  a  year 
before  he  saw  the  manuscript  of  Newton^s  Analysis  per 
aequationes.  While  the  priority  belongs  to  Newton,  the 
originality  of  Leibniz  is  incontestable.  Moreover,  the 
latter  developed  his  method  logically,  while  Newton  was 
changeable  in  his  conceptions,  using  limiting  ratios  to  mask 
his  infinitesimals.  Finally,  Newton  did  wrong  in  holding 
secret  that  which  Leibniz  threw  to  the  winds. 

In  the  discussion  which  followed  the  reading  of  M.  Can- 
tor's memoir,  M.  Milhaud  remarked  that  M.  Cantor  had 
given  the  facility  and  generality  of  a  method  as  the  crite- 
rion of  its  value,  and  asked  if  Descartes,  as  the  inventor 
of  analytical  geometry,  ought  not  to  be  ranked  above 
Fermat,  whom  Cantor  had  proclaimed  to  be  the  greatest 
French  mathematician  of  the  seventeenth  century.  M. 
Cantor  replied  that  Descartes,  in  his  Geometry,  had  not  so 
much  founded  analytical  geometry  as  the  general  theory 
of  equations.  Descartes  is  so  little  the  inventor  of  analyt- 
ical geometry  that  we  do  not  find  in  his  work  the  equation 
of  the  straight  line,  while  Fermat  was  familiar  with  it. 
Analytical  geometry  is  much  older  than  either  of  these  two 
savants  ;  if  we  ask  who  wrote  the  first  treatise  on  ana- 
lytical geometr}^  it  is  De  Witt.  The  superiority  of  Fer- 
mat's  genius  shines  in  the  theory  of  numbers,  which  Des- 
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cartes  cultivated  but  little,  but  where  Fermat  discovered 
and  demonstrated  theorems  of  which  we  are  still  seeking 
demonstrations  to-day.  M.  Acker mann  asked  whether 
Descartes  had  not  at  least  invented  the  general  method  for 
translating  geometry  into  algebra  and  algebra  into  geo- 
metry. M.  Cantor  replied  that  in  this  there  was  nothing 
new  since  the  method  was  known  to  Vieta. 

In  reading  extracts  from  his  memoir  Professor  PoincarA 
said  that  mechanics  is  an  experimental  science.  But  have 
not  its  principles  an  empirical  and  approximate  truth  only  ? 
That  is  the  question.  The  principle  of  inertia  is  not  an 
a  priori  truth  ;  nor  is  it  an  experimental  law,  since  we  can 
never  verify  it.  Similarly  for  the  law  of  acceleration,  which 
is  simply  the  definition  of  force.  M.  Poincar6  refuted  the 
m^canique  anthropomorphique  which  pretends  to  have  a 
psychological  notion  of  force  ;  he  connected  it  with  P6cole 
du  fil  of  M.  Andrade  who  represents  all  forces  by  elastic 
strings  more  or  less  tense.  The  principle  of  reaction  breaks 
up  into  an  axiom  (the  uniform  rectilinear  motion  of  the 
center  of  gravity  of  an  isolated  system  when  constant  coef- 
ficients are  attributed  to  its  elements)  and  a  definition  (that 
of  mass),  but  we  cannot  verify  the  axiom  in  question  be 
cause  we  are  not  in  possession  of  an  isolated  system.  It  is 
approximately  true  for  systems  approximately  isolated,  but 
the  question  of  knowing  whether  it  is  rigorously  true  for 
systems  rigorously  isolated  is  devoid  of  meaning. 

The  principle  of  relative  motion  seems  to  impose  itself 
upon  the  mind  and  to  be  confirmed  by  experience  ;  as  a 
matter  of  fact,  however,  we  can  demonstrate  it  neither  a 
priori  nor  a  posteriori.  M.  Poincar6  discussed  in  this  con- 
nection Newton's  argument  in  support  of  absolute  motion. 
Finally  the  principle  of  the  conservation  of  energy  can 
be  neither  verified  nor  disproved  by  experience,  since  it  re- 
duces at  bottom  to  this:  ** There  is  something  which  re- 
mains constant,  *'  which  is  the  very  formula  of  determinism. 

M.  Poincar6  concludes  that  the  principles  of  mechanics 
are  from  one  point  of  view  truths  founded  on  experience 
and  from  another  a  priori  and  universal  postulates.  In  a 
a  word  they  are  conventions,  not  absolutely  arbitrary,  but 
convenient,  that  is  to  say  appropriate  to  experience.  Thus 
is  explained  the  fact  that  experience  can  construct  or  sug- 
gest the  principles  of  mechanics,  but  can  never  overthrow 
them. 

The  discussion  of  M.  Poincar6*s  memoir  was  opened  by 
M.  Painlev6  who  insisted  upon  the  arbitrary  character  as- 
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sumed  by  the  principles  of  mechanics  in  M.  Poincarfi's  ex- 
position. They  are  conventions  which  experience  can  never 
bring  to  default :  because  as  soon  as  any  fact  should  con- 
tradict them  we  would  always  find,  nolens  volens,  a  ineans 
of  adapting  them  to  the  new  fact.  For  example,  if  in  any 
case  the  principle  of  Kepler  did  not  seem  to  be  verified, 
we  would  explain  the  divergence  by  the  existence  of  unsus- 
pected facts,  such  as  electrical  and  magnetic  phenomena, 
etc.,  which  would  be  manifested  and  measured  by  this  di- 
vergence, and  which  would  be  the  object  of  a  new  science. 
Without  disputing  the  justness  of  M.  Poincar6's  conclu- 
sions, the  speaker  found  them  possessed  of  an  exces- 
sive scepticism.  The  principles  of  mechanics  are  imposed 
by  experience,  they  are  the  quintessence  of  innumerable 
experiences,  crude  or  precise ;  and  when  they  seem  to  be- 
come defective,  the  new  facts  that  we  are  obliged  to  intro- 
duce to  cover  the  deficiency  assume  of  themselves  a  scien- 
tific character,  that  is  to  say,  submit  themselves  to  the 
principle  of  causation  ;  in  a  word  they  appear  as  true  phe- 
nomena, and  not  as  phantasms  or  fictions.  On  the  con- 
trary, to  replace  one  of  the  principles  by  a  different  one  is 
to  be  submerged  by  innumerable  complications  in  the  study 
of  the  most  simple  facts.  For  example,  the  law  of  gravita- 
tion is  verified  by  a  multitude  of  observations,  but  in  other 
cases  it  appears  at  fault ;  we  explain  this  divergence  by  say- 
ing that  the  bodies  in  question  are  electrified,  or  magnetic, 
etc. ,  and  we  measure  these  new  phenomena  precisely  by  the 
discrepancy  between  the  true  attraction  or  repulsion  and 
the  newtonian  attraction.  It  would  seem  then  that  the  law 
of  Newton  is  only  a  convention  that  the  facts  never  contra- 
dict, because  when  they  seem  to  contradict  it,  we  invent  new 
facts  to  justify  it.  Still,  who  would  dream  of  replacing  New- 
ton's law  by  the  following  convention  :  **  Two  bodies  repel 
each  other  proportionally  to  their  distance  and  inversely  as 
their  masses,*'  correcting  the  divergence  between  this  and 
experience  by  means  of  supplementary  hypotheses?  We 
feel  that  the  law  of  Newton  is  a  convention  preferable  to  all 
others,  because  it  is  clearly  imposed  by  the  fa<its.  Now  the 
principles  of  mechanics  are  imposed  by  facts  still  more  mani- 
festly than  the  law  of  Newton.  To  sum  up,  M.  Painlev6 
conceives  physical  science  as  a  method  of  successive  ap- 
proximations, oriented  initially  by  empiricism  and  guided 
by  certain  principles  of  experimental  origin.  The  *  *  con- 
vergence'' of  this  method  is  not  assured  a  priori,  but  well 
justified  by  its  success,  i.  e.,  by  the  more  and  more  natural 
and  perfect  accord  between  theory  and  reality.     In  seeking 
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the  laws  of  nature,  it  is  the  divergence  and  increasing  com- 
plications which  give  warning  that  we  have  lost  our  way. 

M.  Poincar6  replied  that  there  was  really  no  lack  of  ac- 
cord between  M.  Painlev6  and  himself.  He  himself  recog- 
nized that  science  has  always  proceeded  and  will  always  pro- 
ceed by  successive  approximations.  But  he  was  anxious  to 
point  out  the  series  of  artifices,  more  or  less  conscious,  by 
which  the  founders  of  mechanics  had  succeeded  in  trans- 
forming the  first  approximation,  not  into  a  provisional 
truth  susceptible  of  correction,  but  into  a  definitive  and 
rigorous  truth  ;  and  this  to  a  great  improvement  in  clearness 
of  statement,  and  consequeutly  to  the  benefit  of  science 
itself. 

M.  Hadaraard  observed  that  if,  with  Kirchhoflf,  we  assign 
as  the  object  of  mechanics,  not  the  explanation  of  the  phe- 
nomena of  motion  but  merely  their  description  in  the  simplest 
and  most  exact  manner,  the  principles  of  this  science,  as  we 
state  them,  are  sufficiently  justified.  When  we  find  facts 
in  apparent  contradiction  with  these  principles  we  are  per- 
fectly justified  in  making  a  new  force  intervene,  which  is 
always  found  to  account  very  simply  for  the  phenomena,  in 
place  of  changing  the  general  principles  and  thus  involving 
ourselves  in  contradictions  with  the  aggregate  of  other 
known  facts.  Besides,  according  to  a  remark  of  M.  Duhem, 
it  is  not  a  single  determinate  hypothesis,  but  the  ensemble 
of  the  hypotheses  of  mechanics,  that  we  can  attempt  to 
verify  experimentally.  As  to  the  definition  of  force,  M. 
Hadamard  thought  that  we  ought  not  to  be  satisfied  with 
defining  force  as  the  product  of  mass  and  acceleration, 
liecause  we  do  not  thereby  recognize  one  of  the  essential 
characteristics  of  force,  namely,  that  it  should  represent  the 
action  of  one  body  on  another.  To  take  account  of  this 
characteristic  it  is  absolutely  necessary  to  adjoin  the  prin- 
ciple of  the  independence  of  forces  to  that  of  inertia ;  the 
former  is  formulated  thus  :  AVhen  a  body  is  in  the  presence 
of  several  others,  the  acceleration  which  it  experiences  is  the 
geometric  sum  of  several  segments  of  which  each  depends 
only  on  the  state, of  the  body  influenced  and  that  of  one  of 
the  influencing  bodies.  The  notion  of  **  force  exercised  by 
one  body  on  another, ''  as  introduced  by  this  principle,  is, 
moreover,  necessary  to  the  enunciation  of  the  principle  of 
the  equality  of  action  and  reaction  in  all  its  generality  ;  for 
by  virtue  of  the  definition  of  the  internal  forces  of  a  system 
it  can  be  applied  to  a  non-isolated  system. 

In  reply,  M.  Poincar6  agreed  that  the  experimental  sci- 
ences can  never  verify  anything  but  an  ensemble  of  hypoth- 
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eses.  Every  experiment  furnishes  us,  so  to  speak,  one  equa- 
tion in  a  very  great  number  of  unknowns.  Our  science, 
still  imperfect,  does  not  give  us  a  sufficient  number  of  equa- 
tions ;  we  have  fewer  than  there  are  unknowns.  We  can 
count  on  new  experiments  to  give  us  continually  new  equa- 
tions, which  will  diminish  the  indeterminacy  of  the  prob- 
lem. But  as  regards  the  unknowns  introduced  by  geo- 
metry (curvature  of  space)  or  by  rational  mechanics  (its 
most  general  principles),  there  is  something  more.  Not 
only  does  experience  not  give  us  enough  equations  to  deter- 
mine them,  but  it  is  absurd  and  contradictory  to  suppose 
that  it  can  ever  give  them  ;  for  the  reason  that  these  un- 
knowns enter  into  the  experimental  problems  as  auxiliary 
supererogatory  variables.  This  explains  why  the  hypotheses 
which  one  might  make  relative  to  these  unknowns  are  neither 
true  nor  false.  As  to  the  principle  of  the  independence  of  the 
effects  of  forces,  M.  Poincar6  declared  that  it  is  not  true. 
If  a  piece  of  iron  be  simultaneously  subjected  to  the  action 
of  a  magnet  and  another  piece  of  iron,  the  effect  experi- 
enced by  it  is  not  the  geometric  sum  of  those  exerted  upon 
it  by  the  magnet  and  the  second  bit  of  iron  separately. 
The  principle  can  only  be  saved  by  a  coup  de  pouce :  we 
say  that  the  second  piece  of  iron  is  modified  by  the  pres- 
ence of  the  magnet. 

M.  Padoa  said  that  the  distinction  between  axioms  and 
definitions  has  only  a  logical  .and  subjective  value  ;  in  the 
real  world  there  are  only  facts  all  given  on  the  same  plane. 
There  are  no  ideas  more  simple  or  more  evident  than  other 
ideas  ;  there  are  merely  ideas  not  defined  and  propositions 
not  demonstrated  with  respect  to  the  logical  system  adopted. 
And  this  logical  system  can  or  cannot  be  verified  by  the 
facts,  according  to  the  interpretation  given  to  the  ideas  not 
defined.  In  a  word,  M.  Padoa  maintains  the  mutual  in- 
dependence of  the  logical  and  the  real. 

M.  Aars  replied  to  M.  Padoa  to  the  effect  that  we  en- 
counter facts  in  the  subjective  and  psychic  world  as  well  as 
in  the  real  world.  He  held,  contrary  to  M.  Poincar^,  that 
the  axioms  of  mechanics  ought  to  aim  at  the  existence  of 
mechanics,  and  consequently  should  be  capable  of  being 
true  or  false,  just  as  any  other  proposition  relative  to  any 
existence  whatever. 

M.  Puiucar^  replied  that  questions  of  existence  of  this 
nature  seemed  to  him  as  devoid  of  meaning  as  those  of 
the  truth  or  objectivity  of  the  principles  of  mechanics. 

M.  Ribert  also  protested  against  M.  Poincar6's  scepti- 
cism.   He  held  that  the  laws  of  mechanics  have  an  objective 
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value,  and  that  they  are  not  creations  of  the  human  intellect. 
The  world  existed  before  humanity,  and  the  world  will  ex- 
ist after  it.  It  already  obeyed,  and  it  will  continue  to  obey, 
the  laws  of  mechanics.  Hence  science  is  true  in  the  sense 
that  it  deals  with  real  existences. 

M.  Poincar6  remarked  that  we  raise  here  the  question  of 
the  reality  of  the  external  world,  which  would  be  more  in 
place  in  the  first  section  (metaphysics) . 

Mr.  BussELL  read  extracts  from  his  memoir  on  the  idea 
of  order  and  absolute  position  in  space  and  time.  After 
having  distinguished  the  absolute  series,  that  is  to  say  those 
whose  elements  are  positions,  from  relative  series,  whose 
elements  have  positions  by  correlation  with  those  of  an  abso- 
lute series,  the  author  defines  the  absolute  theory  of  time 
according  to  which  an  event  is  dated  by  its  relation  to  the 
instant  when  it  exists,  and  the  relative  theory  according  to 
which  it  is  dated  only  by  relations  of  simultaneity  or  succes- 
sion with  other  events.  In  order  that  the  latter  be  tenable 
it  is  necessary  that  between  two  events,  considered  simply  as 
qualities,  there  should  exist  a  constant  and  determinate 
temporal  relation,  which  is  not  the  case.  Similarly  the 
simultaneity  of  several  events  can  reduce  to  no  property 
common  to  these  events,  unless  it  is  the  fact  that  they  oc- 
cupy the  same  instant.  It  is  necessary  then  to  admit 
temporal  positions  as  absolute.  Similarly  it  is  necessary  to 
admit  spatial  positions  as  absolute  and  for  the  same  reas- 
ons. The  author  discusses  the  arguments  invoked  by 
Leibniz  and  Lotze  in  support  of  the  relative  theory  of  space. 
This  theory  contends  that  the  position  of  a  point  is  only 
the  ensemble  of  its  distances  to  other  points,  which  sup-, 
poses  that  the  only  relation  which  can  exist  between  two 
points  is  their  distance.  But  this  is  false;  they  have  another 
relation  which  is  the  direction  of  the  straight  line  (project- 
ive) which  joins  them.  Without  the  latter  there  is  no 
means  of  conceiving  angle,  which  is  a  relation  between  two 
directions  and  not  between  two  distances.  The  definition 
of  a  plane  postulates  a  new  fundamental  relation  (between 
three  points).  The  author  shows  that  the  relative  theory 
presents  all  the  difficulties  of  the  absolute  theory,  and  re- 
duces the  theory  of  relations  of  Lotze  to  an  absurdity.  He 
finds  the  absolute  theory  to  possess  the  advantages  of  logic, 
clearness  and  simplicity  over  the  relative  theory. 

M.  Tarde  opened  the  discussion  of  the  paper  by  contest- 
ing the  analogy  of  space  and  time  with  respect  to  their 
relativity.     It  seems  that  space  must  be  purely  relative. 
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while  time  has  something  of  the  absolute.  In  space  the 
origin  is  arbitrary,  in  time  it  is  not ;  the  present  instant 
differs  qualitatively  from  the  past,  and  still  more  from  the 
future.  Hence  to  say  that  two  bodies  occupy  (successively) 
the  same  place  has  no  meaning ;  while  there  is  real  mean- 
ing in  saying  that  two  events  take  place  in  the  same  time. 

Mr.  Russell  replied  that  M.  Tarde's  distinction  has  only  a 
psychologic  interest  but  no  logical  value;  to  the  conscious- 
ness time  appears  more  real  and  more  absolute  than  space ; 
but  for  the  theory  of  knowledge,  time  and  space  are  alto- 
gether analogous. 

M.  Aars  suggested  that  the  question  whether  space  and 
time  are  absolute  or  relative  reduces  to  the  question  whether 
they  are  subjective  or  objective.  Relation  and  relativity 
are  purely  subjective  functions  ;  if  space  and  time  are  rela- 
tive they  will  be  subjective,  if  absolute  they  will  be  objec- 
tive. 

Mr.  Russell  declared  in  reply  that  he  was  concerned  merely 
with  a  question  of  logic  or  epistemology  that  had  nothing  to 
do  with  the  metaphysical  question  of  the  objectivity  of  space 
or  the  psychological  question  of  the  origin  of  knowledge,  a 
question  anterior  and  superior  to  each  of  these. 

In  a  r6sum6  of  his  memoir  on  symbolic  logic  and  its  ap- 
plications Mr.  MacColl  stated  that  the  essential  element  of 
pure  logic  is  the  proposition.  Propositions  arrange  them- 
selves into  two  classes :  the  true  (t)  and  the  false  (c);  or  in 
fact  into  three  classes  :  the  variable  (^),  which  can  be  true 
or  false  ;  the  certain  (e),  which  are  always  and  necessarily 
true  (probability  1),  and  the  impossible  (ly),  which  are  al- 
ways and  necessarily  false  (probability  0).  The  symbol  A' 
signifies  that  the  proposition  A  appertains  to  the  class  x ;  the 
symbol  A",  equivalent  to  (A'Y,  signifies  that  the  proposition 
A'  belongs  to  the  class  y.  For  example  A*'  states  :  *  *  it  is  cer- 
tain that  A  is  variable. '  ^  The  product  A'B'  is  the  simultane- 
ous affirmation  of  the  two  propositions  A'  and  B*" ;  the  sum 
A'  +  &  IB  their  alternative  affirmation,  namely,  that  one  or 
the  otlier  is  true.  In  general,  the  exponent  r  is  suppressed 
and  the  exponent  t  is  replaced  by  an  accent  (sign  of  nega- 
tion).    We  have  the  formulae  : 

(ABy=A'+B%     (4+J5)'=^'J5',     A{B  +  C)=AB+ACy 

(AA'y,     (A  +  A')%     (A^  +  A'  +A^)% 

A^  =  ^"^^S    A''  =  A'f,    A'^f  =  A'. 


Mi.  . 
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The  notation  (A  :  B)  affirms  that  the  proposition  A  im- 
plies the  proposition  B.  It  is  equivalent  to  each  of  the  as- 
sertions 

iABy,     (A'  +  By. 

The  equality  (A  =  B)  is  equivalent  to  the  two  inverse  im- 
plications (A  :  B^f  (-B  :  -4).     For  simplicity,  the  implica- 
cation  (A  :  B)  is  often  written  Ab. 
If  we  multiply  the  two  certitudes 

(iA  +  A^)(A'  +  A^+A^), 

we  find  the  following  alternative  (certain) 

A'  +  AA^  +  A'A^  +  A'f^^A'  +  AA''  +  A'A^i'  +  A^i, 

whose  four  terms  signify  respectively  :  1®  that  A  is  always 
true ;  2®  that  A  is  sometimes  true,  but  not  always  ;  3®  that 
A  is  sometimes  false,  but  not  always  ;  4^  that  A  is  always 
false.  The  author  thus  comes  upon  the  four  classic  forms 
of  propositions  (A,  I,  0,  E), 

The  author  defines  and  calculates  on  one  hand  the  weak- 
est premise  from  which  we  can  deduce  a  given  proposition  ; 
and  on  the  other  hand  the  strongest  conclusion  that  can  be 
drawn  from  a  given  proposition. 

He  applies  his  symbolic  logic  to  the  calculus  of  probabil- 

ities.  The  symbol  ^  represents  the  probability  that  A  be 
true  when  B  is  true,  that  is  to  say  the  relative  probability 
of  A  with  respect  to  B.  The  symbol  -  represents  the  prob- 
ability of  A  with  respect  to  the  data  of  the  problem  (re- 
garded as  certain),  that  is  the  absolute  probability  of  A. 

If  =  -,  we  say  that  the  probability  of  A  is  indepen- 
dent of  B,  since  it  does  not  change  when  we  add  B  to  the 
data  of  the  problem.  CJonsequently  we  take  as  measure  of 
the  dependence  of  A  relative  to  B  the  difference 

.^_A_A 
B'^  B       e' 

It  is  proved  that  if  A  is  independent  of  B,  B  is  also  in- 
dependent of  A. 

Compound  probabilities  are  evaluated  as  functions  of 
simple  probabilities  by  means  of  tiie  following  formulae : 
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AB     A     B      B    A 
t   '^  t  '  A~  t  '  B' 

A  +  B      A   ,  B      AB 

If  we  put 
we  have 

.-  =  1-7'     'b  =  -'b- 

-  =  o,     7  =»  6,  etc., 

A      a     B      A       a       b      A 
B~b'A'     B'~b'      b'' B' 

A,     a 

'!■ 

.A           b  .A      .A'           .A 
'B'^-b'^'B'    "b'^-'b' 

By  means  of  these  formulae  it  is  easy  to  pass  from  a  problem 
in  logic  to  one  in  probabilities. 

In  the  discussion  occasioned  by  Mr.  MacColFs  paper, 
M.  Couturat  remarked  that  the  calculus  of  probabilities 
had  inspired  both  the  system  of  MacCoU  and  that  of  Boole  ; 
but  the  former,  by  his  definition  of  the  independence  of 
two  propositions,  had  been  able  to  correct  an  error  com- 
mitt^  by  Boole  in  a  problem  of  probabilities.  But  the 
origin  of  Mr.  MacColPs  logic  is  found  in  a  purely  mathe- 
matical problem,  namely,  the  calculation  of  the  limits  of  a 
multiple  integral  when  the  order  of  the  integrations  is 
changed,  a  problem  to  which  the  last  part  of  Mr.  MacColFs 
memoir  is  devoted. 

M.  Peano  read  a  memoir  on  mathematical  definitions,  in 
which  he  said  that  a  definition  is  an  equalit}^  whose  first 
member  contains  the  expression  to  be  defined  and  the  sec- 
ond member  is  composed  of  well-known  terms.  It  sup- 
poses, then,  a  certain  number  of  known  terms  which  ought 
to  be  tabulated  ;  the  value  of  a  definition  is  essentially  rela- 
tive to  this  table.  M.  Peano  analyzed,  by  way  of  example, 
the  first  definitions  of  Legendre's  geometry  and  some  oif 
Euclid's  definitions.  He  shows  that  they  define  relatively 
simple  and  clear  terms  (line,  point,  straight  line,  surface)  by 
means  of  terms  which  are  less  so  (length,  breadth,  thick- 
ness, extremity,  path,  shortest),  or  a  term  (number)  by  a 
synonymous  term  (ensemble).  He  calls  equalities  of  the 
form  specified  possible  definitions.     An  idea  will  be  defina- 
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ble  or  undefinable  accordiDg  to  theordef  assigned  to  the 
ideas.  It  is  convenient  to  arrange  the  ideas  of  a  science  in 
an  order  such  that  the  number  of  primitive  ideas  relative 
to  this  order  shall  be  as  small  as  possible. 

A  definition  should  be  complete,  that  is,  intelligible  by 
itself ;  and  homogeneous,  that  is,  the  two  members  should 
contain  the  same  variable  terms.     Thus,  the  formula 

0  =  a  — o 

is  not  a  definition  because  we  do  not  know  what  a  is.  The 
complete  proposition  :  "  Let  a  be  any  number  ;  then  0  =  a 
—  a,"  is  not  a  definition  because  it  is  not  homogeneous  (the 
variable  a  enters  into  the  second  member  but  not  into  the 
first).  It  is  necessary  to  write  :  *'  0  =  the  constant  value 
of  the  expression  (a--  a)j  whatever  be  the  number  a.''  In 
this  proposition  the  letter  a  is  an  apparent  variable,  since 
the  second  member  does  not  depend  on  its  value. 

M.  Peano  criticised  other  non-homogeneous  definitions 
by  showing  that  we  can  draw  false  conclusions  from  them 
(for  example,  the  definition  of  operations  on  fractions). 

M.  J.  Tannery  remarked  that  if  every  definition  is  an 
equality,  it  is  necessary  to  place  the  idea  of  equality  in  the 
table  of  undefined  ideas. 

M.  Schroder  thought  that  it  is  unnecessary  to  impose  too 
restrictive  conditions  on  definitions.  For  example,  the  zero 
(nothing)  of  logic  can  be  defined  by  the  formula 


whatever  be  a,  where  a,  is  the  n^ation  of  a,  or  not-a. 

M.  J.  Tannery  took  exception  to  the  definition  of  the  zero 
of  arithmetic  by  the  formula 

0  =  o  —  a, 

whatever  be  a.  In  this  formula  there  enters  the  sign  of 
subtraction.  Now  we  can  define  subtraction  only  in  the 
case  of  unequal  numbers.  In  other  words,  we  define  0  as 
the  number  which  when  added  to  a  gives  a  as  sum.  But, 
by  hypothesis,  we  know  no  such  number :  every  number 
added  to  another  number  gives  a  sum  different  from  each 
of  them.  Then  this  does  not  give  the  idea  of  zero,  which 
seems  to  be  a  primitive  and  indefinable  idea. 
M.  Peano  replied  that  the  formula 

0  =  a  —  a 
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does  not  constitute  a  definition,  since  it  is  not  complete,  it 
being  necessary  to  add  what  a  is.  Nor  is  it  homogeneous, 
the  second  member  containing  a  term  which  does  not  enter 
the  first.  It  is  necessary  then  to  say  :  **  0  =  the  constant 
value  of  (a  —  a)  whatever  be  a.^'  The  same  observations 
apply,  mutatis  mutandis,  to  the  analogous  definition  of  the 
zero  of  logic.  As  to  the  equality  definition,  it  is  undoubt- 
edly among  the  primitive  ideas  ;  but  it  differs  from  special 
equalities,  which  can  consequently  be  defined. 

M.  Padoa  emphasized  a  distinction  between  the  formula 
**  0  =  a  —  a '^  and  the  formula  ^*  0  =  the  constant  value  of 
(a  — a)  whatever  bea/^  The  first  supposes  a  mathemat- 
ical fact  known,  namely,  that  (a  —  a)  is  constant  inde- 
pendently of  a.  The  second,  on  the  contrary,  implies  this 
fact  and  expresses  no  more  than  a  purely  logical  fact :  the 
equality  of  two  constant  values. 

M.  Couturat  analyzed  the  memoir  of  M.  Burali-Forti 
upon  the  different  logical  methods  for  the  definition  of  a 
real  number.  The  author  distinguishes  three  kinds  of  defi- 
nitions :  1°  the  nominal  definition,  which  consists  of  equa- 
ting the  new  sign  (to  be  defined)  to  an  expression  composed 
of  known  signs  ;  2°  the  definition  by  postulates,  which  con- 
sists in  enumerating  the  fundamental  relations  verified  by 
a  group  of  primitive  ideas ;  3°  the  definition  by  abstrac- 
tion, which  consists  in  defining  a  function  /  by  saying  in 
what  cases  we  have/x  =/y. 

These  distinctions  made,  all  the  definitions  given  of  an 
integral  number  enter  into  one  of  the  three  classes.  The 
nominal  definition  of  an  integral  number  rests  upon  that  of 
homogeneous  magnitude.  *  *  If  -f  is  a  binary  similar  opera- 
tion, we  say  that  u  is  a  class  homogeneous  with  respect  to 
-f  if,  X  and  y  being  any  elements  of  u,x  +  yisa,  determinate 
element  of  u.^'  **Letw  be  a  homogeneous  class  with  re- 
spect to  -I-.  We  call  zero  the  element  x  of  u  such  that, 
whatever  element  of  uy  may  be,  we  have  always 

y  +  x=:y:^ 

We  define  then  the  ensemble  Nq  of  positive  integers  and 
zero  as  a  class  of  operations.  Let  x  be  any  magnitude  of 
the  class  w.  We  define  the  class  of  magnitudes  N^  (multi- 
ples of  x)  by  the  following  properties  : 

1°  N^x  is  homogeneous  with  respect  to  -f-  ; 

2**  0  and  x  are  elements  of  X^x  ; 

3**  Every  X^x  which  is  not  equal  to  zero  is  of  the  form 
y  +  X,  y  being  an  X^x.     We  can  tlieii  define  nominally  the 


Digitized  by  VjOOQIC 


1901.]  THE   PARIS   CONGRESS   OP    PHILOSOPHY.  171 

zero  of  arithmetic  and  the  notion  of  successive  integers, 
whence  are  deduced  the  five  characteristic  properties  of 
integral  numbers. 

The  definition  by  postulates  (Peano-Dedekind)  consists 
in  putting  these  five  properties  as  postulates.  The  defini- 
tion by  abstraction  (G.  Cantor)  consists  in  deBning  the  car- 
dinal number  by  the  conditions  of  equality  between  two  car- 
dinal numbers. 

The  memoir  terminates  with  nominal  definitions  of  ra- 
tional numbers  and  real  numbers. 

M.  Padoa  presented  the  principal  ideas  of  his  introduction 
to  any  deductive  theory.  Every  deductive  theory  rests 
upon  a  system  of  undefined  symbols  and  a  system  of  im- 
proved principles.  The  logical  value  of  the  deduction  is 
independent  of  the  meaning  of  these  symbols  ;  the  system 
of  ideas  that  we  make  correspond  to  them  is  only  an  inter- 
pretation. The  logical  value  of  a  theory,  then,  is  absolutely 
independent  of  empirical  and  psychological  data ;  and, 
though  the  concrete  interpretation  is  useful,  it  is  sometimes 
dangerous  in  that  it  covers  up  gaps  in  the  reasoning.  The 
undefined  symbols  may  have  several  interpretations  which 
verify  the  undemonstrated  principles  ;  these  interpretations 
are  logically  equivalent  (e.  g.,  the  principle  of  duality  in 
projective  geometry). 

The  author  defines,  and  gives  the  ordinary  criterion  for, 
an  irreducible  system  of  undemonstrated  principles.  He 
shows,  moreover  (and  this  is  the  personal  contribution  of 
the  author  to  this  theory),  that  the  system  of  undefined 
symbols  is  irreducible  with  respect  to  the  system  of  un- 
demonstrated propositions  when  it  is  not  possible  to  deduce 
from  the  latter  the  symbolic  definition  of  any  of  the  unde- 
fined symbols.  To  show  this  irreducibility  it  is  suflicient  to 
find  an  interpretation  of  the  system  of  undefined  symbols, 
such  that  they  continue  to  verify  the  system  of  undemon- 
strated propositions  when  we  change  the  sense  of  any  one 
of  them,  and  this  for  every  one  of  the  undefined  symbols 
taken  separately.  These  are  the  principles  which  M.  Padoa 
applies  to  the  theory  of  integral  numbers  (positive,  negative 
and  zero)  founded  upon  three  undefined  symbols  integer,  sue- 
eemve  to,  symmetric  of,  and  upon  seven  undemonstrated  propo- 
sitions, including  the  principle  of  complete  induction  un- 
derstood in  both  senses. 

The  memoir  of  M.  Pieri  on  geometry  considered  as  a 
purely  logical  system  was  read  in  abstract  by  M.  Couturat. 
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Geometiy,  stripped  of  every  intuitive  element,  is  an  ideal 
and  deductive  science,  which  has  as  its  object  a  certain  or- 
der of  logical  relations.  Like  arithmetic  it  is  becoming 
more  and  more  abstract ;  the  idea  of  point  or  spatial  ele- 
ment is  generalized,  as  well  as  that  of  space.  Notwith- 
standing its  empirical  origin  and  the  pedagogical  and  prac- 
tical value  of  its  applications,  geometry  is  being  little  by 
little  shorn  of  all  geometric  meaning  in  order  to  become 
a  hypothetico-deductive  system.  Such  a  system  ought  to 
rest  upon  an  aggregate  of  primitive  propositions  and  primi- 
tive concepts  (the  latter  have  been  much  less  studied  than 
the  former).  M.  Pasch  has  reduced  the  primitive  concepts 
of  geometry  to  four:  point,  plane,  segment,  and  congru- 
ence. M.  Peano  has  reduced  them  to  three :  point,  s^- 
ment,  and  movement.  M.  Pieri  proposes  to  reduce  them 
to  two  only  :  point  and  movement.  He  also  attempts  to  re- 
strict the  rdle  of  movement,  which  he  reduces  to  a  relation 
between  four  points  (congruence  of  the  two  couples  J -B, 
CD)  and  further  to  a  relation  between  three  (congruence 
of  the  two  couples  AB,  AC). 

The  choice  of  primitive  ideas  (which  cannot  be  guided  only 
by  vague  considerations  of  simplicity  or  of  evidence)  ought 
to  be  regulated  by  the  following  criterion :  every  science 
being  characterized  by  a  maximum  group  of  transforma- 
tions which  do  not  alter  the  properties  that  it  studies,  the 
choice  ought  to  be  so  made  that  the  primitive  ideas  should 
be  invariants  with  respect  to  this  group.  As  examples  of 
trespassers  against  this  rule  of  logic  the  author  cites  the 
idea  of  length  in  analysis  situs,  that  of  a  half-ray  in  pro- 
jective geometry,  and  even  the  general  ideas  of  line, 
surface,  solid,  and  space  in  elementary  geometry.  The 
memoir  terminates  with  the  enumeration  of  twenty  postu- 
lates which  serve  as  a  logical  basis  for  geometry  and  which 
define  successively,  by  means  of  the  idea  of  movement,  the 
straight  line,  plane,  perpendicularity,  and  finally  segment. 

As  an  introduction  to  M.  Poretsky's  memoir  on  the  theory 
of  logical  equalities  having  three  terms  M.  Couturat  gave 
an  outline  of  the  principles  of  Schroder's  logical  calculus. 

The  fundamental  relation  of  the  algebra  of  logic  is  the 
relation  of  inclusion.  We  reduce  the  concepts  to  their  ex- 
tension, that  is,  to  classes  or  aggregates  of  corresponding 
objects  ;  a  is  said  to  be  in  6  and  we  write 

a<h 
if  the  ensemble  a  is  contained  in  the  ensemble  h.     It  is  the 
translation  of  the  universal  affirmative  proposition  '*alla 
is  6.'' 
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Similarly,  propositions  are  reduced  to  their  extension  or  to 
their  domain  of  validity,  that  is,  to  the  ensemble  of  in- 
stances or  cases  where  each  of  them  is  true.  If  a  and  b 
represent  propositions,  (a  <  6)  signifies  **  every  time  that  a 
is  true,  b  is  true,"  or  **  if  a  is  true,  6  is  true,"  or  finally 
*  ^  a  implies  6. '  * 

Thus  every  formula  of  the  algebra  of  logic  is  susceptible 
of  two  interpretations,  one  in  concepts  and  the  other  in 
propositions.  At  bottom  this  algebra  is  simply  the  calculus 
of  ensembles,  what  Leibniz  would  call  the  theory  of  the  con- 
taining and  the  contained.  To  this  fundamental  relation 
of  inclusion  we  join  that  of  equality,  which  is  defined  for- 
mally thus 

(a  =  6)  =  (a<6)(6<a), 

that  is,  every  equality  is  equivalent  to  two  inverse  inclu- 
sions having  the  same  members. 

Two  undemonstrated  principles  are  admitted  :  1**  the 
principle  of  identity 

a<a'j 

2*^  the  principle  of  the  syllogism 

(a<6)(6<c)<(a<c). 

Logical  addition  and  multiplication  are  formally  defined 
by  the  following  expressions  : 

(a  <  c)(6  <  c)  =  (a  -f-  6  <  c), 

(c<a)(c<6)=:  (c<ab), 

whence  we  conclude  that  (a  +  6)  is  the  ensemble  of  ele- 
ments which  contains  the  two  classes  a  and  b  united,  and 
that  ab  is  the  ensemble  of  elements  common  to  two  classes 
a  and  6.  We  define  two  special  classes,  the  class  1,  which 
contains  all  the  others  ;  the  class  0,  which  is  contained  in 
all  the  others,  and  consequently  contains  itself  no  element. 
Finally  negation  is  defined  by  the  formulae 

aOj  =  0,     a-faj=l, 

of  which  the  first  translates  the  principle  of  contradiction, 
and  the  second  the  principle  of  excluded  middle ;  which 
proves,  in  passing,  that  these  two  principles  are  indepen- 
dent of  the  principle  of  identity  (a  <  aV 

The  algebra  of  logic  tends  to  transform  the  inclusions 
(which  transcribe  the  verbal  propositions  directly)  into 
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equalities  (more  manageable  for  the  calculus).  To  this  end 
serve  the  two  formulsB  (known  to  Leibniz) 

(a<6)  =  Co=o6), 
(a<6)=(a6^==0). 

The  second  permits  also  of  transforming  any  equality  into 
an  equality  whose  second  member  is  zero 

(o  =  6)=(a6j  +  a,6  =  0). 

Every  system  of  premises  can  be  reduced  to  a  single 
equality  with  second  member  zero,  which  will  be  the  equa- 
tion of  the  problem.  This  equation  can  be  solved  with  re- 
spect to  one  of  the  variables,  it  matters  not  which.  With 
regard  to  the  unknown  x  it  ha«  the  form 

(ax+  bx^  =  0)  =  (cue  =  0){bx^  =  0). 
But 

(ax  =  0)  =  (x<a,), 

(K  =  0)  =  (6<a:). 
Therefore 

(ax  +  6a;j  =  0)  =  (6  <  a:  <  a,). 

The  equation  is  equivalent  then  to  a  double  inclusion  :  x 
contains  b  and  is  contained  in  a^.  Such  is  the  solution  of 
the  problem  with  respect  to  x. 

In  his  memoir  on  the  theory  of  logical  equalities  having 
three  terms,  M.   Poretsky  employs  an  original  method  of 
which  the  following  are  the  principles. 
The  double  inclusion 

6  <x  <a 

he  expresses  by  the  equality 

X  =s  aa;  +  6xj, 

which  is  in  fact  equivalent  to  the  two  equalities 

(x  =  or)  =  (a;  <  a), 

(6x,  =  0)  =  (6<a;). 

The  system  oi  M  Poretsky  rests  upon  another  equivalence 

(a=a6,  ^'-aj6)=  (6=0), 

paradoxical  enough  because  tne  nrbt  member  contains  a  let- 
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ter  a  which  the  second  does  not.  Hence  a  is  absolutely  in- 
determinate in  this  formula.     Any  equality 

is  equivalent  to  each  of  the  following  equalities  : 

(iAB,  +  A,B^O)^{N=0), 

U^+^.fi,=  l)  =  (iV,=  l). 

M.  Poretsky  calls  N  the  complete  logical  zero  and  N^  the 
complete  logical  whole  of  the  problem  represented  by  the 
equality  (A  =s-B).  Consequently  being  given  any  class  t/, 
the  equality  in  question  becomes 

(^  =  5)  =  ({7=  UN,+  U,N)^(N^O). 

This  is  the  law  of  forms  of  logical  equalities,  that  is  to  say, 
the  rule  which  shows  how  to  find  all  the  equalities  equiva- 
lent to  a  given  equality. 

M.  Poretsky  employs  for  this  purpose  an  exhaustive 
method,  which  consists  in  forming  all  the  possible  classes  of 
discourse  of  n  letters.  Being  given  n  simple  classes  a,  6, 
c,  d,  •-,  we  can  form  with  them  2"  elements  (constituents  of 
Boole)  which  the  author  calls  the  minima  of  discourse.  To 
obtain  all  possibleclasses  it  is  sufficient  to  form  the  additive 
combinations  of  the  2**  elements  of  which  the  number  is  2***, 
including  0  and  1.  If  we  take  for  U  each  ^of  these  classes, 
we  obtain  2***  different  forms  for  each  equality. 

Any  equality  whatever  consists  in  equating  to  zero  the 
sum  of  m  elements,  that  is,  in  annulling  them  separately. 
It  is  equivalent  then  to  m  elementary  equalities,  and  to  all 
their  combinations  2"'  in  number,  including  the  equality  in 
the  m  elements  themselves  and  the  identity  0  =  0.  This  is 
the  law  of  consequences. 

On  the  other  hand,  any  equality  in  m  elements  can  be 
considered  as  the  consequence  of  an  equality  containing  at 
least  these  m  elements  (with  others) .  Hence  all  the  possible 
causes  of  the  given  equality  are  obtained  by  joining  to  it  all 
the  combinations  of  the  2"  —  m  other  elements,  of  which  the 
number  is  2'*"'".  This  is  the  number  of  different  causes  of 
the  equality,  including  the  equality  itself  and  the  absurdity 
1  =  0.     This  is  the  law  of  causes. 

M.  Poretsky  sums  up  the  law  of  forms,  the  law  of  conse- 
quences, and  the  law  of  causes  in  a  single  table  which  in- 
cludes the  2'"  classes  of  discourse,  from  which  may  be  written, 
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by  simple  inspection  without  calculation,  all  the  forms, 
consequences,  and  causes  of  the  equality  to  which  the  table 
refers. 

M.  Couturat  remarked  in  concluding  his  abstract  that  M. 
Peano  was  the  first  to  determine  the  number  of  propositions 
that  can  be  affirmed  relative  to  n  simple  classes.  As  we 
have  seen,  the  number  of  independent  propositions  is  2'*— 1, 
excluding  the  absurdity  1=0.  But  we  can  affirm  the  al- 
ternative of  any  number  of  these  propositions ;  there  are 
as  many  alternatives  as  there  are  additive  combinations 
possible  among  these  propositions,  that  is, 

n 

2«-^-l, 

excluding  again  the  absurdity  0=1. 

For  n  =  2,  we  find  the  number  32,767,  or  32,766  if  with 
M.  Peano  we  exclude  the  insignificant  identity  1  =  1. 
Thus,  with  two  terms  a  and  b  and  their  negations,  we  can 
construct  32,766  different  judgments.  We  thus  see  the 
richness  and  complexity  of  the  combinations  permitted  by 
the  algebra  of  logic. 

M.  Schroder  gave  a  rapid  summary  of  the  principles  of 
the  algebra  of  relations  before  presenting  his  memoir  on  an 
extension  of  the  idea  of  number.  The  algebra  of  relations 
is  the  logic  of  relative  terms,  while  the  classic  logic  treats 
only  of  absolute  terms.  The  proposed  generalization  of 
order  he  calls  gradation.  It  consists  in  admitting  several 
elementB  of  the  same  rank.  A  gradation  will  be  expressed 
by  two  relations;  the  one  p  responding  to  the  double  ques- 
tion *'  What  element  precedes  what  element??  ''  the  other, 
Y,  responding  to  the  double  question  **  What  element  is  of 
the  same  rank  as  what  element  ?? " 

The  essential  characteristics  of  a  gradation  are  the  follow- 
ing : 

1°  Given  any  two  elements  t,y,  either  t  is  inferior  to jj  or  % 
is  superior  to^,  or  i  is  of  the  same  rank  asj  ; 

2°  If  i  is  inferior  to  j,  it  is  not  of  the  same  rank  ; 

3°  On  the  same  hypothesis,  j  is  not  inferior  to  i  ; 

4^  If  i  is  of  the  same  rank  as  h  and  h  inferior  toj,  then 
i  is  inferior  to^  ; 

5°  If  i  is  inferior  to  h  and  h  inferior  to^,  then  i  is  in- 
ferior to  j. 

These  five  properties  of  any  gradation  can  be  expressed 
by  the  following  formulae  : 
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i^r  +  p  +  p»   p(r+  p)='0,   (r  +  p)y  p<pf 

where  ^  signifies  the  converse  of  a  relation,  and  x;  rr  <  « 
signifies  that  the  precedent  of  a  precedent  is  a  precedent ; 
the  first  formula  transcribes  the  property  1®  ;  the  second 
the  properties  2®  and  3° 

A>r  =  0,         i«  ^  =  0  ; 

and  the  third  the  properties  4°  and  5° 

r'7p<Py         P\  P<P' 

From  these  formulae  we  can  deduce  all  the  properties  of 
two  relations  y  and  p :  they  are  transitive,  y  is  symmetric 
(  ^  =  /^ ),  and  copulative  (  t'  ;  j^^y).  Every  gradation  fur- 
nishes thus  a  root  of  the  equation 

X  \  a;  =  x. 

To  exhibit  the  logical  importance  of  his  researches  M. 
Schr5der  remarked  that  we  do  not  know  whether  we  can 
affirm  that  every  ensemble  is  capable  of  being  arranged  in 
a  simple  order,  and  that  the  solution  of  this  fundamental 
question  of  order  depends  upon  the  algebra  of  relations. 

Mr.  Macfarlane  remarked  relative  to  M.  Schroder's 
memoir  the  difference  existing  between  the  algebra  of  logic, 
where  the  relations  =  and  <  are  transitive,  and  the  algebra 
of  relations  in  which  transitive  relations  constitute  only  a 
particular  case.  The  algebra  of  relations  serves  as  a  con- 
necting link  between  the  symbolic  logic  and  various  branches 
of  mathematics  such  as  the  calculus  of  operations  and  the 
geometrical  calculus. 

M.  Couturat  added  that  the  theory  of  substitutions  is  a 
special  branch  of  the  algebra  of  relations.  The  product  of 
two  substitutions  is  their  relative  product ;  the  inverse  («"^) 

of  a  substitution  is  the  converse  (  s  ) ;  the  identical  substi- 
tution (1)  is  the  identical  relation  1. 

The  memoir  of  Mr.  Johnson  on  the  theory  of  logical  equa- 
tions was  presented  in  abstract  by  Mr.  Russell.  The  au- 
thor proposes  to  solve  symmetrically  the  general  logical 
equation  in  n  unknowns  by  means  of  n  indeterminates.  To 
this  end  he  solves  not  with  respect  to  the  unknowns  (x,  y,  2) 
themselves,  but  with  respect  to  their  constituents  xyzj  xyz, 
xyzj  — .  But  the  latter  can  be  replaced  by  any  divisors 
possessing  the  same  properties,  namely  those  of  being  mu- 
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tually  exclusive  and  collectively  exhaustive,  that  is,  verify- 
ing the  conditions 

The  equations  of  logic  are  solved  with  respect  to  these  di- 
visors />.  In  passing  from  this  solution  to  the  solution  rela- 
tive to  the  unknowns  x,  y,  »,  •-,  a  dissymmetry  is  introduced 
which  the  author  has  attempted  to  remove.  He  expresses 
in  conclusion  his  acknowledgments  to  the  works  of  Schro- 
der and  Whitehead  on  the  algebra  of  logic. 

The  paper  of  Mr.  Macfarlane  on  the  ideas  and  principles 
of  the  geometric  calculus  is  in  abstract  as  follows :  By 
geometric  calculus  he  means  that  branch  of  algebra  which 
is  founded  upon  the  properties  of  space  of  three  dimensions. 
The  researches  of  Hamilton  ending  in  the  invention  of  qua- 
ternions have  their  origin  in  Kant's  theory  of  knowledge ; 
proceeding  from  the  idea  that  algebra  is  the  science  of  pure 
time,  he  was  finally  led  to  the  true  spatial  generalization  of 
algebra.  The  algebra  of  quaternions  bears  the  same  logical 
relation  to  the  algebra  of  complex  quantities  as  does  the  lat- 
ter to  ordinary  algebra.  The  fundamental  rules  of  qua- 
ternions and  those  of  vector  analysis  can  be  harmonized  by 
modifying  those  of  the  latter  so  as  to  render  them  associa- 
tive ;  the  rules  thus  obtained  form  the  special  rules  of  re- 
duction of  the  geometric  calculus.  The  geometric  calculus 
ha«  been  extended  in  such  a  manner  as  to  include  the  trigon  • 
ometry  of  surfaces  of  the  second  order.  The  fundamental 
laws  of  algebra  have  no  need  of  modification  to  be  applic- 
able to  plane  algebra,  that  is  to  say,  to  the  algebra  of  com- 
plex quantities ;  but  modification  is  necessary  in  order  to  be 
applicable  to  the  algebra  of  space,  since  the  axis  of  the  plane 
is  then  variable.  In  the  geometric  calculus  the  principal 
theorems,  such  as  the  binomial  theorem,  exponential  the- 
orem, and  Taylor's  theorem,  remain  true,  provided  the  rela- 
tive order  of  the  vector  symbols  be  preserved.  The  philo- 
sophical conclusion  of  the  memoir  is  that  the  process  by 
which  the  science  of  algebra  has  been  extended  is  not  an  ar- 
bitrary convention,  but  a  patient  logical  generalization  tend- 
ing to  a  determinate  end  and  appropriate  to  the  object  to  be 
represented. 

M.  Calinon  read  an  account  of  his  memoir  on  the  r61e  of 
number  in  geometry.  Whatever  may  have  been  historically 
the  geometric  origin  of  this  or  that  extension  of  number, 
the  generalization  of  number  ought  and  can  be  made  inde- 
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pendently  of  any  intaitive  consideration.  As  soon  as  the 
numerical  continuum  is  constituted,  namely  the  ensemble 
of  real  numbers,  it  can  serve  to  define  the  geometric  con- 
tinuum. The  line  (continuous)  is  defined  by  establishing 
a  one  to  one  correspondence  between  the  ensemble  of  real 
numbers  and  a  series  of  points ;  the  surface  by  setting 
up  such  a  correspondence  between  the  ensemble  of  re^ 
numbers  and  a  series  of  lines  ;  the  solid,  by  establish- 
ing an  analogous  correspondence  between  the  ensemble 
of  real  numbers  and  a  series  of  surfaces.  Thus  it  is  the 
numerical  continuum,  simpler  and  clearer,  which  generates 
the  geometric  continuum,  and  number  is  essential  to  the 
definition  of  all  geometric  magnitudes.  Projective  geo- 
metry is  independent  only  in  appearance,  for  it  implies  a 
continuity  which  reduces  in  the  final  analysis  to  the  nu- 
merical continuum. 

The  following  is  a  brief  r6sum6  of  the  memoir  of  M. 
Lechalas  on  the  comparability  of  various  spaces.  There  are 
those  who  deny  to  general  geometry  the  right  to  consider  of 
one  or  several  spaces  as  contained  in  a  space  of  four  di- 
mensions, and  to  conceive  of  several  coexistent  spaces. 
Nor  do  they  allow  the  identification  of  euclidean  spheres  and 
Riemannian  planes  or  euclidean  pseudo-spheres  and  Lo- 
bachevskian  planes.  M.  Lechalas  first  set  aside  the  purely 
verbal  objections  founded  on  the  use  of  the  word  space  to 
designate  varieties  included  the  one  in  the  other.  If,  in  a 
plane  four-dimensional  space,  we  consider  a  spherical  space 
of  three  dimensions  and  a  euclidean  plane  space  of  three 
dimensions  passing  through  the  center  of  the  former,  their 
intersection  is  a  surface  (two-dimensional  variety)  which 
possesses,  in  the  euclidean  space,  all  the  properties  of  the 
euclidean  sphere  and  in  the  spherical  space,  all  the  properties 
of  the  Riemannian  plane.  Why  refuse  to  admit  the  identity 
of  this  euclidian  sphere  and  this  Riemannian  plane,  since 
they  are  the  same  figure  ?  It  is  maintained  that  it  possesses 
different  properties  in  the  two  spaces.  Unquestionably,  as 
the  circle  (intersection  of  a  plane  and  sphere)  possesses  dif- 
ferent properties  on  the  two  surfaces  :  in  the  plane  it  has  but 
one  center ;  on  the  sphere  it  has  two  ;  if  the  plane  passes 
through  the  center  of  the  sphere  the  circle  will  be  ag'eodesic 
on  the  sphere  without  being  a  geodesic  of  the  plane.  But 
this  does  not  prevent  it  from  being  the  same  figure  in  both 
cases.  Besides  the  partisans  of  the  incomparability  of  spaces 
are  logically  driven  to  maintain  the  indiscernibility  of  Rie- 
mannian spaces  among  themselves  and  of  Lobachevskian 
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spaces  among  themselves,  and  consequently  to  admit  only 
three  types  of  spaces  qualitatively  heterogeneous  and  foreign 
to  one  another  (euclidean,  Eiemannian,  Lobachevskian). 
They  thus  suppress  the  continuity  which  binds  these  three 
spaces  together,  and  which  makes  the  euclidean  geometry  a 
limiting  case  of  the  other  two  ;  they  thus  destroy  the  unity 
of  general  geometry  and  its  philosophical  character. 

In  discussing  the  paper  of  M.  Lechalas,  M.  Peano  re- 
marked that  we  can  establish  for  four-dimensional  space 
propositions  which  are  not  valid  for  space  of  three  dimen- 
sions. In  fact  they  rest  upon  an  additional  postulate.  To 
the  three  following  postulates 

1°.  If  a  is  a  point,  there  are  other  points  than  a ; 

2°.  If  Z  is  a  straight  line,  there  are  points  outside  of  I ; 

3°.  If  r  is  a  plane,  there  are  points  not  in  tt  ; 
we  ought  to  add  the  postulate 

4°.  If  2*  is  a  space  of  three  dimensions,  there  are  points 
not  in  -. 

It  is  easily  seen  that  there  are  propositions  which  result 
from  these  four  postulates  taken  together  and  which  do  not 
result  from  the  first  three.  Conversely  such  a  theorem  as  the 
property  of  homological  triangles  is  true  for  the  plane  and 
three  dimensional  space  but  does  not  hold  for  space  of  four 
dimensions,  because  it  depends  on  the  number  of  dimen- 
sions of  the  space. 

M.  Hadamard  expressed  the  opinion,  in  the  discussion, 
that  space  of  four  dimensions  is  only  an  analytical  ensemble; 
and  that  general  geometry  is  only  a  geometrical  interpre- 
tation, though  a  legitimate  one,  of  analytical  facts  and 
formulae. 

Mr.  Russell  said  that  a  plane  space  of  two  dimensions  is  not 
identical  with  a  plane  of  a  spa^e  of  three  dimensions  ;  the 
latter  enjoys  special  properties  which  it  possesses  because 
situated  in  a  space  of  higher  dimensions.  One  of  the  proofs 
is  that  projective  geometry  even  of  the  plane  demands  a 
space  of  three  dimensions  for  its  construction ;  in  fact,  to 
prove  that  the  construction  of  von  Htaudt's  quadrilateral  is 
aunivocal  operation  (with  a  unique  result)  it  is  necessary  to 
be  able  to  effect  it  in  two  different  planes.  Besides,  in  order 
that  the  essential  duality  of  projective  geometry  shall  he 
complete,  a  space  of  at  least  three  dimensions  is  necessary. 
There  is  then  a  specific  difference  (of  nature,  and  not  of 
degree)  between  spaces  of  two  dimensions  and  those  of  three 
dimensions. 

Mr.  Russell  objected  that  M.  Lech  alas  passes  from  the 
identity  of  the  analytical  properties  of  two  spaces  to  the 
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conclusion  of  their  real  identity.  This  is  to  ignore  the  dif- 
erence  between  analysis  and  geometry.  From  an  analytical 
point  of  view  we  conceive  whatever  we  wish  :  one  only  con- 
structs algebra  and  has  need  to  speak  neither  of  points  nor 
of  figures.  But  to  construct  a  geometry  it  is  necessary  to  get 
a  space  to  which  we  can  apply  the  analytical  formulae,  and 
in  this  space  planes  and  straight  lines  which  correspond  ac- 
tually to  their  projective  definition  (namely,  of  being  deter- 
mined by  three  or  two  points).  We  cannot  apply  the  ab- 
stract projective  geometry  to  any  figure,  for  example,  take 
for  plane  any  surface  whatever ;  to  take  a  sphere  is  to  sup- 
pose the  whole  of  the  metrical  geometry.  To  be  sure,  the 
geodesies  on  a  sphere  are  determined  by  two  points,  but 
this  presupposes  that  the  sphere  itself  has  been  determined 
by  its  distance  from  an  exterior  center  or  by  some  other 
equivalent  metrical  property.  The  sphere  then  can  never 
be  likened  to  a  plane,  not  even  to  a  non-euclidean  one. 

M.  Hadamard  read  a  r6sum6  of  his  memoir  on  induction 
in  mathematics.  The  method  of  invention  in  mathematics 
is  generalization.  What  is  the  value  of  this  process?  what 
is  the  probability  of  its  success?  The  author  thinks  that  it 
often  fails  ;  not  only  is  there  no  reason  why  generalization 
should  succeed,  but  there  are  often  reasons  for  it  not  to  suc- 
ceed. If  a  certain  problem  has  been  solved  in  a  certain  par- 
ticular case,  this  is  generally  due  to  the  fact  that  this  par- 
ticular case  offers  some  special  property  that  renders  it 
simpler  and  easier  to  treat.  We  cannot  extend  this  property 
to  the  general  case  to  resolve  it  in  an  analogous  manner.  The 
recent  process  of  mathematics  offers  plenty  of  examples  in 
support  of  this  statement.  The  more  science  advances,  the 
more  the  part  of  chance  in  the  discovery  of  truth  diminishes  ; 
the  more,  consequently,  should  induction  and  analogy  be 
found  misleading.  Being  given  two  analogous  problems, 
one  of  which  has  been  solved  and  the  other  not,  there  is  oc- 
casion to  think  that  the  results  found  in  the  solution  of  the 
first  are  very  different  from  those  to  be  obtained  in  the  so- 
lution of  the  second. 

The  memoir  of  M.  Blondlot  on  the  principles  of  me- 
chanics was  read  by  M.  Couturat.  The  author  has  fol- 
lowed Kirchhoff  and  Mach,  and  the  object  of  his  work  is 
didactic  rather  than  critical.  He  marks  sharply  the  distinc- 
tion between  ideal  and  fictitious  mechanics  and  real  and 
positive  mechanics.  The  former  supposes  an  ideal  system  of 
data  (ref^res)  and  an  absolute  clock.    Admitting  the  notion 
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of  material  point,  the  principles  of  mechanics  may  be  formu- 
lated as  follows : 

1^.  A  material  point,  supposed  alone,  can  assume  no  ac- 
celeration. 

2*.  Two  material  points  determine  on  each  other  accelera- 
tions directed  in  opposite  senses  along  the  line  joining  them. 

3°.  The  ratio  of  the  numerical  values  of  the  accelerations 
produced  by  two  given  material  points  A  and  B  is  constant. 

The  latter  principle  permits  of  defining  and  measuring 
the  mass  of  a  material  point  by  means  of  the  following  addi- 
tion :  '^X  being  any  material  point,  the  ratio  of  the  mutual 
accelerations  of  A  and  B  is  equal  to  the  ratio  of  the  mutual 
accelerations  of  A  and  X  divided  by  the  ratio  of  the  mu- 
tual accelerations  of  B  and  X.  Whence  the  ratio  of  the 
masses  of  two  material  particles  will  be,  by  definition,  the 
inverse  of  the  ratio  of  their  mutual  accelerations. ' ' 

4°.  The  acceleration  induced  in  any  material  point  if  by 
an  aggregate  of  several  material  particles  5,  J^,  /S",  •••  is  ob- 
tained by  compounding,  by  the  rule  for  the  composition 
of  vectors,  the  accelerations  determined  separately  by 
Sy  /?,  S'^,  ••,  when  acting  successively  on  M.  The  notion  of 
force  is  useless,  but,  to  abbreviate,  we  can  define  it  as  the 
product  of  the  mass  by  the  acceleration. 

Theoretical  mechanics  is  to  positive  mechanics  as  a  model 
to  an  actual  construction.  To  apply  the  former  to  the  latter 
we  choose  a  system  of  data  and  a  time-piece  in  such  a  manner 
as  to  obtain  the  most  exact  description  possible  of  actual 
movements.  This  is  undoubtedly  inexact ;  but  if  it  is  ap- 
proximately exact,  it  is  simply  because  theoretical  mechan- 
ics, fictitious  and  conventional  as  it  is,  was  invented  to  be 
applied  to  reality. 

In  the  discussion  M.  Kozlowski  was  of  the  opinion  that 
the  idea  of  force  should  not  be  banished  from  mechanics. 
Du  Bois-Reymond  has  shown  that  impact  is  inconceivable, 
and  that  action  at  contact  can  be  explained  only  by  ac- 
tion at  a  distance.  If  science  substitutes  acceleration  for 
force  it  is  because  it  tends  to  replace  muscular  symbols  by 
visual  symbols. 

M.  BuUiot  would  not  agree  to  replace  force  by  accelera- 
tion under  the  pretext  that  force  is  an  obscure  idea  taken 
from  our  common  experience.  Why  substitute  for  notions 
a  little  obscure  but  rich  in  content,  others  clear  but  bar- 
ren? Modern  science  through  an  excessive  love  of  log- 
ical clearness  tends  to  lose  all  contact  with  reality  to  which 
it  owes  its  origin. 

M.  J.  Tannery  replied  that  if  science  replaces  experi- 
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mental  notions  and  the  confased  data  of  sense  by  abstrac- 
tions, it  is  to  satisfy  a  need  of  rigor  and  precision  ;  but  it 
does  not  thereby  lose  all  contact  with  reality,  and  applied 
science  is  benefited  by  the  progress  of  pure  science. 

M.  Foveau  de  Courmelles  did  not  admit  the  distinction 
between  statical  force  and  accelerating  force :  both  corre- 
spond to  the  same  psycho-physiological  impression  of  effort. 

M.  Yaseliief  confirmed  the  ideas  of  M.  Kozlowski  upon 
the  difference  between  visual  and  muscular  sensations. 
The  privileged  r61e  of  visual  sensations  in  science  is  due  to 
the  fact  that  they  are  the  only  ones  which  are  exactly  meas- 
urable. The  speaker  recalled  Lobachevsky's  definition  of 
time :  time  is  a  motion  suitable  to  measure  other  motions. 

In  M.  Vassilief's  memoir  on  the  principles  of  the  theory 
of  probabilities  he  distinguishes  three  kinds  of  probabili- 
ties :  1°  subjective  probability,  simple  sentiment  of  expec- 
tation or  hope ;  2°  mathematical  probability,  defined  nu- 
merically as  the  ratio  of  the  number  of  favorable  cases  to 
the  number  of  possible  cases ;  3°  objective  or  physical 
probability,  which  results  from  the  observation  of  a  very 
great  number  of  experimental  cases.  We  know  that  the 
last  approaches  mathematical  probability  as  the  number  of 
observed  cases  increases.  M.  Vassilief  asks  whether  there 
is  not  an  analogous  relation  between  subjective  and  mathe- 
matical probability.  They  do  not  seem  to  him  to  be  pro- 
portional ;  he  believes  rather  that  they  obey  Fechner's  law. 
In  concluding  he  renders  homage  to  the  French  philosopher 
Cournot,  who,  in  his  opinion,  has  expressed  most  profound 
views  on  the  theory  of  probabilities. 

In  the  discussion  M.  Couturat  took  exception  to  the 
value  and  sense  of  Fechner's  law,  and  was  of  the  opinion 
that  subjective  probability  has  no  other  measure  than  mathe- 
matical probability,  and  that,  consequently,  it  is  out  of  place 
to  raise  a  question  of  proportionality  between  them. 

M.  Dickstein  cited  the  works  of  Goziewski  (analyzed  in 
the  Jahrbuch  uber  die  ForUchritie  der  Mathematik) ,  and  stated 
that  M.  Petzoldt  (  Vierteljahrschrift  fiir  wissenschaftliche  PhilO' 
Bophie)  had  attempted  to  apply  the  theory  of  probabilities  to 
the  principles  of  mechanics. 

E.    O.    LOVETT. 

Pbinckton  University. 
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A  DEMONSTRATION^   OF  THE   IMPOSSIBILITY  OF 

A  TRIPLY   ASYMPTOTIC   SYSTEM  OF 

SURFACES. 

BY  DE.  L.  P.  KISKNHART. 

(Read  before  the  American  Mathematical  Society,  December  28,  1900.) 

Consider  in  space  any  system  whatever  of  curvilinear  co- 
ordinates, jOp  /o.^,  p^  and  let  the  Cartesian  coordinates  Xy  y^  z 
of  a  point  with  respect  to  fixed  rectangular  axes  be  given  in 
terms  of  the  preceding  by  the  equations 

(1)    x=f(p,,  />„  i^g,    y  =  9{Pi,  f>r  P^^i    2  =  V'C/'i,  p2*  r,)' 

It  is  evident  that  the  coefficients  of  the  s3-stem  of  equa- 
tions 

d'O  do  do  do 

9/V  ^Pl  W^2  w's 


(2) 


d^0  _      do  do  do 

dpi  opi  a  pi  api 

d'o  do  d0  do 


dp.' 


'dp, 


opt 


dPi 


can  be  so  determined  that  it  will  admit  a;,  y,  0,  as  particular 
simultaneous  solutions. 

Any  point  (x,  y,  2)  may  be  looked  upon  as  the  intersec- 
tion of  three  surfaces,  one  of  each  of  the  families  for  which 
Pv  Pv  Pi  ***^  *^*^  respective  parameters. 

Consider  a  surface  of  each  family  and  the  point  defined  by 
them.  B'rom  the  form  of  equations  (2)^  it  is  evident  that 
the  necessary  and  suflicient  condition  that  the  surfaces 
/),  =  const,  and  p2  =  const,  cut  out  upon  the  surface  p^  == 
const,  the  asymptotic  lines  through  the  given  point,  is  ex- 
pressed by 

0,3  =  «i3  =   0- 

Since  similar  results  are  obtained  for  the  other  two  sur- 
faces through  the  point,  and  in  turn  for  every  point  and  the 
surfaces  determining  it,  it  follows  that  the  necessary  and 
sufficient  condition  that  the  surfaces  of  a  triple  system  cut 
one  another  along  asymptotic  lines  is  that  the  coefficients 
of  the  equations  (1)  satisfy  the  condition 


*  Bianchi,  Lezioiii,    .  109. 
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(3)  a,a  =  a«  =  a,j  =  03,  =  a^i  =  0,1  =  0. 

The  square  of  the  linear  element  on  the  surface  /?,  = 
const,  through  a  given  point  may  be  written  in  the  form 

(4)  d.3»=  E,dr,'  +  2F,dp,dp,  +  G,dp,\ 
where 

^•-%,)'  sn-5^3^,,  «.-2y. 

and  where,  by  hypothesis,  the  parametric  lines  are  the 
asymptotic  lines. 

Denoting  by  ^       >    the  Christoffel  symbols  formed  with 

respect  to  (4)  we  have 

Hence,  by  (3), 

that  is,*  the  />,  and  /o,  lines  are  geodesies  ;  but  this  is  impos- 
sible, since  they  are  asymptotic  lines.  Since  similar  results 
follow  for  surfaces  p^  =  const,  and  /»,  =  const.,  we  have  the 
theorem 

There  is  no  triple  system  of  surfaces  cutting  mutually  in  the 
asymptotic  lines  of  these  surfaces. 

This  theorem  leads  to  several  interesting  negations. 

Consider  a  triple  system  of  surfaces  cutting  one  another  in 
a  system  of  conjugate  lines  on  each.  Suppose  now  that  we 
have  another  triply  conjugate  system  of  surfaces,  which  are 
such  that  to  each  point  determined  by  three  surfaces  of  the 
first  system  there  corresponds  a  point  determined  by  three 
surfaces  of  the  second  system  and  in  such  a  way  that  the 
respective  surfaces  defining  the  first  point  correspond  by 
orthogonality  of  linear  elements  to  those  defining  the  second 
point.  From  the  theory  of  infinitesimal  deformation  of 
surfaces  we  know  that  if  (x,  y,  z)  and  (ar,,  y„  «,)  denote  cor- ' 
responding  points  in  these  two  systems,  then  the  triple  sys- 
tem of  associate  f  surfaces  of  the  first  system  are  defined  by 
the  equations  X 

dc  =  z^dy  —  y^dz,     drj  =  x^dz  —  z^dx,     dZ  =  y^dx  —  XjC^y, 


*  Biancbi,  Lezione,  p.  146. 

t  Ibid.,  p.  279. 

t  Genty,  Ann,  de  la  Fac.  de$  8ei.  de  TmJouse^  toI.  9,  no.  1. 
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where  (^,  i?,  C)  are  the  coordinates  of  the  point  correspond- 
ing to  (a;,  y,  z).  Consider  a  set  of  these  corresponding  sur- 
faces, one  from  each  system ;  the  conjugate  system  on  the 
first,  whose  correspondent  on  the  second  is  a  conjugate  sys- 
tem, corresponds  to  the  double  system  of  asymptotic  lines 
on  its  associate.*  Hence  the  triple  system  of  associate  sur- 
faces is  composed  of  surfaces  cutting  mutually-  in  their 
asymptotic  lines.     But  such  a  system  is  impossible  ;  hence 

No  two  triply  conjugate  systems  of  surfaces  can  correspond  by  or- 
thogonality of  linear  elements. 

Since,  in  the  infinitesimal  deformation  of  a  surface  that 
conjugate  system  of  lines  is  preserved  which  has  a  con- 
jugate system  for  its  correspondent  on  a  surface  correspond- 
ing by  orthogonality  of  linear  elements,  it  follows  from  the 
above  result  that 

A  triply  conjugate  system  of  surfaces  cannot  be  deformed  in- 
finitesimaMy  into  another  triply  conjugate  system. 

Suppose  there  is  given  a  triple  system  of  minimal  sur- 
faces cutting  one  another  along  the  conjugate  lines  of  length 
zero  for  each  surface.  Corresponding  to  the  three  surfaces 
determining  a  point  we  have  three  other  surfaces — the  ad- 
joints  of  the  former — determining  the  corresponding  point 
in  the  system  of  adjoint  surfaces.  Moreover,  it  is  evident 
that  the  three  surfaces  of  this  latter  system  cut  one  another 
in  the  conjugate  lines  of  length  zero.  Since  a  minimal  sur- 
face and  its  adjoint  correspond  by  orthogonality  of  linear 
elements,  this  second  triply  conjugate  system  of  miraimal 
surfaces  would  have  this  kind  of  correspondence  with  the 
first  system.     Since  this  is  impossible,  we  have 

There  cannot  be  a  triply  conjugate  system  of  minimal  surfaces 
cutting  one  another  in  the  conjugate  lines  of  length  zero. 

Again  suppose  that  there  can  be  obtained  a  triply  orth- 
ogonal system  of  minimal  surfaces.  By  the  Dupin-Darboux 
theorem  we  have  that  these  surfaces  intersect  one  another  in 
lines  of  curvature.  In  connection  with  this  system  con- 
sider the  triple  system  of  adjoint  minimal  surfaces  of  the 
given  system.  Since  the  lines  of  curvature  on  a  minimal 
'  surface  correspond  to  the  asymptotic  lines  on  its  adjoint, 
the  surfaces  of  the  second  system  will  cut  one  another  in 
asymptotic  lines.  Hence  the  hypothesis  was  incorrect,  and 
therefore 

There  cannot  be  a  triply  orthogonal  system  of  minimal  surfaces. 

Princeton,  N.  J., 
December  18,  1900. 


*  Bianchi,  Lezioni,  p.  279. 
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SHORTER  NOTICES. 

A  Short  History  of  Astronomy,  (The  University  Series. )  By 
Arthur  Berry.  New  York,  Scribner,  1899.  xxxi  + 
440  pp. 

It  is  a  sufficiently  difficult  and  thankless  task  to  write 
a  history  of  any  science  at  the  present  time,  and  the  diffi- 
culty is  all  the  greater  when  the  subject  is  as  old  as  astron- 
omy. Anyone  engaged  in  a  special  line  of  research  will 
always  feel  some  interest  in  the  history  of  his  study  quite 
apart  from  the  value  it  may  have  for  its  advancement,  but 
most  of  the  sciences  are  of  such  a  nature  that  only  a  slight 
acquaintance  with  their  earlier  history  is  necessary.  As- 
tronomy stands  almost  alone  in  one  respect.  Though,  as 
with  other  sciences,  its  history  is  that  of  discarded  theoriesj 
yet  the  observations  made  in  the  past,  instead  of  being  less 
valuable  according  as  they  were  more  ancient,  are  fre- 
quently more  so,  and  the  necessity  for  examining  carefully 
the  records  from  the  earliest  times  has  become  increasingly 
important.  A  well  recorded  eclipse,  passage  of  a  comet,  or 
rough  measure  of  a  star's  position,  may  help  us  more  in  the 
determination  of  certain  constants  than  the  most  careful 
series  of  observations  made  in  recent  times. 

In  the  present  volume  Mr.  Berry  has  made  the  first  at- 
tempt to  give  a  continuous  and  concise  popular  account  of 
the  history  of  astronomy  from  the  earliest  times  up  to  the 
present  day.  He  has  endeavored  to  make  it  readable,  to 
set  forth  the  main  facts  in  their  due  proportion  without  too 
great  a  sacrifice  of  details,  to  give  sufficient  indications  of 
the  literature  so  that  one  can  obtain  more  information  on 
special  points  if  desired,  and  finally,  to  go  as  far  as  is  rea- 
sonable into  explanations  so  that  the  true  nature  of  a  dis- 
covery may  be  appreciated.  He  has,  however,  not  been 
contented  to  make  a  mere  compilation  from  the  earlier 
works  on  separate  parts  of  the  history  but  has  given  a  care- 
ful and  well-written  account  of  the  whole  subject  as  far  as 
was  possible  within  the  limits  set.  Moreover,  he  has,  in 
many  cases,  gone  to  the  sources  (c.  g.,  for  the  work  of 
Galilei,  Kepler)  and  studied  the  writings  of  the  pioneers  in 
the  original,  so  that  his  estimates  of  what  they  achieved 
will  have  an  independent  value.  The  whole  book  bears 
evidence  of  a  large  amount  of  work  and  in  spite  of  its  mod- 
est title  should  take  a  higher  rank  than  many  of  the  popular 
volumes  which  appear  so  frequently  at  the  present  time. 
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The  first  three  chapters  are  devoted  to  astronomy  from 
the  earliest  times  to  the  beginning  of  the  sixteenth  century. 
The  author  has  confined  his  account  almost  entirely  to  the 
East,  omitting  the  astronomy  of  the  Egyptians,  the  Chal- 
deans and  the  Chinese,  owing  partly  to  the  difficulty  of  ob- 
taining first-hand  information  and  partly  to  the  unsettled 
state  of  the  interpretations  which  Oriental  scbolars  put  on 
the  records  which  have  come  down  to  us.  We  hope  that 
this  omitted  portion  may  in  the  future  be  described  by  as 
able  a  hand.  Whole  chapters  are  devoted  to  Copernicus, 
Tycho  Brahe,  Galilei,  and  Kepler,  showing  how  the  subject 
was  gradually  emancipated  from  mere  speculation  and 
emerged  into  a  science  in  which  observations  were  col- 
lected and  theories  tested  by  means  of  them. 

Of  the  discoveries  of  Xewton  and  his  immediate  succes- 
sors, Mr.  Berry  naturally  gives  a  full  account.  From  this 
time,  the  subject  has  been  divided  into  two  parts,  gravita- 
tional and  descriptive.  The  former  may  be  said  to  consist 
almost  entirely  in  the  complete  verification  of  the  law  of 
the  inverse  square  coupled  with  the  laws  of  motion.  In 
later  times,  the  latter  has  been  subdivided  into  observa- 
tional, physical,  and  descriptive  astronomy,  and  the  author 
finds  it  necessary  to  adopt  these  subdivisions  for  the 
eighteenth  and  nineteenth  centuries.  A  full  chapter  is 
devoted  to  Herschel  as  the  first  man  to  systematize  ob- 
servational astronomy.  The  description  of  the  work  of  the 
last  century  is  necessarily  much  condensed  as  a  large  num- 
ber of  partly  isolated  subjects  have  to  be  discussed  ;  but, 
wherever  possible,  the  main  idea  involved  in  every  ad- 
vance has  been  given. 

Ernest  W.  Brown. 


DU  Mathematiker  und  A»tronomen  der  Araber  und  ihre  Werke. 
(Abhandlungen  zur  Geschichte  der  mathematische  Wis- 
senschaften  mit  Einschluss  ihrer  Anwendungen.  X  Heft.) 
Von  Ueinrich  SuTER.  Leipzig,  B.  G.  Teubner,  1900,  ix 
+  278  pp. 

A  CATALOGUE  of  ovcr  fivc  hundred  names  of  mathematic- 
ians and  astronomers  does  not  give  promise  of  much  interest 
to  a  reader.  But  anyone  who  takes  the  trouble  to  dip  into 
Dr.  Suter's  volume  will  be  pleasantly  disappointed  if  he 
merely  expects  to  find  a  list  of  authors  and  writers  with  the 
titles  of  their  works.  To  read  through  such  a  book  is  of 
course  out  of  the  question,  even  for  a  reviewer,  and  yet 
merely  to  put  it  on  the  shelf  ready  for  a  chance  reference 
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would  be  doing  it  an  injastice.  Although  the  author  has 
kept  in  mind  his  main  idea,  which  is  to  give  an  outline  of 
the  work  done  by  the  Arabians  and  where  it  may  be  found, 
he  has  inserted  many  interesting  details  about  the  lives  of 
those  who  labored  for  science  during  the  period  under  con- 
sideration. 

For  example,  a  choice  morsel  from  the  autobiography  of 
Ibn  Stn&  (born  980  A.  D.),  who  certainly  did  not  suffer 
from  false  modesty,  runs  as  follows :  <**  *  *  Under  him 
(one  of  his  teachers,  el-N&tali)  I  began  the  Isagogus  ;  but 
when  it  was  known  that  I  was  obliged  to  correct  him  in  the 
definitions  of  the  categories,  every  one  was  filled  with 
amazement.  Whatever  the  question  put  to  me,  I  solved  it 
better  than  he  did  and  when  we  turned  to  the  study  of  logic 
I  showed  him  that  he  did  not  understand  the  more  difficult 
parts  of  it.  *  *  ♦  I  went  on  then  to  the  Almagest.  When 
I  got  to  the  end  of  the  introductory  propositions  and  arrived 
at  the  geometrical  ones,  el-N^tali  told  me  to  go  and  read 
the  book  alone  and  then  he  and  I  would  read  it  together 
and  he  would  point  out  which  results  were  correct  and 
which  incorrect.  I  began  to  study  it  and  it  soon  appeared 
that  I  had  to  explain  many  of  the  propositions  since  he  had 
not,  up  till  then,  properly  understood  them.  *  *  *  »'  How- 
ever, Ibn  Sinft,  was  somewhat  of  a  bon  vivant  and,  though  he 
wrote  several  works,  left  no  great  mark  on  his  subject. 

Here  and  there  occur  names  that  bring  back  pleasant  mem- 
ories of  the  Arabian  Nights,  a  world  of  fiction  which  seems  far 
distant  from  our  subject.  But  in  those  days  the  progress  of 
any  kind  of  intellectual  culture  was  largely  in  the  hands  of 
the  reigning  prince.  The  astronomer  expected  to  earn  his 
living  by  making  out  horoscopes  and  casting  nativities, 
whether  he  believed  in  them  or  not,  just  as  surely  as  the 
mathematician  of  our  own  times  expects  to  make  his  by  teach- 
ing ;  and  the  success  which  might  attend  him  probably  de- 
pended much  more  on  his  luck  and  the  ability  of  the  ruler 
than  on  his  capacity  as  an  astronomer. 

The  period  selected  by  Dr.  Suter  runs  from  750  A.  D.  to 
1600  A.  D.  which  includes,  according  to  him,  everyone  worth 
a  notice.  For  the  first  hundred  and  fifty  years  of  this  time 
the  Arabians  were  gathering  together  and  assimilating  the 
works  of  those  who  had  gone  before,  chiefly  from  the 
schools  of  Greece  apd  India.  A  succession  of  powerful 
chalifs,  amongst  whom  we  notice  our  old  friend  Hfi.rAn-el- 
Rasid,  had  been  the  means  of  stimulating  intellectual  pro- 
gress along  with  the  general  rise  of  civilization  amongst 
the  people.  They  gathered  around  the  court  the  ablest  men 
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and  encouraged  the  formation  of  schools.  The  best  work 
was  done  during  the  next  375  years,  and  it  was  in  that  time 
that  such  additions  as  the  Arabians  were  able  to  make  to 
the  subject  were  achieved.  From  1275  on,  the  scientific  men 
were  chiefly  employed  in  designing  new  kinds  of  astrolabes 
and  quadrants  and  in  the  writing  of  text-books. 

Interesting  as  Arabian  science  may  be  to  the  general 
historian  it  is  not  of  very  great  importance  to  the  mathema- 
tician. But  the  Arabians  did  a  great  service  in  keeping 
alive  the  works  of  their  predecessors  during  a  dark  period 
in  Europe.  Many  of  the  discoveries  of  the  Greeks  have 
been  preserved  in  the  numerous  manuscripts  which  the 
Arabians  left  and  which  have  escaped  destruction.  And 
not  the  least  of  their  contributions  was  the  introduction  of  our 
present  number  system  which  they  obtained  from  India 
and  used  in  preference  to  the  cumbrous  Greek  and  Roman 
methods.  If  for  no  other  reason,  they  deserve  to  be  re- 
membered for  this. 

Ernest  W.  Brown. 


NOTES. 


The  eighth  summer  meeting  of  the  American  Mathe- 
matical Society  will  be  held  at  Cornell  University,  Ithaca, 
N.  Y.,  beginning  Monday,  August  19,  1901.  Members 
of  the  Society  will  thus  be  enabled  to  attend  both  the  sum- 
mer meeting  and  the  meeting  of  the  American  association 
for  the  advancement  of  science  which  is  held  at  Denver, 
Col. ,  beginning  August  24.  In  connection  with  the  summer 
meeting  of  the  Society,  arrangements  are  being  made  for  a 
colloquium.  Professor  E.  W.  Brown  has  consented  to  give 
a  course  of  six  lectures  on  **  Modern  methods  of  dealing 
with  the  problems  of  dynamics  and  especially  those  of  celes- 
tial mechanics,  consisting  mainly  of  the  work  of  Poincar6  in 
this  direction."  The  precise  title  of  these  lectures  will  be 
announced  later.  A  second  course  of  lectures  will  also  be 
arranged. 

At  a  meeting  of  the  Cambridge  philosophical  society,  held 
on  November  26,  1900»  the  following  mathematical  papers 
were  read :  By  Mr.  T.  J.  I^A.  Bromwich  :  *'  Some  theo- 
rems in  regard  to  matrices.'' — By  Mr.  J.  H.  Grace:  "On 
the  rational  space  curve  of  the  fourth  order.'' 

The  Cracow  academy  of  sciences,  at  its  general  meeting 
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on  May  18,  1900,  awarded  to  Dr.  Q.  A.  Miller,  of  (Cornell 
TJniverai^,  the  prize,  amountiDg  to  two  hundred  and  sixty 
dollars,  offered  by  the  academy  for  the  treatment  of  the  fol- 
lowing subject : 

'*  To  find  all  the  groups  of  a  system  of  ten  letters ;  or  at 
least  to  increase  the  number  of  the  known  groups  of  this 
d^ree.  (Prize,  three  hundred  florins,  with  interest  from 
May  15,  1886.)'' 

This  would  appear  to  be  the  first  prize  in  pure  mathe- 
matics awarded  by  a  foreign  academy  to  an  American. 

Paris  Academy  of  Sciences. — At  the  regular  meeting  of 
the  academy,  December  10,  1900,  M.  Paul  PainlevA,  of 
the  ^^cole  normale,  was  elected  to  membership  in  the  section 
of  geometry  to  the  portfolio  of  Professor  G.  Darboux  who 
recently  became  perpetual  secretary  for  the  mathematical 
sciences  as  successor  to  the  late  Joseph  Bertrand.  The  other 
candidates  nominated  by  the  section  of  geometry  were  MM. 
GouRSAT  and  Humbert  in  the  second  line,  and  MM.  Borel 
and  Hadamard  in  third  line. 

At  the  annual  meeting  of  the  academy  held  December 
17,  1900,  the  following  prizes,  among  others,  were  awarded  : 
Grand  prize  of  the  mathematical  sciences  to  M.  Mathias 
Lbroh  ;  the  Francoeur  prize  to  M.  Edmond  Maillet  ;  the 
Poncelet  prize  to  M.  L^n  Lecornu  ;  the  Montyon  prize  (in 
mechanics)  to  M.  Lerosey  ;  the  Lalande  prize  to  M.  Gia- 
coBiNi ;  and  the  Janssen  prize  to  M.  Barnard.  The  Bor- 
din  prize  was  not  awarded. 

The  capital  of  the  fund  for  the  Sylvester  medal,  held 
in  trust  by  the  London  royal  society  (see  Bulletin,  volume 
4  (1898),  p.  239)  now  amounts  to  about  four  thousand  dol- 
lars. The  following  announcement  is  made  in  the  Royal 
society  yearbook  for  1900 :  The  Sylvester  medal,  which  is 
accompanied  by  a  grant  of  the  balance  of  the  income  of  the 
Sylvester  medal  fund,  is  awarded  triennially  for  the  en- 
couragement of  pure  mathematical  research,  irrespective  of 
nationality. 

A  FUND  has  been  presented  to  Johns  Hopkins  University 
for  the  annual  award  of  a  mathematical  prize,  to  bear  the 
name  of  Sylvester,  professor  at  the  University  from  1876 
to  1883.  The  prize  will  consist  of  a  bronze  medallion  bear- 
ing the  likeness  of  Sylvester. 

The  University  of  Kazan  has  awarded  its  Lobachevsky 
prize,  consisting  of  a  medal  and  two  thousand  roubles,  to 
Professor  W.  Killing  of  Miinster  for  excellent  work  in  the 
field  of  mathematics. 
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Volume  VIII  of  C.  F.  Gauss's  Werke  has  just  appeared. 
It  contains  papers  and  fragments  on  arithmetic,  higher 
analysis,  the  theory  of  probability,  and  geometry.  Three 
other  volumes  are  in  preparation.  Volume  VII  will  con- 
tain a  reprint  of  the  Theoria  motus  and  a  complete  exposi- 
tion of  Gauss's  extensive  work  on  the  calculation  of  pertur- 
bations. Volume  IX  will  be  devoted  to  mathematical 
physics  and  geodesy,  especially  Gauss's  work  in  connection 
with  the  triangulation  of  Hannover.  In  Volume  X  it  is 
intended  to  collect  all  biographical  material,  including  ex- 
tracts from  Gauss's  correspondence.  B.  G.  Teubner,  of 
Leipzig,  is  the  publisher.  (Compare  Bulletin,  volume 
4  (1898),  p.  554.) 

One  of  the  most  recent  series  of  mathematical  text-books 
is  the  **  Sammlung  Schubert,"  which  is  being  published  by 
G.  H.  Goschen  of  Leipsic  under  the  direction  of  Professor  H. 
Schubert  of  Hamburg.  Of  the  forty  volumes  of  the  series 
twelve  have  thus  far  appeared.  The  latest  is  by  Professor 
L.  ScHLEsiNGER,  Eiuf iihruDg  in  die  Theorie  der  Differential- 
gleichungen  mit  einer  unabhangigen  Variablen.  The  Ger- 
man mathematical  publishing  houses  are  beginning  to  adopt 
the  English  plan  of  issuing  their  books  bound  in  cloth.  This 
is  done  in  the  **  Sammlung  Schubert,"  in  Teubner's  new 
series,  and  in  some  of  Veit  and  Company's  new  books. 

Grunert's  Archiv  fur  Maihematik  und  Physik  will  hence- 
forth be  published  by  B.  G.  Teubner,  of  Leipzig.  The  edi- 
tors will  be  Professors  E.  Lampe,  of  Berlin,  W.  Franz 
Meyer,  of  Konigsberg,  and  Dr.  E.  Jahnke,  of  Berlin. 

College  of  France. — The  following  courses  in  mathe- 
matics and  mathematical  physics  are  announced  for  the 
first  semester  of  the  present  academic  year,  the  lectures 
beginning  December  3,  and  each  course  consisting  of  two 
lectures  per  week  :  By  Professor  M.  Brillouin  :  A  crit- 
ical exposition  of  some  recent  attempts  at  an  electro- 
mechanical theory  of  voltaic,  electro-dynamic,  and  optical 
phenomena,  after  the  works  of  Wiechert,  Riecke,  Drude, 
Lorentz,  Larmor  and  others. — By  Professor  J.  Hadamard: 
Partial  differential  equations  of  mechanics. — By  Professor 
0.  Jordan  :  Construction  of  solvable  groups. — By  Professor 
E.  Mascart  :  The  relations  between  light  and  electricity. 
— By  M.  E.  Borel  :  The  theory  of  series  with  positive  terms 
and  integrals  with  positive  elements. 

M.  Hermann,  of  Paris,  has  issued  a  new  catalogue,  No. 
69,  containing  some  twenty-three  hundred  titles  of  works  in 
mathematics,  physics,  and  astronomy. 
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Certain  of  the  several  scientific  posts  held  by  the  late 
Professor  Joseph  Bertrand  have  been  filled  as  follows: 
M.  Berthelot  was  elected  to  the  vacant  chair  in  the 
French  academy;  Professor  G.  Darboux  became  per- 
petual secretary  of  the  Paris  academy  of  sciences ;  M. 
Brillouin  has  been  appointed  professor  of  mathematical 
physics  at  the  College  of  France ;  and  Professor  H.  Poin- 
car£  has  been  made  a  member  of  the  council  of  the  Ob- 
servatory of  Paris. 

Nature  for  November  29  contains  an  abridgment  of  the 
address  delivered  at  the  opening  meeting  of  the  Society  of 
arts  on  November  21  by  Sir  John  Evans,  entitled  **The 
origin  and  progress  of  the  scientific  societies  of  Great 
Britain.'' 

Professor  Cbloria,  heretofore  assistant  astronomer  at 
the  observatory  of  Milan  has  been  appointed  director.  He 
succeeds  Professor  Schiaparelli,  who  retired  from  the  di- 
rectorship on  November  first.  Professor  Schiaparelli  has 
been  connected  with  the  observatory  at  Milan  for  the  last 
forty  years. 

Professor  H.  Poincar*  has  been  elected  a  foreign  mem- 
ber of  the  Munich  academy  of  sciences. 

Professor  Adolf  Kneser  of  Dorpat  has  accepted  a  call 
to  the  Berlin  School  of  Mines. 

Professor  G.  Bauer  of  Munich  will  not  lecture  again 
after  the  close  of  the  present  winter  semester. 

Mr.  R.  W.  H.  T.  Hudson  has  been  appointed  to  a  fellow- 
ship in  mathematics  at  St,  John's  College  of  Cambridge 
University.  Mr.  Hudson  was  senior  wrangler  in  1898, 
Smith's  prizeman  of  1900  and  is  the  son  of  Ptofessor  Hud- 
son of  King's  College,  London. 

Mr.  J.  A.  McClelland,  of  Cambridge  University,  has 
been  appointed  to  the  chair  of  natural  philosophy  in  Uni- 
versity College,  Dublin,  made  vacant  by  the  recent  death  of 
Professor  Thomas  Preston. 

Professor  A.  G.  Webster,  of  Clark  University,  has  been 
promoted  to  a  full  professorsliip  of  physics. 

Professor  W.  W.  Campbell  has  been  appointed  director 
of  the  Lick  observatory,  succeeding  the  late  Professor  J,  E. 
Keeler. 
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NEW  PUBLICATIONS. 

I.     HIGHER  MATHEMATICS. 

Aboribald  (R.  C).  The  oardioid  and  some  of  its  related  carrps. 
StraaBbnrg,  1900.    4to.    38  pp.,  3  plates.  M.  3.00 

Blake  (E.  M.).  Two  plane  movementB  generating  qnartic  eorolls. 
(  Tranaartions  of  the  American  Mathematical  Society,  Vol.  I,  pp.  421- 
429.)    4to. 

BuDiSAVLJEVic  (E.  von).  Leitfaden  fur  den  Unterrioht  der  hoheren 
Mathematik  an  der  k.  nnd  k.  Artillerie-  nnd  der  Pionnier-Kadet- 
tensohnle.     Wien,  Seidel,  1900.     8vo.     11  +  618  pp.  M.  14.40 

Gabbone  (C).  Sopra  nn  nnovo  metodo  di  generazione  del  compleflso 
tetraedrale.    Catania,  1900.     8vo.     16  pp.  Fr.  0.75 

DziOBEK  (O.).  Lehrbnch  der  analytiachen  Geometrie.  Teil  I:  Ana- 
lytiache  Geometrie  der  Ebene.  Berlin,  Hofitmann,  1900.  8vo.  8  4- 
350  pp.  M.  6.00 

Gauss  (C.  F.).  Werke,  heranagegeben  von  der  kgl.  Gesellsohaft  der 
Wiasensohaften  zn  Gottingen.  Vol.  VIII :  Nachtrage  znr  Arithme- 
tik,  Analysis,  Wahrscheinlicbkeitsreohnnng  and  Geometrie.  Leip- 
zig, Tenbner,  1900.     4to.     3  +  458  pp.     Boards.  M.  24.00 

Gbaham  (J.).  An  elementary  treatise  on  oalcalos  for  engineering  sta- 
dents,  with  nnmeroos  examples  and  problems  worked  onl  2d  edi- 
tion.    London,  Spon,  1900.     12mo.     288  pp.  7s.  6d. 

Gucci  A  (G.  B.).    Memorie  di  geometria.    Palermo,  1900.    8vo. 

Fr.  15.00 

Gubadzb(H.).  Die  Reye*acbe  Geometrie  der  Mannigfaltigkeiten  pro- 
Jektiver  Grnndgebilde  behandelt  mittels  einer  b^nderen  Art  bi- 
linearer  Formen.     ( Diss. )  Breslaa,  1900.    8vo.    68  pp. 

Hbntschbl  (O.).  Ansftihmng  einiger  conformer  Abbildnngen.  Teil  I. 
Salzwedel,  1899.     4to.     8  pp.,  4  plates.  M.  4.00 

Hbeff  (  E.  ).  Die  Maxima  and  Minima  einer  verwandelbaren  Fnnktion. 
Bigmaringen,  1899.    4to.     18  pp. 

Hossenfbldbb  (  E.  ) .  Zar  Theorie  der  trigonometrisohen  Reihe.  ( Progr. ) 
Strassbnrg,  1900.     4to.    22  pp. 

KiNN  (G.  A.).  Die  Anwendang  anendlicher  Prodnkte  in  der  Fnnktio- 
nentheorie.     Saohsisoh-Regen,  1899.     4to.     32  pp. 

Nbtto  (E.).  Ueber  die  Gmndlagen  nnd  die  Anwendnngen  der  Mathe- 
matik.   Giessen,  1900.     4to.     15  pp. 

Sachs  (J.).  Lehrbnch  der  projektivisohen  (neneren)  Geometrie  (syn- 
thetische  Geometrie,  Geometrie  der  Lage).  Teil  I :  Elemente  and 
Orundgebilde  ;  Projektivitat ;  Daalitat.  Nebst  einer  Sammlang 
gel<')ster  and  aageluster  Aafgaben,  mit  den  Ergebnissen  der  an- 
geKisten  Aafgabea.  Fiir  das  Selbststadiam  and  znm  Gebraache  an 
Lehranstalten  bearbeitet.  Stuttgart,  Maier,  1900.  8vo.  44-182  pp. 
(  Kleyer's  Encyklopiidie  der  ^esamten  mathematisohen,  technisohen 
and  exakten  Natarwissensohaften).  M.  5.00 
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ScHEFFKRa  (G).  Anwendang  der  Differential-  und  iDtegralrPchnnng 
auf  Geometrie.  (In  2  Banden.)  Vol.  I  :  Einfiihrang  in  die  The- 
orie  der  Knrven  in  der  Ebene  and  im  Kaame.  Leipzig,  Yeit,  1901. 
8vo.     10+  360  pp.     Cloth.  M.  10.00 

ScBOLZ  (P.).  Ueber  die  Rednktion  dee  Dreikorper-  Problems  auf  die 
Integration  einer  einzigen  Differentialgleichnng.  (Dias.^  Berlin, 
1900.     8vo.     38  pp.  M.  1.50 

Stormer  (C).  Sar  nne  propri^t^  arithm^tique  des  logarithmes  des 
nombres  alg^briquee.  {Bulletin  de  la  SociSti  MaihSmatique  de  Prance^ 
Vol.  28,  pp.  1-12.)     8vo. 

Weill  (A.).  Die  geometrische  Interpretation  der  Gleichnng  funften 
Grades  anf  invariantentheoretischer  Grnndlage.  Strassborg,  1900. 
8vo.     60  pp.,  3  plates.  M.  aOO 

Weiner  (F.).  Eine  Anwendang  der  Hermite'sohen  17-Fanotionen. 
Wicn,  1899.     8vo.     16  pp. 

II.    ELEMENTARY    MATHEMATICS. 

Alasia  (C).     La  recente  geometria  del  triangolo.    Citt&  di  Castello, 

1900.  8vo.     58  pp.  Fr.  2.00 

Boe(H. ).  G^om^trie  ^l^mentaire,  r^dig^  oonform^ment  aox  pro- 
grammes oflSciels  de  I'enseignemeut  classique  ponr  les  classes  de 
quatri^me,  troisi^me,  seoonde,  etj[>hilosophie.  16e  ^ition.  Paris, 
Hacbette,  1900.     16mo.     288  pp.  Fr.  2.00 

Dadzat.  Elements  de  m^thodologie  mathematiqne,  &  Pxisage  de  tons 
cenx  qui  s'ooonpent  de  math^matiqnes  414mentaires.    Paris,  Nony, 

1901.  8vo.     7 +  102  pp. 

Delbridgb  (C.  L.).  Delbridge's  complete  calcnlator.  Vols.  2  and  3. 
St.  Lonis,  Mo.,  The  Delbridge  Co.,  1900.     Folio.  $10.00 

DiBKMANN  (J.).    See  Hbilbrmann  (H.). 

DuBOUis  (E.).  Le  th^oreme  de  Masoheroni.  Le  compas  remplace  en- 
tidrement  la  regie  et  P^nerre  dans  les  constructions  g^om^triques. 
Demonstration  ^l^mentaire  tres  conrte.  Vannes,  Imprimerie  da 
commerce,  1900.     16mo.    8  pp. 

Fajon  (H.).  Complements  d'algebre  el^mentaire.  Variations  des 
fonctions  dn  premier  degr^,  du  second  degr^  et  bicarr^es.  Paris, 
1900.    8vo.  Fr.  1.80 

F.  (F.).  Gdometrie;  oours  ^l^mentaire.  Paris,  Poussielgue  [1900]. 
16mo.  122  pp.  (Collection  d'ouvrageeclassiqueerediges  en  conrs 
gradn^s,  conform^ment  anz  programmes  offioiels. ) 

.    Geometric ;  conrs  moyen.     Paris,   Poussielgue  [1900].      12mo. 

191  pp.     (Collection  d'ouvragesclassiquesredigcs en  oours  gradues, 
oonformement  aux  programmes  oflSoiels. ) 

GuMZER  (E. ).  Kurzes  Lehrbuch  der  ebenen  Trigonometrie  fur  gewerb- 
liche  Schulen  sowie  zum  Selbstunterricht.  2te  Auflage.  Mit  46 
Figuren  and  yielen  Aufgaben.  Dresden,  Kiihtmann,  1900.  8vo. 
7  +  79  pp.  M.  0.90 

Gbevy  (A.).  Algebra,  k  Pusage  des  ei^ves  des  classes  de  troisieme, 
seconde  et  rhetorique.  2e  edition.  Paris,  Nony,  1900.  18mo.  248 
pp.  Fr.  2.00 
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OUNDBLFINQEB  (S.).  Secbsstellige  Gaussiaohe  and  siebenstelli^e  ^e- 
meine  Logarithmen.     Leipzig,  Veil,  1900.     4to.    4  +  31  pp.   Cloth. 

M.  2.80 

HsiLERMANN  (H.)  nnd  DiBKMANN  (J.).  Lehr-  und  Uebangsbnoh  for 
den  Unterrioht  in  der  Algebra  an  den  hoheren  Sohnlen.  Teil  II : 
Die  Gleiohnngen  zweiten  Grades  mil  mehreren  Unbekannten  ;  die 
Progreasionen  ;  die  knbiaohen  nnd  biqnadratiachen  Gleiohnngen  ; 
niedere  Analysis.  5teAnflage.  Essen,  JBaedeker,  1900.  8vo.  7  + 
238  pp.     Cloth.  M.  2.80 

HuBfBBBT  ( E. ) .  Traits  d'arithm^tiqne,  k  Tnsage  des  ^l^ves  de  math^ma- 
tiqnes  ^l^mentaires,  dee  aspirants  an  baooalanr^t  de  Tenseignement 
classiqne  (denzidme  s4rie),  et  an  baccalanr^at  de  Fenseigneraent 
moderne  (troisi^me.s^rie),  et  des  candidats  &  Tlnstitnt  agrono- 
miqne,  aveo  des  complements  destines  auz  oandidats  anz  graudes 
^ooles  dn  gonvemement.  Aveo  nne  preface  de  J.  Tannery.  2e 
^ition.     Paris.  Nony,  1901.     8vo.    7  +  483  pp.  Fr.  6.00 

Jahnkb  ( E. ).  Ueber  dreifach  perspektivisohe  Dreieoke  in  der  Dreieoks- 
geometrie.     (Progr.)     Berlin,  1900.    4to.    26  pp. 

Lborthaleb[(  A.).  Znr  Lehrer  von  den  geometrisohen  Verhaltnissen 
nnd  Proportionen,  nnd  der  allgemeine  Proportionalitatssatz.  ( Progr. ) 
Linz,  1900.     8vo.    23  pp. 

Lt^BSBN  (H  B.).  Ansffihrliohes  Lebrbncb  der  Arithmetik  and  Algebra 
zum  Selbetnnterricht  nnd  mit  Rucksioht  anf  die  Zweoke  des  prak- 
tisohen  Lebens  bearbeitet.  25ste  Anflage.  Leipzig,  Brandstetter, 
1900.     8vo.     6  +  261  pp.  M.  4.00 

Mabtus  (H.  C.  E.).  Mathematisohe  Aafgaben  znm  Gebranche  in  den 
obersten  Klassen  hoheren  Lehranstalten,  ans  den  bei  Reifeprufnngen 
an  dentechen  hoheren  Sohnlen  geatellten  Aafgaben  anagewahU  and 
mit  Hinzuftignng (der  Ergebnisse  (4ter  Teil)  zn  einem  Uebnngs- 
bnohe  vereint.  Teil  3:  Aafgaben.  Dresden,  Kooh,  1900.  8vo. 
8  +  172  pp.  M.  4.00 

Salomon  (Mmb.  A.).  Lemons  d'arithm^tiqne,  a  I'nsage  de  Penseigne- 
menft  seoondaire  des  jennes  filles  (classes  de  denzidme  et  troisldmc 
ann^es).    2e  ^ition.     Paris,  Nony,  1900.    18mo.    8  +  217  pp. 

Ft.  2.00 

SOHWBBING  (K.).  Anfangagriinde  der  Trigonometric  ffir  die  seobste 
Stufe  hoherer  Lehranstalten,  naoh  den  amtlichen  Lefarvorsohriften 
bearbeitet.  2te  Anflage.  Freibnrg  i.  B.,  Herder,  194K).  8vo.  12 
pp.     (  From  '  *3ch weri  ng,  Trigonometric  far  hoherc  Lchranstal ten. ' ' ) 

M.  0.20 

Tanneby  (J.).    Sec  Humbbbt  (E.). 


III.  APPLIED  MATHEMATICS. 

Araoo.    Sec  Memoirs. 

Abbhbnius  (S.).    Larobok  i  tcoretisk  eleotrokcmi.  Stockholm,  1900. 

8vo.     266  pp.  M.  6.00 

AUTBNRIBTH  ( E. ).    Tcchnisohe  Meohanik.  Ein  Lehrbnoh  der  Statik  and 

Dynamik   fiir  Masohinen-  and  Baaingenienre.  Berlin,   Springer, 

1900.     8vo.     22  +  558  pp.  M.  12,00 
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BiGBLOW  (F  H  ).  Report  on  the  iDteroational  oload  obeervatioiis. 
May  1,  1896.  to  July  1,  1897.  Prepared  under  the  direction  of  W 
L.  Moore,  Chief  of  the  Weather  Bnrean.  Washington,  Qovemment 
Printing  Office,  1900.  4to.  787  pp.  (Vol  II.  of  the  Report  of 
the  Chief  of  the  Weather  Bureau  for  1898-99).    Cloth. 

Bltthb  (W.  H.).  Oeometrioal  Drawing.  With  notes  and  examples. 
Part  I  [ :  Solid  or  descripti  ve  geometry.  Cambridge  series  for  schools 
and  training  colleges.     16mo.    Cloth.     Pp.  xi-f  199-328.  |0.50 

Bolts  (P.).  Die  Nautik  in  elementarer  Behandlung.  Einfuhrung  in 
die  Hohiffartkunde.  Mit  90  vollstandig  gelosten  Beispielen,  260 
analogen  ungelosten  Aufgaben  mit  den  Ecgebniasen,  nebst  88  Piguren, 
sowie  Erklarung  der  KunstausdrCicke  der  Seemannsspraohc.  Stutt- 
gart, Maier,  1900.     8vo.    8  + 196  pp.  M.  5.00 

BObklbn  O.).  Oraphisches  Rechnen  und  graphisohe  Darstellungen  im 
Mathematik-Unterrichte.    Gmund,  1899.    8vo.    58  pp. 

Cbbw  (  H.).    See  Memoirs. 

Ebbrt  (H.).  Die  Theorie  des  Elektromagnetismus.  Leipzig,  1900. 
8va    8  +  83  pp.  M.  4.50 

EooBRS  ( W. ).  Lehrbuch  der  darstellenden  Geometric.  Teil  IT  :  Durch> 
sohnitce  und  Dnrchdringungen  der  Korper.  Leipzig,  1900.  8vo. 
8  plates.  M.  1.50 

Fbbsnbl  (  a.  J. ).    See  Mbmoibs. 

Hetft  (O.  ).  %Soheinbare  Anziehung  und  Abstossung  von  Kugeln,  die  in 
eioer  klebrigen  Flnssigkeit  rotieren.  (Diss  )  Heidelberg,  1900. 
8vo.    47  pp.,  10  plates. 

Hibszbbbo  (  L.  ) .  Ueber  elektrische  Potentialmessungen  bei  Spitzenent- 
ladungen  in  Luft  von  normal  em  Druok.  (Diss.)  Heidelbeig,  1900. 
8vo     29  pp.,  4  plates. 

HuTGENS  ( C. ) .    See  Memoirs. 

JuNGB  f  K. )  Ueber  die  magnetisohen  Kiaftlinien  Paradays.  (Progr. ) 
Leipzig,  1900.    4to.    32  pp. 

Kapp(G.).  Elektrische  Weohiielstrome.  Deutsoh  von  H.  Kaufmann. 
3te  Auflage.    Leipzig,  Leiner,  1900.    8vo.    5  -f-  92  pp.  M.  2.00 

Kaufmann  (H.).    SeeKAPP  (G.). 

KoHLBAUSCH  ( P. ).  Die  EnerKie  oder  Arbeit  und  die  Anwendungen  des 
elektrischen  Stromes.  Leipzig,  Duncker  Sc  Uumblot,  1900.  8vo. 
6-fT7pp.  M  2.40 

Lanobb  (  H.  ).  Ueber  die  mechanisohen  Prinzipien  der  modemen  Elek- 
trixitatolehre.     Fortsetzung.     ( Progr. )    Linz,  1900.    8vo.      44  pp. 

Mbmoibs  on  the  wave  theoiy  of  light,  edited  by  H.  Crew.  Contents  : 
C.  Huygens,  Treatise  on  light ;  Biographical  sketch  of  Huygens ;  T. 
Young,  On  the  theory  of  light  and  colors ;  T.  Young,  An  account  of 
some  cases  of  the  production  of  colors  not  hitherto  described  ;  T. 
Young,  Experiments  and  calculations  relative  to  physical  optics ; 
Biographical  sketch  of  Young ;  A.  J.  Fresnel,  Memoir  on  the  diffrac- 
tion of  light ;  Arago  and  Fresnel,  On  the  action  of  rays  of  polarized 
light  upon  each  other  ;  Biographical  sketch  of  Fresnel ;  Bibliography 
on  the  wave  theory  of  light.  New  York,  American  Book  Company 
ri900l.  8vo.  15  +  164  pp.  (Scientific  memoirs.  No.  10. )  Cloth. 
*■         -*  $1.00 
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MoNDiBT  ( O. )  et  Th ABOiTBiir  ( V. ).  Tmit^  61^iiientaire  dee  m^oaDismes, 
A  PoflBge  des  ^l^ves  des  ^bliaseme^tB  d'enaeiicoeineDt  moderne, 
des  ^ooles  indoptiielles  et  des  ^ooles  d*arts  et  mitiera.  4e  ddition. 
Puis,  Haohelte,  1901.    8vo.     192  pp. 

Nbuhoff  (O.  ).  Adiabatisohe  ZostandiiandeniDgen  fenohter  Lnffc  and 
deren  raohneriaobe  and  gmphiaohe  BestimmaDg.  (Din.)  Berlin, 
1900.    Folio.    33  pp.,  1  plate.  M.  2.00 

Sohmidt-Ulm  (6.).  Die  Wirkaogsweise,  Bereohnang  and  Kon- 
straktloo  der  Oleiehstaroni-PyDaiDomaaohiDen  and  Motoren.  2le 
Aaflage.    Leipeig,  Leiner,  1900.    8vo.    7  +  264  pp.,  42  plates. 
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Tate  (W.  6.).  Theory  and  praotice  of  navigation  and  naatical  as- 
tronomy.   London,  Potts,  1900.    8vo.     122  pp.    Glotfa.  6b. 

Thaboubin  ( V. ).    See  Mondibt  (O.  ). 

Wbinstein  (B.).  Die  Erdstrome  im  deataoben  Reichstel^gmphenge- 
biet  and  ihr  Zosammenbang  mit  den  erdmagnetisohen  Erscfaei- 
nnngen.  Mit  einem  Atlas  entbaltend  19  lithograpbirte  Tafeln  in 
4to.     Braanaobweig,  Vieweg,  1900.     8vo.     7  +  78  pp.  M.  4.00 

YouNO  (T.).    See  Mbmoibs. 
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Transactions  of  the  American  Mathematical 
Society. 


SDITBD  BT 


Eliakik  Hastings  Moobe,  Ernest  William  Brown, 
Thomas  Scott  Fiske. 


Published  quarterly  by  the  Society  with  the  cooperation  of 

HABYARD  rNIVERfllTY,  NORTHWESTERN  UNIVERSITY, 

Yale  UNivERfliTY,  Cornell  University, 

Prinobton  University,  The  University  of  California, 

Columbia  University,  Bryn  Mawr  College, 

Haverford  College,  The  University  of  Chicago. 

The  Trajisactions  is  devoted  primarily  to  research  in  pure 
and  applied  mathematics,  and  is  the  official  organ  of  the 
Society  for  the  publication  of  important  original  papers  read 
before  it.     The  first  number  appeared  in  January,  1900. 

Subscription  price  for  the  annual  volume  of  not  less  than 
four  hundred  quarto  pages  is  five  dollars,  twenty  shillings, 
twenty  marks  or  twenty-five  francs.  A  reduction  of  25% 
is  made  to  members  of  the  Society.  Subscriptions  and  pay- 
ments should  be  sent  to  the  American  Mathematical 
Society,  601  Wept  116th  Street,  New  York,  N.  Y. 
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Published  Papers.    VoL  I. 

Mathematical  Papers  Bead  at  the  International 
Mathematical  Congress  Held  in  Connection 
WITH  THE  World's  Columbian  Expo- 
sition, Chicago,  1893. 


EDITED  BY  THE  COMMITTEE  OF  THE  CONGRESS:  . 

E.  Hastings  Moore,      Oskar  Bolza,      Heinrich  Maschke, 
Henry  S.  White. 


Containing  papers  by  Bolza,  Burkbardt,  Capelli,  Cole, 
Dyck,  Echols,  Eddy,  Fricke,  Halsted,  Heffter,  Hermite, 
Hilbert,  Hurwitz,  Klein,  Kraase,  Lemoine,  Lerch,  Mac- 
farlane,  Martin,  Maschke,  Meyer,  Minkowski,  Moore,  Netto, 
Noether,  D'Ocagne,  Paladini,  de  Perott,  Pervouehine,  Pin- 
cherle,  Pringsbeim,  Sawin,  Schlegel,  Schoenflies,  String- 
bam,  Study,  Taber,  Weber,  Weyr. 


Published  for  the  Society  by  The  Macmillan  Comjpany, 
1896.  8vo,  pp.  411.  Price,  $4.00 ;  to  members  of  the 
Society,  $3.00. 
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Bulletin  of  the  American  Mathematical 
Society. 

A  Historical  and  Critical  Bevibw  of  Mathe- 
matical Science. 

Old  Series :  Bulletin  of  the  New  York  Mathematical  Society, 
Vols.  I-III  (1891-1894). 

New  Series :  Bulletin  of  the  American  Mathematical  Society. 
Vols.  I-VII  (1894-1901). 


The  Bulletin  contains  a  large  number  of  critical  re- 
views of  mathematical  treatises  and  text-books,  a  complete 
monthly  list  of  new  mathematical  publications,  notes  on 
current  events  in  the  mathematical  world,  addresses  before 
mathematical  societies,  reports  on  progress  in  various 
branches  of  the  science,  and  many  shorter  original  articles. 

Published  for  the  Society  by  The  Macmillan  Company, 
66  Fifth  Ave.,  New  York,  to  whom  subscriptions  and  orders 
should  be  addressed.  Price  per  volume,  $5.00 ;  single 
numbers,  50  cents.  Very  few  complete  sete  of  the  Bulletin 
remain  in  stock.  Members  of  the  Society  are  entitled  to 
receive  back  volumes  to  complete  their  sets  at  $4.00  per 
volume ;  single  numbers,  when  the  supply  permits,  at  30 
cents.  A  member  connected  with  an  educational  institu- 
tion may  order  a  copy  for  its  library  at  $2.50  per  volume. 


Digitized  by  VjOOQIC 


New  Mathematical  Books 

Published  by  THE  MACMILLAN  COMPANY. 

Theory  of  Differential  Equations. 

By  Andrew  Russell  Foesyth,  ScD.  (Camp.),  Hon.  So.D.(Dabl.), 
F.R.S.,  Sadlerian  Professor  of  Pure  MathematioB,  Fellow  of  Trinity 
College,  Cambridge. 

Part  I.    Exact  EquatiODs  mod  Pfaff 'a  Problem.  S3.60  net. 

Part  II.  Ordinary  Equatloos,  Not  Linear,    two  ToIs.  se  oo  neu 
There  are  Three  Vols.  In  all.    Part  I.  and  Part  II.  In  Two  Vols. 

Rayleigh's  Scientific  Papers. 

By  John  William  Strutt,  Baron  Rayleigb,  D.So.,  F.R.S.  Hqhot- 
ary  Fellow  of  Trinity  College,  Cambridge,  Professor  of  Natural  PhilosO' 
phy  in  the  Royal  Institution,    Just  Ready.  Tol.  I.   93.00  ret. 

Papers  on  various  topics  ran  ffinir  throus^h  the  higher  matbematicfl.  In- 
vestigations In  Sound,  Light,  Vibrations  in  General,  £lectro-m  gnetlam,  etc. 

Elements  of  Graphical  Statics. 

A  Text-Book  for  Students  of  Engineering.  By  L.  M.  Hos- 
KiNS,  Professor  of  Pare  and  Applied  Mathematics  in  Leland  Stan- 
ford Jr.  University.     Illustrated.   New  Edition  Thoroughly  Revised, 

Cloth.    8vo.    %%,  6  net. 

49*  See  on  another  page  a  description  of  Willson's  Graphics. 

introduction  to  the  Theory  of  Analytic  Functions. 

By  James  Harkness,  M.A.,  Professor  of  Mathematics,  Bryn  Mawr 
College,  Pennsylvania,  and  Frank  Morley,  M.A.,  Professor  of 
Pure  Mathematics,  Haverford  College,  Pennsylvania,  joint  authors  of 
a  **  Treatise  on  the  Theory  of  Functions  *'  for  use  in  teohnioal  schools 
and  colleges.  Cloth,  Sro,  sa.oo  net. 

Infinitesimal  Analysis. 

Differential  and  Integral  Calculus  of  Functions  of  Real 
Arguments.  By  Willi a&i  B.  Smith,  Professor  of  Mathematics 
in  the  Tulane  University,  New  Orleans ;  Past  Professor  of  Mathe- 
matics in  Missouri  State  University. 

Vol.  I.     Elementary:  Real  Variables.  oioth,  Sro.  93.95  net, 

"  This  is  a  masterly  presentation  of  the  subject  which  has  challenged  the 
keenest  tbinlcing  ot  the  most  vigorous  minds.  .  .  Teachers  of  the  calculus 
and  lovers  of  expeditions  into  the  realms  of  the  inDnlte  mazes  of  exact 
science  will  find  this  t>ook  most  tempting."--J6uma(  of  ICducaiion, 
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THE  MOST  RECENT  WORKS 

For  Advanced  Students  of  Mathematics 

Published  by  THE  MACMILLAN  COMPANY. 


Theoretical  and  Practical  Graphics. 

A  Text  BOOK  for  Students  in  Enginebring  or  Ar- 
chitecture AND  FOR  Professional  Draughtsmen. 
By  Frederick  Newton  Willson,  Professor  of  Descriptive  Geome- 
tiy,  Stereotomy  and  Technical  Drawing,  Princeton  University. 

Cloth,  4to.    Price,  94.00  net. 

Note-Taklos:,  Dlmensloolns:  and  Lettering:. 

4to.    Cloth.    Price,  91.95  net. 

Some  Mathematical  Curves  and  their  Clraphical  Construction, 

A  Brief  Treatise  on  the  Properties,  Methods  of  Construction,  and 
Practical  Applications  of  Conic  Sections,  Trochoids,  Link-motion 
Corves,  Centroids,  Spirals,  the  Helix,  and  other  Important  Curves. 

4to.    Cloth.    Prioe,  Sl.AO  net. 

Shades,  5hadow8,  and  Linear  Perspective. 

4to.    Cloth.    Prioe,  1.00  net. 

Descriptive  Qeometry— Pure  and  Applied.  With  a  chapter  of 
Higher  Plane  Curves  and  the  Helix.  A  Theoretical  and  Practical 
Treatise  including  Problems  of  Intersection,  Development,  Tan- 
gency,  etc..  Working  Drawings  by  both  the  First  and  Third  Angle 
System,  Trihedrals,  Map  Projection,  Shadows  and  Perspective,  Axo- 
Dometric  (including  Isometric)  Projection,  Oblique  Projection,  Kine- 
matic Geometry,  Projective  Geometry  and  Relief  Perspective,  the 
Conic  Sections,  Trochoids,  Spirals,  etc. 

4to.    Cloth.    Price,  83.00  aer. 
ParU  /.,  ///.,  F.,  and  VI.  of  the  firH-^named  work  Usued  in  separate  form 

A  Text-Boole  on  the  Calculus. 

By  P.  A.  Lambert,  Assistant  Professor  of  Mathematics,  Lehigh  Uni- 
versify,  author  of  '*  Analytical  Geometry  for  Technical  Schools  and 
Colleges.''  Cloih«  ISmo.   81.60  net. 

Octonions :  A  Development  of  Clifford's  Bi-Quaternions. 

By  Alex.  McAulat,  M.A.,  Professor  of  Mathematics  and  Physios 
in  the  University  of  Tasmania.     Cambridge  University  Press, 

8vo.    Cloth,    pp.  xhr  +  263.    Price,  •3.00  net. 

Ordinary  Differential  Equations. 

An  Elementary  Text- Book.  With  an  Introduction  to  Lie's  Theory 
of  the  Group  of  one  Parameter.  By  James  Morris  Page,  Ph.D., 
Adjunct  Professor  of  Pure  Mathematics,  University  of  Virginia. 

ISmo.    Cloth,    pp.  xvUi -\- 2'45.    Price,  •l.«6  iief. 
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?EcESr  Elementary  Mathematical  Works. 

Published  by  THE  MACMILLAN  COMPANY. 


THE  "  PUBLIC  SCHOOL''  SERIES  OF  ARITHMETICS 

By  J.  A.  McLellan,  President  of  the  ODtario  Nonnal  College,  and  A.  F. 
Ambr,  Snpt.  of  Bohools,  RiTerside,  111. 
Based  on  McLellan  and  Dewby's  '^Psychology  of  Number." 

PUBLIC  SCHOOL  ARITHMBTIC  l2iiio.    60  ceats  net. 

A  PRIMARY  PUBLIC  SCHOOL  ARITHMETIC  35  cents  net. 

Teachers'  Edition,  yvith  answers  to  problems,  suggestions  for  firsl 
grade  work  and  methods  and  some  illostrative  lessons.      50  ceats  net. 

These  books,  based  upon  sound  psvchological  principles,  stand  for  a  needed 
reform  in  the  methods  of  teaching  Arithmetic. 

"  1  can  see  that  it  is  an  important  contribution  to  the  art  of  teaching  nam« 
bers."— W.  T.  Hrbis,  U.  H.  OommUsioner,  Bureau  of  EdueeUUm. 

THE  PUBLIC  SCHOOL  MENTAL  ARITHMETIC  25  cents  net. 

The  MetUcU  Arithmetic  baaed  on  the  same  principles  as  the  above  completes 
the  series,  and  completes  the  Method.  As  compared  with  written  arithmetic 
alone,  mental  arithmetic  ty9tematically  taught  will  produce  at  least  twice  th€ 
knowledge  and  twice  the  power  in  a  given  time. 


ELEMENTARY  ALGEBRA  FOR  THE  USE  OF 

PREPARATORY  SCHOOLS. 

By  Charles  Smith,  M.A.,  Author  of  '*  A  Treatise  on  Algebra,"  *'An 
Elementary  Treatise  on  Conic  Sections,''  etc.  Revised  and  Adapted 
to  American  Schools  by  Professor  Irving  Strinoham,  Ph.D.,  Uni- 
vendty  of  California. 

New  Editions,     Briefer,  $1.10  net;  CotnpieU,  $1.20  net. 


THE  HALL  AND  KNIGHT  SERIES  ON  ALGEBRA 

ADAPTED  TO  AMERICAN  SCHOOLS. 

•ALGEBRA  FOR  BEGINNERS.  By  H.  S.  Hall  and  S.  R  KNIGHT. 
Revised  and  adapted  to  American  Schools  by  Frank  L.  Sbvenoak, 
A.M.,  M.D.,  Assistant  Principal  of  the  Academic  Department  of 
the  Stevens  Institute  of  Technology.  12nio.    60  cents. 

•ELEMENTS  OF  ALGEBRA.  Revised  and  Enlarged  by  Frank  L. 
Sevbnoak.  12nio.    Half- leather.    90  cents. 

*^ALGEBRA  FOR  COLLEGES  AND  SCHOOLS.  Revised  by 
Frank  L.  Sbvenoak.  naif-leather.    $1.10. 

*  Answers  in  pamphlet  form  iumisbed  gratis  on  teacher's  written  order. 

ELEMENTARY  SOLID  GEOMETRY  AND 
MENSURATION. 

By  Henby  Dallas  Thompson,  D.  So.,  Ph.  D.,  Profeseor  of  MathematioB 
in  Princeton  University.  Cloth,  12ino.    Price,  $1.10  net. 
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STANDARD  OR  RECENT 

Mathematical  Works  of  Reference 

Published  by  THE  MACMILLAN  COMPANY. 


THE  TEACHING  OF  ELEMENTARY  MATHEMATICS. 

By  David  Eugene  Smith,  Principal  of  the  State  Normal  School  at 
Brockport,  N.  Y.  12mo.    Cloth.    91.00  net. 

The  first  volume  in  the  new — Teachers*  Professional  Library — aiming 
to  enliven  and  enrich  the  teaching  of  elementary  mathematics. 

A  HISTORY  OF  ELEMENTARY  MATHEMATICS. 

With  Hints  on  Methods  of  Teaching^.    By  Flobiax  Cajori,  Author  of 
"A  History  of  Mathematics,"  **  A  History  of  Physics,"  etc. 

12mo.    Cloth.    Price,  SLSO  ncrf. 

*'  The  product  of  wide  and  scholarly  research  ,  .  .  For  its  historical 
acts  and  its  suggestiveness,  this  work  should  be  read  carefully  by  all 
students  and  teachers  of  mathematics." — The  Dialy  Chicago. 

A  HISTORY  OF  MATHEMATICS.    By  Florian  Cajori.    sa.fto  net. 
•*  The  book  was  much  wanted." — 7%e  Nation, 


LOGARITHMIC  AND  TRIGONOMETRIC  TABLES 
Calculated  to  Five  Places  of  Decimals. 

Arranged  by  F.  L.  Sbvenoak,  Stevens  Institute  of  Technology. 
Paper  Cover.    8vo.    Price,  40  cent«  net. 


COMPUTATION  RULES  AND  LOGARITHMS. 

With  Tables  of  Other  Useful  Functions.    By  Silas  W.  Holm  an,  Pro- 
fessor of  Physics  at  the  Massachusetts  Institute  of  Technology. 
8vo.    CJoth.    pp.  73.    Price,  91.00  nH, 


THE  NUMBER  CONCEPT. 
Its  Origin  and  Derelopment.    By  Levi  Leonard  Con  ant,  Ph.D.,  Pro- 
fessor of  Mathematics,  Worcester  Polytechnic  Institute. 
Cloth.    ISmo.    Price,  92.00 


A  TREATISE  ON  XnnVERSAL  ALGEBRA. 

With  Applications.    By  Alfred  North  Whitehead,  M.A.,  Fellow 
and  Lecturer  of  Trinity  College,  Cambridge. 

ToL  1.    ImpL  8vo.    Cloih.    pp.  zxtI  +  686.    Price*  97.00,  net. 
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The  New  Era  Printing  Company 

LANCASTER,  PA. 

is  prepared  to  execute  In  first-class  and 
satisfactory  manner  all  kinds  of  printing. 
Particular  attention  given  to  the  work  of 
Schools,  Colleges,  Universities,  and  Public 
Institutions. 

Books,  Periodicals 

Technical  and  Scientific  Publications 
Monograplis,  Tlieses,  Catalogues 
Announcements,  Reports,  etc. 
All  Kinds  of  Commercial  Woric 

iPrinters  of  the  Bulletin  and  Tranaactions  of  the 
American  Mathematical  Society,  etc.,  etc) 

Publishers  will  find  our  product  ranking 
with  the  best  in  workmanship  and  ma- 
terial, at  satisfactory  prices.  Our  Imprint 
may  be  found  on  a  number  of  high-class 
Technical  and  Scientific  Books  and  Peri- 
odicals. Correspondence  solicited.  Esti- 
mates furnished. 
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Mathematics  at  the  I Dternational  Congress  of  Philosophy, 

Pai'is,  1900.      By  Professor  E.   O,    Lovett,         -         -  157 
A  Deuionstration  of  the  InipoHsibiHty  of  a  Triply  Aeymp- 

totic  System  of  Surfaees,      T>y  Dr.  L.  P.   Eisenhaet,  184 

Sliorter  Not  ires,         -         -         -         -         -         -         -      .  -  187 
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Chaii^^ea  of  address  of  members,  exchanjiea,  and  subseribers  should  be  com - 
munieated  at  once  to  tlie  Secretarj  of  the  American  Mathematical  Society,  501 
Wej^t  lUIth  Street,  New  York. 

Subseriptiuni*  to  tlie  Bullktik,  orders  for  back  numbers,  and  inquiries 
in  regard  to  non-delivery  of  current  nunibers  should  be  addressed  to  The  Mao- 
mi  Ilan  Company,  41  North  Queen  St.,  T^^nci^ter,  Pa.,  or  66  Fifth  Avenue,  New 
York. 

The  initiation  fees  and  auiuial  tiues  of  meml>ers  of  the  American  Mathe- 
matical S(x;iety  are  paya)>le  to  the  Treasurer  of  the  American  Mathematical  So- 
ciety, 501  \Ve^t  H6th  Street,  Xew  Y'ork. 

Articles  for  insertion  in  the  BrLLETiN  should  be  addressed  to  the 

BrLLKTix  OF  Tin:  A-^tkkuan  Mathematical  S(x;iety, 

501  West  llOth  Street,  New  York  City. 
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THE  SEVENTH  ANNUAL  MEETING  OF  THE  AMER- 
ICAN MATHEMATICAL  SOCIETY. 

The  Seventh  Annual  Meeting  of  the  American  Mathe- 
matical Society  was  held  in  New  York  City  on  Friday, 
December  28,  1900.  An  important  feature  of  the  occa- 
sion was  the  election  of  officers  and  other  members  of  the 
Council,  at  which  recently  adopted  amendments  of  the  Con- 
stitution went  into  effect.  Tlie  term  of  office  of  the  Presi- 
dent, who  must  have  served  previously,  but  with  a  year's 
interval,  as  Vice-President,  is  now  increased  to  two  years. 
Both  Presidents  and  Vice-Presidents  are  made  ineligible  for 
immediate  reelection.  Four  members  of  the  Council,  in- 
stead of  three,  are  now  elected  annually.  This  provision 
and  the  permanent  membership  of  the  ex-Presidents  in- 
creases the  number  of  seats  in  the  Council  to  twenty-four 
at  present  The  growth  of  the  Society  has  been  such  that 
the  numerical  basis  of  representation  of  the  Council  is  al- 
most precisely  the  same  as  that  of  six  years  ago,  when  the 
Society  was  reorganized  as  a  national  body. 

At  the  close  of  the  century  a  brief  recapitulation  of  the 
advance  of  the  Society  during  these  six  years  is  not  inap- 
propiiate.  The  record  reveals  in  the  past  a  happy  and  sub- 
stantial augury  for  the  future.  The  membership  has  grown 
from  244  in  September,  1894.  to  357  on  January  1,  1901. 
In  1x94  the  number  of  papers  read  at  the  meetings  was  24  ; 
in  1900  it  was  1 12.  This  expansion  in  numbers  and  output 
has  had  for  one  valuable  result  the  creation,  in  1S98,  of  the 
Chicago  Section  of  the  Society,  an  event  which  has  proved 
not  only  a  great  benefit  to  many  members  to  whom  the  New 
York  meetings  are  practically  inaccessible,  but  a  source  of 
strength  to  the  Society  as  a  whole.  The  demand  for  im- 
proved facilities  for  publication,  occasioned  by  the  great  in- 
crease in  productive  activity  of  the  members,  has  had  for 
its  outcome  the  founding  of  the  Transactions,  which  has  now 
successfully  complete<1  its  first  year  of  existence  as  the  offi- 
cial organ  of  the  Society  for  the  publication  of  important 
original  papers  read  before  it.  Meanwhile  the  Bulletin 
has  been  considerably  increased  in  size,  although  confining 
itself  more  strictly  than  before  to  the  historical  and  critical 
field  for  which  it  was  originally  designed.  A  gratifying 
recognition  of  the  usefulness  and  efficiency  of  the  Society 
is  evidenced  by  the  liberal  financial  cooperation  of  ten  lead- 
ing universities  of  the  country  in  the  publication  of  the 
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Transactions,  Since  1894  summer  meetings,  of  great  in- 
terest and  largely  attended,  have  been  held,  usually  in  con- 
nection with  large  and  general  scientific  gatherings.  On 
two  occasions  the  summer  meeting  has  been  supplemented 
by  colloquia,  or  special  courses  of  lectures  summarizing  im- 
portant fields  of  recent  investigation.  The  attendance  at 
the  meetings  throughout  the  year  has  constantly  increased. 
In  1900  tlie  total  attendance  was  209,  and  the  number  of 
members  attending  at  least  one  meeting  during  the  year  was 
110.  The  administration  of  business  has  been  wisely  left 
from  the  beginning  in  the  hands  of  the  Council,  the  time  of 
the  meetings  being  thus  economized  for  purely  scientific  pur- 
poses. The  finances  of  the  Society  are  in  a  satisfactory 
condition,  and  the  extra  expense  of  publishing  the  Transac- 
tions has  been  met  without  a  reduction  of  the  small  surplus 
which  has  slowly  accumulated  in  the  course  of  years.  Over 
one-third  of  this  surplus  consists,  however,  of  life  mem- 
bership payments,  which  have  been  set  apart  as  a  separate 
invested  fund  to  be  devoted  to  such  purposes  as  may  here- 
after be  approved.  The  Societj^  is  accumulating  from  the 
exchanges  of  the  Bulletin  and  the  Transactions  and  from 
numerous  gifts  a  considerable  library  of  mathematical  jour- 
nals and  works.  It  is  to  be  hoped  that  this  collection  may 
be  bound  and  made  accessible  to  the  members  generally 
within  a  short  time.  The  Society,  however,  has  at  present 
no  funds  available  for  this  purpose. 

The  attendance  at  the  annual  meeting  numbered  about 
forty  persons,  including  the  following  thirty-three  members 
of  the  Society  : — 

Dr.  C.  L.  Bouton,  Professor  E.  W.  Brown,  Professor  F. 
N.  Cole,  Dr.  W.  S.  Dennett,  Professor  T.  S.  Fiske,  Mr.  W. 
B.  Ford,  Mr.  A.  S.  Gale,  Professor  Harris  Hancock,  Dr.  G. 
W.  Hill,  Dr.  A.  A.  Himowich,  Dr.  J.  I.  Hutchinson,  Mr. 
S.  A.  Joffe,  Dr.  Edward  Kasner,  Mr.  C.  J.  Keyser,  Profes- 
sor Pomeroy  Ladue,  Dr.  Emory  McClintock,  Dr.  James 
Maclay,  Professor  Frank  Morley,  Dr.  D.  A.  Murray,  Pro- 
fessor W.  F.  Osgood,  Mr.  J.  C.  Pfister,  Professor  M.  I. 
Pupin,  Professor  J.  K.  Rees,  Pi'ofessor  C.  A.  Scott,  Profes- 
sor P.  F.  Smith,  Dr  Virgil  Snyder,  Dr.  W.  M.  Strong,  Pro- 
fessor E.  B.  Van  Vleck,  Professor  J.  M.  Van  Vleck,  Pro- 
fessor A.  G.  Webster,  Professor  L.  A.  Wait,  Mr.  E.  B. 
Wilson,  Professor  F.  S.  Woods. 

The  meeting  extended  as  usual  through  a  morning  and  an 
afternoon  session*  Vice-President  Thomas  S.  Fiske  occu- 
pied the  chair.  The  Council  announced  the  election  of  the 
following  persons  to  membership  in  the  Society  : — Dr.  G.  N. 


L    V 
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Bauer,  University  of  Minnesota,  Minneapolis,  Minn.;  Dr. 
J.  R.  Benton,  Princeton  University,  Princeton,  N.  J.;  Dr. 
H.  F.  Blichfeldt,  Leland  Stanford  University,  Palo  Alto, 
Cal. ;  Dr.  G.  A.  Bliss,  University  of  Minnesota,  Minneapo- 
lis, Minn.;  Professor  Joseph  Bowden,  Adelphi  College, 
Brooklyn,  X.  Y. ;  Professor  D.  F.  Campbell,  Armour  Insti- 
tute, Chicago,  111. ;  Dr.  J.  E.  Clarke,  Gilbert  School,  Win- 
sted.  Conn.;  Dr.  Euplio  Conoscente,  New  York,  N.  Y.; 
Mr.  Arthur  Crathorne,  University  of  Wisconsin,  Madison, 
Wis.;  Mr.  H.  W.  Curjel,  Birkdale,  Lancashire,  Eng. ;  Pro- 
fessor L.  M.  Defoe,  University  of  Missouri,  Columbia,  Mo. ; 
Mr.  B.  S.  Eafiton,  University  of  Pennsylvania,  Philadelphia, 
Pa. ;  Dr.  L.  P.  Eisenhart,  Princeton  University,  Princeton, 
N.  J. ;  Mr.  U.  S.  Hanna,  University  of  Indiana,  Blooming- 
ton,  Ind. ;  Mr.  L.  I.  Hewes,  Yale  University,  New  Haven, 
Conn.;  Mr.  A.  M.  Kenyon,  Purdue  University,  Lafayette, 
Ind.;  Professor  C.  N.  Little,  Leland  Stanford  University, 
Palo  Alto,  Cal.;  Mr.  E.  L.  Milne,  University  of  Illinois, 
Champaign,  111.;  Mr.  H.  B.  Mitchell,  Columbia  University, 
New  York,  N.  Y. ;  Dr.  Asutosh  Mukhop&dy&y,  Calcutta, 
India;  Mr.  W.  S.  Nichols,  New  York,  N.  Y.;  Professor  J. 
M.  Page,  University  of  Virginia,  Charlottesville,  Va.;  Dr. 
T.  H.  Taliaferro,  Pennsylvania  State  College,  State  College, 
Pa. ;  Miss  R.  H.  Vivian,  University  of  Pennsylvania,  Phila- 
delphia. Pa.,  Mr.  N.  R.  Wilson,  Royal  Military  Academy, 
Kingston,  Canada.  Six  applications  for  membership  in  the 
Society  were  reported.  Reports  were  received  from  the 
Secretary,  Treasurer,  Librarian,  and  the  Auditing  Com- 
mittee. These  reports  have  been  printed  in  the  Annual 
Register,  just  issued. 

At  the  annual  election  the  following  oflBcers  and  members 
of  the  Council  were  chosen  : 

President,  Professor  Eliakim  H.  Moobe. 

rr'       n„     -j     a  ProfcSSOr  T.  S.  FiSKE, 

Vv^Presidmts,  professor  H.  S.  White. 

Secretary,  Professor  F.  N.  Cole. 

Treasurer,  Dr.  W.  S.  Dennett. 

Librarian,  Professor  Pomeroy  Ladue. 

Committee  of  Publication, 

Professor  F.  N.  Cole,        « 
Professor  Alexander  Ziwbt, 
Professor  Frank  Morlev. 
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Memberi  of  the  Council  to  serve  until  Deeemberj  190S, 

Professor  E.  W.  Brown, 
Professor  H.  B.  Fine, 
Professor  T.  F.  Holgate, 
Professor  W.  F.  Osgood. 

Member  of  the  Council  to  serve  until  December^  1902, 
Professor  E.  W.  Hyde. 

The  following  papers  were  presented  at  this  meeting : 

(1)  Dr.  Virgil  Snyder  :  **  On  some  plane  curves  having 
factorable  parallels. ' ' 

(2)  Professor  E.  D.  Roe:  **0n  a  formula  of  interpola- 
tion.'' 

(3)  Mr.  W.  B.  Ford:  **Dini'8  method  of  showing  the 
convergence  of  Fourier's  series  and  of  other  allied  develop- 
ments." 

(4)  Dr.  Emory  McClintock  :  *'  A  simplified  solution  of 
the  cubic. " 

(5)  Professor  W.  F.  Osgood:  *'0n  the  existence  of  a 
minimum  of  the  integral 


1 


when  Xq  and  x,  are  conjugate  points,  and  the  geodetics  on  an 
ellipsoid  of  revolution  ;"  a  revision  of  a  theorem  of  Kneser. 

(6)  Mr.  C.  J.  Keysbr  :  **  Theorems  concerning  positive 
definitions  of  finite  assemblage  and  infinite  assemblage." 

(7)  Professor  M.  I.  Pupin  :  **  Wave  propagation  over 
bridged  wave  conductors." 

(8)  Professor  F  Morley  :  **Ona  point  in  Sylvester's 
theory  of  canonical  forms. " 

(9)  Professor  Harris  Hancock:  **0n  primary  prime 
functions  in  several  variables  and  a  generalization  of  an  im- 
portant theorem  of  Dedekind." 

(10)  Dr.  J.  I.  Hutchinson  :  **  On  some  birational  trans- 
formations of  a  Kummer  surface  into  itself." 

(11)  Miss  R.  G.  Wood:  **  The  collineations  of  space  which 
transform  a  non  degenerate  quadric  surface  into  itself." 

(12  I  Professor  H.  E.  Slaught:  **The  complete  form 
system  of  invariants  of  the  group  of  120  quadratic  Cremona 
transformations  of  the  plane." 

(13)  Dr.  James  Maclay:  **8ome  geometrical  theorems 
conected  with  a  class  of  differential  equations  derived  from 
Poisson's  equation 
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(14)  Mr.  J.  K.  Whittemore  :  **  Cones  of  the  second  de- 
gree osculating  developable  surfaces.'* 

(16)  Professor  E.  O.  Lovett  :  **  The  types  of  line-sphere 
tnuisformation. ' ' 

(16)  Professor  E.  O.  Lovett:  *'Note  on  differential 
geometry  of  n-dimensional  space." 

(17)  Dr.  L.  P.  Eisenhart:  ^*A  demonstration  of  the 
impossibility  of  a  triply  asymptotic  system  of  surfaces.'* 

(18)  Professor  Maxime  BAcher  :  **  Some  cases  in  which 
the  identical  vanishing  of  the  Wronskian  is  a  sufficient  con- 
dition for  linear  dependence.'* 

In  the  absence  of  the  authors,  Mr.  Whitt-emore's  paper 
was  read  by  Professor  Osgood,  and  the  papers  of  Professor 
Roe,  Professor  Slaught,  Professor  Lovett,  Dr.  Eisenhart,  and 
Professor  B6cher  were  read  by  title.  Dr.  Eisenhart' s  paper 
appeared  in  the  January  number  of  the  Bulletin.  The 
papers  of  Mr.  Ford,  Mr.  Keyser,  and  Dr.  Hutchinson  are  in- 
cluded in  the  present  number.  Abstracts  of  the  other 
papers  are  given  below. 

Dr.  Snyder's  paper  is  summarized  as  follows :  Taking 
a  scroll  contained  in  a  linear  congruence  and  of  the  type 
having  factorable  asymptotic  lines,  one  can  transform  the 
directrices  into  two  anti-parallel  planes  in  sphere  space,  and 
the  generators  into  spheres  which  envelope  a  tubular  sur- 
face. The  lines  of  curvature  are  cut  from  this  surface  by  a 
series  of  parallel  planes.  These  sections  are  projections  of 
parallels  to  the  locus  of  centers  of  the  surface,  and  break  up 
into  two  factors.  The  same  problem  is  then  solved,  start- 
ing from  a  surface  of  revolution,  without  using  line  ge- 
ometry. 

Professor  Roe  extends  the  formula 

/(a:  +  y)  =  (H-J)y(a:), 

for  a  positive  integral  y,  to  all  real  values  of  y  within  the 
limits  of  convergency  and  for  the  simplest  expansion  of  the 
symbol  (1  -f  J)',  by  the  immediate  and  direct  relation  of 
two  series  of  the  same  function  to  each  other,  and  indepen- 
dently of  any  Taylor  series.  Both  symbolic  and  non-sym- 
bolic proofs  are  given.  The  following  symbolic  proof  is 
given  for  the  extension  to  a  positive  fractional  commen- 
surable y.     Two  series  of  the  same  function  are  taken 
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f{x  -f  0)  =  Uo,  /fx  -f  1)  =  ii„  -  ,  f{x  -f  r)  =  u„  - 
with  differences  Jw's, 

f{x  +  0)  =  va,  f{^x+  ^  )=  v.,  ... ,  f{x+  J)=  r,.- 

with  differences  ^v's. 

v  and  A  are  integers.  It  is  shown  that  v^  =  (1  +  <5  )% ; 
then  itis  easily  found  that  JX  =  [(1  +  ^Y  —  1]%  ;  hence, 

with  the  confined  meaning  of  (1  +  J  )*,  that 

(1  +  J)'«,  =  «.+  (i  )j«,  +  (2)  J'«.  +  -  +  (r  )-J'«.+    • 

=  ".+  (1  )[(!  +  *)*-  1]%  f  (2)  [(1  +  «»)*-  1]\ 

+  -+('J)[(l  +  ^/-l]'f.+    - 
(where  /  =  vjk) 
=  [1  +  (1  +  3)*-  l]-'t;.=  (l  +  dY\=  (1  +  iyv, 
=  "k  =/(*+  \),   or  /(*  +  j)  =  (1  +  J)r/(x). 

Extension  is  then  made  to  an  int^;ral  n^ative  y,  next  to  a 
negative  fractional  commensurable  y,  and  lastly  by  limits 
to  an  incommensurable  value  of  y,  thus  securing  the  exten- 
sion to  all  real  values  of  y  for  a  convergent  expansion. 

Dr.  McClintock's  **  simplified  solution  of  the  cubic ''  is 
essentially  a  rearrangement,  in  a  strikingly  simple  form,  of 
B^zout's  *^  earlier  solution,' '  with  certain  novel  features. 
It  will  appear  in  the  Annals  of  Mathematics, 

In  a  paper  entitled  * '  Zur  Variationsrechnung  "  (Mathe- 
matische  Annalen^  volume  60  (1897),  p.  60),  Kneser  enunci- 
ates the  theorem  that  the  integral 

ceases  to  be  a  minimum,  not  only  when  the  interval  {x^j  ar,) 
contains  in  its  interior  a  point  a/  conjugate  to  x^^  but  when 
Xi  coincides  with  x'.     This  theorem  is  true  in  general,  but 
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not  in  all  cases,  and  it  is  the  object  of  Professor  Osgood's 
paper  to  point  out  a  general  class  of  cases  for  which  it  is 
not  true.  The  geodetics  on  an  ellipsoid  of  revolution  are  a 
case  in  point.     The  paper  will  appear  in  the  Transactions, 

In  Professor  Pupin's  paper  the  wave  conductor  is  the  loop 
AB  in  the  figure.  The  bridges  are  denoted  by  1 ,  2,  •  •,  n  —  2, 
n  —  1.     They  divide  the  loop  into  n  equal  parts.     Let  I  be 

P,  r,     P,      r,  Vu-lPn-lVn-yPn 


the  distance  between  the  bridges ;  />„  i?,  the  inductance 
and  resistance,  respectively,  of  each  bridge ;  L,  B,  G,  the 
inductance,  resistance,  and  capacity,  respectively,  per  mile, 
of  the  wave  conductor.  Let  P  be  the  potential  and  y  the 
current  at  any  point.  P  is  continuous  and  y  has  as  many 
discontinuities  as  there  are  bridges.  In  any  section  like  m 
we  shall  denote  by  P^  and  y^  the  potential  and  current  at 
any  point  of  the  section.  Denoting  the  distance  of  any 
point  of  this  section  from  the  banning  of  the  section  by  «, 
we  shall  have 

Pm  =  K.,  !/«.  =  .^i«i  +  1,  when  «  ==  Z ; 

i^.  =  K.  -1,  «/«  =  x^m,  when  «  =  0. 

The  problem  can  now  be  stated  as  follows  :  Find  the  in- 
t^ral  of  the  differential  equation 

de  ^     dt     c  Ps' 

which  will  satisfy  n  boundary  conditions  of  the  type 

K^2«-i-^2j-2F,  =  0, 

where  h^ipfj^  -f  B^,  and  p  is  the  frequency  speed  of  the 
impre-sed  simple  harmonic  electromotive  force.  The  solu- 
tion is 

__  J5:  sin  2(m  —  n)0 
"•■"2  sin  2n^y      '' 

where 

,      /*  sin  id        .        r    T       •  T.x 
cos  '10  =  cos  :il  —     .    ,„    ,     'X  =  p(p/>  —  ^B), 
ipCh 
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sin  /d 


V^  sin  ;i(l  —  «)  -f   F,^.|Sin  fis 
/-•+,=  "  "gin;./  ' 


When  the  bridges  are  suflSeiently  near  with  respect  to  the 
wave  length  which  corresponds  to  the  frequency  speed  of 
the  force  on  the  wave  conductor  without  the  bridges,  then 
the  system  acts  like  a  uniform  wave  conductor  the  capacity 
of  which  depends  on  the  frequency.  There  is  a  critical  fre- 
quency at  which  the  wave  length  becomes  infinite. 

Professor  Morley's  paper  is  in  abstract  as  follows  :  In  the 
Philosophical  Magazine  for  1851  Sylvester  gave  a  canonical 
form  for  a  binary  quantic  of  even  order,  as  far  as  the  eighth 
order,  and  suggested  a  general  form  which  involved  the 
finding  of  a  certain  co variant  V.  It  seems  to  have  been 
supposed  that  the  difficulty  of  continuing  lay  in  finding  V 
(see  Elliott.,  Algebra  of  quantics,  p.  299).  An  examination 
shows  that  there  is  no  theoretic  difficulty,  but  that  the  source 
of  V  is  easily  obtainable  as  a  determinant.  The  real  objec- 
tion to  the  theory  lies  in  the  complication  of  the  expression 
of  V  by  means  of  the  fundamental  co  variants.  Thus  for  the 
quantic  of  the  tenth  order,  in  terms  of  the  covariants  of  Syl- 
vester^ s  auxiliary  quintic,  we  have,  in  Elliott's  notation  for 
the  quintic, 

+  92C^C„  +  24C,C„C„.  . 
This  formula  was  calculated  by  Mr.  Coble. 

Dedekind  (in  Supplement  XI  to  Dirichlet's  Zahlen- 
theorie,  4th  edition,  p.  570)  shows,  if  at  is  any  algebraic  in- 
teger in  a  fixed  realm  of  rationality  H,  that 

<w''^=  to     (mod.  p), 

where  p  is  a  rational  prime  integer  that  is  divisible  (in  ii) 
by  the  prime  ideal  p  and  /  is  the  degree  of  p.  He  then 
shows,  pp.  570-572,  that 

fp^^t  =  ll{t  -  oO=  fflV)     (mod.  p), 

where  ^  is  a  variable  and  where  the  first  product  is  taken 
over  a  system  of  incongruent  (mod.  p)  algebraic  integers 
in  ii  and   the  second   product  is  taken  over  all  primary 
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prime  functions  P  (a;),  whose  degree  is  /or  a  divisor  of  /. 
The  investigations  are  restricted  to  algebraic  numbers  in  a 
fixed  realm.  Professor  Hancock  considers  instead  of  the 
algebraic  numbers  integral  functions  in  any  number  of  vari- 
ables whose  coefficients  are  the  Dedekind  algebraic  numbers; 
instead  of  the  prime  ideal  \t  there  occur  in  his  general  treat- 
ment prime  modular  systems,  in  whose  elements  enter  all 
the  variables  save  one.  Primary  prime  functions  are  taken 
in  which  the  variable  that  is  wanting  in  the  modular  sys- 
tem occurs  to  degree  h  and  where  the  coefficients  are  integral 
functions  of  the  other  variables  that  are  found  in  the  modu- 
lar system.  The  number  of  such  primary  prime  functions 
whose  degree  is  A  or  a  divisor  of  h  is  calculated,  and  then 
the  generalized  Dedekind's  theorem  is  developed. 

Miss  Wood's  paper  deals  with  the  collineations  of  space 
which  transform  a  non-degenerate  quadric  into  itself. 
Starting  with  the  theorem  that  such  a  collineation  which 
leaves  the  two  systems  of  generators  invariant  may  be  com- 
pounded of  two  skew  reflections,  the  following  theorems  in 
non-euclidean  geometry  are  deduced.  For  elliptic  space : 
1°  If  a  straight  line  be  displaced,  the  loci  of  the  middle 
points  of  chords  joining  congruent  points  are  straight  lines. 
2^  Planes  perpendicular  to  these  chords  at  their  middle 
points  intersect  each  set  in  a  straight  line.  3°  If  a  plane 
figure  be  displaced,  the  loci  of  the  middle  points  of  chords 
joining  congruent  points  are  planes.  4°  Planes  perpendic- 
ular to  these  chords  at  their  middle  points  pass  each  set 
through  a  point.  For  hyperbolic  space:  1°  If  a  straight 
line  he  displaced,  the  locus  of  the  middle  point  of  chords 
forming  congruent  points  is  a  straight  line.  2°  Planes  per- 
pendicular to  these  chords  at  their  middle  points  intersect 
in  a  line.  3°  If  a  plane  figure  be  displaced,  the  middle 
points  of  chords  joining  congruent  points  lie  in  a  plane. 
4°  Planes  perpendicular  to  these  chords  at  their  middle 
points  pass  through  a  point  in  the  plane.  When  the  quad- 
ric degenerates  four  well  known  theorems  of  Chasles  for 
euclidean  space  are  obtained. 

In  a  paper  soon  to  be  published  in  the  American  Journal 
of  Mathematics,  Professor  Slaught  has  discussed  the  nature  of 
invariants  of  a  quadratic  group  and  has  shown  that,  inas- 
much as  the  d^ree  of  any  rational  integral  form  is  doubled 
under  a  quadratic  transformation,  only  a  rational  fraction 
can  transform  into  itself  after  throwing  off  a  common  factor 
in  the  variables  from  numerator  and  denominator.     For  the 
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quadratic  Cremona  group  of  51  cross  ratio  transformations 
it  is  shown  that  the  most  general  forms  suitable  for  numera- 
tor and  denominator  of  such  invariant  fractions  are  of  de- 
gree 6n  and  throw  off  a  factor  (2,2^,)*"  under  the  quadratic 
generator 

Such  a  form,  B^  is  found  to  be  decomposable  into  two  fac- 
tors 

in  which 

fi=s  0  or  &  positive  integer,  and  l^«(„_j^,  contains  no  factor  of  P, 
The  factors  of  P,  set  equal  to  zero,  are  the  six  sides  of 
the  complete  quadrangle  whose  vertices  are  the  four  critical 
points  of  the  group,  and  every  invariant  curve 

has  at  each  of  these  critical  points  a  multiple  point  of  order 
2(n  +  /x). 

The  quadratic  group  G^^  has  a  linear  subgroup  GiV  which 
is  projectively  related  to  the  Klein's  linear  group  of  order 
4!,  and  through  a  study  of  the  invariants  of  these  two  linear 
groups  there  are  found  the  most  general  invariant  forms 
under  G^^  of  degree  6,  12,  and  18  [n  =  1,  2,  3],  namely, 

mA,     m^A^  +  m,P*,     m^A*  +  m^P"  -f-  w,C, 

in  which  the  m's  are  arbitrary  and  A,  P*,  C  are  three  in- 
variants of  the  binary  quintic  form,  written  in  terms  of 
the  cross  ratios  of  the  five  roots  of  the  quintic.  Then  by  a 
series  of  theorems  relating  the  general  forms  E^  to  the 
geometry  of  the  group  [The  geometric  representation  was 
given  in  the  October  number  of  the  American  Journal  of 
Mathematics,']  it  is  shown,  through  a  process  of  successive 
reduction,  that  any  invariant  form  under  Guo  is  expressible 
as  a  rational  integral  function  of  A^  P*,  C,  and  thus  a  system 
of  fundamental  forms  is  established  in  terms  of  which  all 
invariant  fractions  under  the  quadratic  group  can  be  ex- 
pressed. 

As  is  known,  any  three  solutions  of  the  differential  equa- 
tion 
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when  set  equal  to  x,  y,  2,  respectively,  define  a  surface  re- 
ferred to  a  system  of  conjugate  lines.  Dr.  Maclay  deter- 
mines a  transformation  of  a  character  to  change  conjugate 
systems  of  curves  on  a  surface  into  conjugate  systems  on 
the  transformed  surface.  After  some  discussion  of  the  re- 
lations of  a  surface  and  its  transformed  in  the  general  case, 
the  surfaces  defined  by 


u  -{•  V 


and  the  corresponding  transformed  surfaces  are  more  par- 
ticularly studied.  By  suitable  transformations  the  latter 
equation  is  reduced  to  the  form  given  in  the  title  of  the 
paper,  and  the  complete  integral  is  obtained.  The  trans- 
formation, when  employed  upon  the  general  surface  of  trans- 
lation, will  change  the  curves  of  translation  into  lines  of 
curvature  on  the  transformed  surface  only  in  the  case  of 
the  right  circular  cylinder,  and  the  resulting  surface  is  any 
surface  of  revolution. 

Mr.  Whittemore's  paper  gives  a  short  account  of  Her- 
mite's  investigations  on  quadric  surfaces  osculating  a  given 
surface.  Hermite  showed  that,  in  general,  at  a  finite  num- 
ber of  simple  points  at  any  surface,  the  surface  is  osculated 
by  all  the  members  of  a  one  parameter  family  of  quadrics. 
In  the  present  paper  it  is  proved  that  a  developable  surface 
is  osculated  at  every  simple  point  by  all  the  members  of  a 
one  parameter  family  of  quadrics.  It  is  then  shown  that  all 
the  quadrics  osculating  a  developable  at  any  point  are  cones 
having  a  common  vertex  which  is  on  the  edge  of  regression 
of  the  developable.  A  complete  geometrical  definition  of 
these  cones  is  then  obtained. 

In  a  recent  note  Professor  Lovett  has  shown  that  the 
various  contact  transformations  of  ordinary  space  which 
change  straight  lines  into  spheres  are  determined  by  pairs 
of  bilinear  equations  between  the  point  coordinates  of  the 
corresponding  spaces,  and  that  they  fall  into  two  categories 
according  as  all  or  certain  determinants  of  a  certain  matrix 
reduce  to  constants.  In  the  first  of  Professor  Lovett' s 
present  papers  the  explicit  forms  of  all  the  transformations 
of  one  cat^ory  are  given.  There  are  thirtj^-one  types,  two 
of  which  depend  on  solutions  of  equations  of  the  sixth  de- 
gree ;  three  on  quintics ;  one  on  a  pair  of  quartics ;  two 
on  cubics ;  two  are  linear ;  and  the  remainder  quadratic. 
To  satisfy  the  equations  of  condition  for  the  second  ciite- 
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gory  is  in  general  impossible.  However,  at  least  two  types 
of  Qo'*  transformations  each  are  included  in  this  category  ; 
they  are  generated  by  projective  or  dualistic  transformations 
accompanied  by  Lie's  transformation  ;  they  change  asymp- 
totic lines  into  lines  of  curvature. 

Professor  Lovett's  second  note  solves  four  problems  in 
the  differential  geometry  of  n  -f  1  dimensioned  space.  Of 
the  infinite  groups  of  contact  transformations  of  this  space, 
the  following  are  determined  :  1°  those  leaving  the  ratios  oif 
the  Gaussian  curvatures  of  any  number  of  tangent  surfaces 
invariant ;  2°  those  making  the  curvature  of  corresponding 
surfaces  at  corresponding  points  equal ;  3°  those  changing 
applicable  surfaces  into  such  ;  4^  those  leaving  invariant  the 
equation 

In  the  third  problem  use  is  made  of  a  remark  of  Staeckel, 
Comptes  rendusy  1 895  ;  the  first  and  second  generalize  results 
obtained  by  Mehmke  and  Vivanti,  ZeiU^hrift  filr  Mathematik 
und  Physik,  1891,  1892  ;  Rendieonii  del  Cireolo  matemoHeo  di 
PaUrmOy  1891. 

Peano,  in  Mathem,  volume  9,  page  75  and  page  110,  seems 
to  have  been  the  first  to  point  out  that  the  identical  vanish- 
ing of  the  Wronskian  of  n  functions  of  a  single  variable  is 
not,  in  all  cases,  a  sufficient  condition  for  the  linear  depend- 
ence of  these  functions.  (It  is,  of  course,  a  necessary  con- 
dition, provided  the  functions  have  finite  derivatives  of  the 
first  n  —  1  orders  at  everj'  point  of  the  region  in  question. ) 
At  the  same  time  he  indicated  a  case  in  which  it  m  a  suflB- 
cient  condition,  and  suggested  the  importance  of  finding 
other  cases  of  the  same  sort.  Without  at  first  knowing  of 
Peano^s  work.  Professor  B<*)cher  was  recently  led  to  the  same 
question  and  found  a  case  not  included  in  Peano' s,  in  which 
the  identical  vanishing  of  the  Wronskian  is  a  suflBcient  con- 
dition. In  the  present  paper,  which  will  appear  in  the 
Transactions,  these  cases  and  others  of  a  similar  character 
are  discussed. 

F.  N.  Ck)LE. 
COLUMBIA  University. 
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ON   SOME    BIKATIONAL   TRANSFORMATIONS    OF 
THE  KUMMER  SURFACE  INTO  ITSELF. 

BY  DR.  J.  I.  HUTCHINSON. 

(Read  before  the  Amerioan  Mathematical  Society,  December  28,  1900.) 

Very  few  examples  of  the  birational  transformation  of 
surfaces  into  themselves  are  as  yet  known  in  which  the  group 
is  of  infinite  order. 

The  case  of  a  continuous  group  with  a  finite  number  of 
parameters  has  been  fully  worked  out,*  but  for  discontinu- 
ous groups  only  two  or  three  isolated  examples  f  have  up 
to  the  present  time  been  met  with 

It  is  in  view  of  this,  as  well  as  on  account  of  the  general 
interest  which  attaches  to  the  16-nodal  quartic,  or  Rummer, 
surfaces  that  I  propose  to  show  how  to  determine  two  groups 
of  birational  transformations  of  infinite  order  for  which 
these  surfaces  are  invariant. 

In  the  first  place  I  suppose  the  surface  to  be  referred  to  a 
tetrahedron  whose  vertices  are  four  nodes  so  chosen  that 
none  of  the  faces  of  the  tetrahedron  are  singular  tangent 
planes  of  the  surface.  Using  homogeneous  coordinates  w, 
^f  Vj  «» take  for  example  the  tetrahedron 

where  '^a  =  »^a(m,  v),  and 

a=c/,=  »9i(0,  0),     6  =  c,V 

The  subscripts  are  here  written  according  to  the  Weier- 
stras-H  notation  for  the  theta  functions.  The  four  functions 
^A  used  in  equations  ( 1 )  form  a  Gropel  quadruple  and  hence 
satify  the  well  known  Gopel  biqua<iratic  relation  whi<'h  I 
will  indicate  by 

The  left  member,  regarded  as  a  function  K{  u.  v)  of  u  and  v, 
vanishes  identically.  Solving  (1)  for  »Va  and  substituting 
in  this  relation,  we  obtain  the   required  equation  <»f  the 


♦  For  an  interestlDg  aocoant  of  this  sahject  hpc  Painlev^,  Th^orie  an- 
alytique  dea  ^aatioDS  differentielles,  Paris,  1H97. 

t8ee  Hnmbert,  Oumptra  rendusy  vol.  126,  pp.  394,  6(»8  ;  and  Painlev^, 
ibid.,  p.  512. 
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Kummer  surface  referred  to  the  tetrahedron  iv,  x,  y,  z. 
Writing  for  brevity 

«  =  c*5,     /?  =  cl,     Y  =  Cjl,,     o'  =  c  5; 

I  =  afi  —  ^r),      L  =  linn{a?  -|-  ;'^), 

m  =  a/*  —  /5r?,     J/=  Imn^ay  -|-  /S«5), 

71  =  tff?  —  ^3"^,     jV^  hnn(ad  -\-  (iy^^ 

P  =  (a*  -f-  tS*  +  Y^  +d*)  (fiyd'  +  ayd^  +  a\^d^  +  o}flY) 

the  required  equation  becomes 

rm'(wW  +  y'z')  +  nT(t(fy'  +  arV)  +  mW{wV  +  xY) 

—  2L(wx  +  yz)  (wy  +  xz)  +  2M{wx  +  yz){wz  -f  xy) 

+  2iV(ti;3^  -f  xz){wz  +  an/)  +  2Pwxyz  =  0. 

It  is  at  once  apparent  that  this  equation  is  reproduced 
when  we  perform  the  birational  transformation 

(B)  v/  :x'  :y'  :z'  =  -:^  :^  :-' 

^    "^  ^  w    X    y    z 

Since  there  are  60  tetrahedra  of  the  kind  defined  by  equa- 
tions (1),  there  are  60  transformations  of  the  same  type  as 
(JB).  These  generate  a  group  G  of  infinite  order.  A  much 
smaller  number  of  operations,  however,  is  sufficient  to  gen- 
erate the  same  group,  as  we  now  proceed  to  show. 

Consider  the  well  known  group  (r„  of  linear  transforma- 
tions, for  which  the  Kummer  surface  is  invariant.  These 
operations  either  leave  the  tetrahedron  of  reference  T  un- 
changed or  permute  it  with  three  others.  Denoting  these 
by  T^,  r,,  Tg,  let  t^,  <„  t^  represent  linear  transformations  of 
(?,,  which  permute  T  with  2\,  T„  T^,  respectively.     Then 

If  B^  denotes  the  transformation  of  the  same  type  as  B 
associated  with  the  tetrahedron  T^,  then,  since  t^  is  of  period 
2,  it  is  evident  that 

It  follows  from  this  that  the  60  birational  transforma- 
tions of  the  type  B  can  be  generated  by  15  of  them  prop- 
erly chosen,  together  with  the  two  linear  transformations 
t^  aiitl  t^. 

The  group  G  can  be  enlarged  by  combining  with  it  the 
transformations  of  G,,  which  leave  the  tetrahedron  T  un- 
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changed  (the  faces,  of  course,   being  permuted).     These 
transformations^cau  be  represented  by 

and  the  group  O  is  of  index  4  under  the  enlarged  group. 

It  now  remains  to  be  shown  that  G  is  of  infinite  order. 
Consider  the  tetrahedron  w,,  a:,,  y„  «„  where 

ti;^  =  xti;  -f  /ar,      y,  =  f)W  +  /rx  -f  rz, 

x^  =  }.w  +  xXj      2j  =  /ritJ  -|-  f}x  -\-  Ti/, 
in  which 

Z  =s  Coi  Co3,         /•   ^  Cj  C4, 
f*  ^  ^2  Cqi,         /T  =  C4  Co;4.         ''*  =   Cos  Cj. 

The  transformation  * 

(JB.)  u' '  :  ar/  :  y/  :  2/  :  =  -  :  -  :  -  :  i. 

^    '^  '       '     ^'       '  w^     X,     y,     z, 

written  in  terms  of  w,  x,  y,  2,  is 

,      ,  Twx  -f-  yil'W  -f-  nx) 

w'  ',X  \v  \z  =^  x\w\ / 

<Tti;  +  f>x  -f  ry 

TWX -\' z{nw-\'px^ 

pw  +  <TX  +  TZ 

In  a  similar  manner,  by  using  the  tetrahedron 

w^^  /iw-\-  va:,     y,  =  cti?  -f-  ija^  +  Cy, 
ic,  =  vw?  -f  /io;,      2,  =  Tjw  +  $x+  :y, 


where 


fA=^c\ci^,       v  =  clclij 


we  obtain  the  transformations 

ri>\       J    ^ ,   jf    J  a{w^+ x^)  -h  f^wx-]- y(rX'-ow) 

(£S)    w  :  x' :  y  :z  ^  x:w:~ .  -  ^^  -  - 

'  ox  —  /nc  +  ey 


where 


a(vj^  -f  a;*)  -f  ^wx  +  z{yw  —  5x) 
dw  —  yx  -^  ez 

a  =  2<^c!cj,cj3,  /9=(cl-c})(cJ|-4), 

r  =  cic;,(c}  +  ci),   ^  =  c;c;,(<4  +  cj), 

c=(cj+cl)'. 

*Tbe  tiaiiflformatioD  Bi  here  indioated  is  not  the  same  as  the  fi,  pre- 
Tioasly  referred  to. 
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Combining  these  two  transformations  we  obtain 

where 

ii  s  ~  erwx  +  (dw  —  rx)(^px  +  aw), 

B=  —  [Twx(dx  —  /^)  +  a(px  +  ffw)  (^vf  +  «*) 

+  fiwx^px  +  <m;)] , 
C  =  c((TX  +  pw)  +  r(^x  —  ^tw), 
D  =  {(fx  +  pyj)  {^x  —  pni;)  +  Ta(^uf  +  a^)  +  rfiwx. 

The  question  of  the  periodicity  of  this  transformation  is 
clearly  the  same  as  that  of  the  linear  fractional  transfor- 
mation 

where  Ay  B^  C,  D  are  independent  of  y  or  y\  But  in  order 
that  this  transformation  may  have  a  finite  period  n  it  is 
necessary  and  sufficient  that* 

(2)  (^  +  i>)  =  K^D  -  BC)  cos*  ^"^ 

where  A  is  some  integer  relatively  prime  to  n.  It  is  easily 
seen  that  the  expressions  given  above  for  -4,  JB,  C^  D  can- 
not satisfy  such  a  relation  as  this.  Hence  the  period  of 
B^B^  is  infinite. 

If  (w,  v)  are  the  hyperelliptic  coordinates  of  a  point  of 
the  Kummer  surface,  the  equations 

w=^e^{u,  r),     x^e^{u,  v),  y^^^(uj  v),     «  =  ^,(u,  v), 

where  for  brevity  ^^(w,  v)  are  written  for  the  right  mem- 
bers in  (1 ),  express  the  homogeneous  coordinates  of  a  point 
of  the  surface  in  terms  of  the  parameter  coordinates  of  the 
same  point.  After  the  transformation  J5,  the  coordinates 
can  be  represented  in  the  same  form 

where  (w',  t/)  are  the  parameters  of  the  point  into  which 
the  point  (te,  v)  has  been  transformed. 

A  question  arises  as  to  what  are  the  relations  between  v!y 


*See  Serret,  Coars  d'alg^bre  sup^'iienre. 
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rf  and  w,  v.     These  cannot  be  algebraic,  for  if  they  were,  say 

i4,(ti',  i/,  t«,  V)  ==  0,     i4,(n',  i/,  w,  r)  =  0, 

then  since  to  the  point  (I,  0,  0,  0)  corresponds  the  curve  of 
intersection  of  u/  =  0  with  the  Kummer  surface,  when  we 
Bubstitnte  for  n,  v  in  these  relations  the  parameter  values 
for  this  point  the  two  equations  ought  to  be  equivalent  ta 
a  single  algebraic  relation 

.^(t^',  v')=0. 

This  latter  should  then  be  the  equation  of  the  curve  which 
corresponds  to  the  given  point.  But  the  equation  of  this 
curve  is 

a  relation  which  is  not  algebraic*  but  transcendental.  In 
fact,  the  relations  between  u\  v'  and  w,  v  are  none  other 
than  those  which  at  once  follow  from  the  equations  of  trans- 
formation* (£),  viz.: 

(3)    B^iy!,  ^)Slu,  t;)  =  ^/u',  i/)^/w,  t;),  [t,i=  1,  2,  3,  4]. 

It  would  be  interesting  to  know  whether  or  not  the  group 
G  is  discontinuous.  It  appears  very  likely  that  it  is,  al- 
though I  have  not  been  able  to  fully  settle  this  question. 
It  can  be  shown  that,  if  G  contains  any  infinitesimal  trans- 
formations, they  belong  to  an  invariant  subgroup  of  &,  and 
that  they  leave  unchanged  each  point  of  the  Kummer  sur- 
face. For  any  combination  of  the  generating  operations 
B^  can,  according  to  (3),  be  represented  in  the  form 

where  ^X^'>  ^)  is  a  theta  function  of  order  2n,  whose  form 
it  is  not  necessary  to  determine.     If  now 

where  ^  and  ij  are  infinitesimals,  we  have,  on  expanding,. 

♦  It  is  from  a  similar  point  of  view  that  Humbert  has  renaarked  the 
•zistenoe  of  birational  transformations  of  the  Kummer  surface  into  itself. 
See  LiauvUle^s  Jour.,  1893,  p.  466. 
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where 

F  =    '. 
i 
From  this  follows  that 


and 


i^---'^-»- 


From  the  latter  condition  follows  that  the  Jacobian  of 

any  two  of  the  functions  -l\  '   ;  vanishes  and  hence  that  all 

^/ti,  v) 

are  functions  of  one  among  them.  But  this  is  clearly  im- 
possible ;  hence  if  an  infinitesimal  transformation  occurs 
in  O  it  leaves  every  point  of  the  Kummer  surface  unchanged. 
The  totality  of  operations  in  G  for  which  every  point  of  the 
surface  is  invariant  evidently  form  a  self-conjugate  subgroup 
of  Q,  Moreover  it  is  clear  that  this  subgroup  cannot  be  a 
finite  continuous  group  since  the  Kummer  surface  does  not 
enter  into  the  category  of  surfaces  which  admit  such  groups. 
Another  group  Q'  of  birational  transformations  of  the 
Kummer  surface  into  itself  is  determined  from  the  fact  that 
a  one  to  one  correspondence  exists  between  this  surface  and 
the  Weddle  surface  (locus  of  the  vertex  of  a  quadric  cone 
which  passes  through  six  fixed  points).  Hence  a  birational 
transformation  of  the  one  corresponds  to  the  like  of  the 
other.     If  we  write 

J  01     It    I  S80S6  niS40t014 

a  :  6  :  c  :  rf  =  c^^c^^e^ :  c^c^c^ :  c^c^^c^ :  c^e^^e^, 

the  equation  of  the  Weddle  surface  is 

j  xyz  w  a  a\ 

wyz  X  b  /^  I  _  ^ 

wxz  y  e  Y 

I  wxy  z  d  fi\ 

This  equation  is  unchanged  for  a  transformation  of  tbe 
same  form  as  (JB).  I  will  denote  this  transformation  by  ('. 
Since  the  equation  of  the  surface  can  be  written  in  15  dif- 
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ferent  ways  in  this  form,  we  have  15  corresponding  trans- 
formations which  generate  a  group  of  infinite  order.  For 
consider  the  tetrahedron  u;,,  x^,  y,,  Zj,  where 

w^  =i  w,     {b  +  a)x^  ^  bw^  ax, 
(c  -f-  a)y,  ==  ew  —  ay,     (d  +  a)z^  ss  dw  —  az. 

The  associated  transformation  is 

,      ,,,1111 
14;/  :  x/  :  y/  :  2/  =  —  :  -  :  —  :  -, 
w,      X,     y,       z, 

or 

,     ^      ,    ^        1    bx+  (a  +  2b)w     cy -h  (a  +  2c)w 

w"  ix' :y^  iz"  ^  —  :  ^^ i-r"  •       —  r- - 

w         awx  —  our  awy  —  cur 

dzjj-  (a  +  2d)w 
awz  —  dw'^ 

Denoting  this  transformation  by  C,  we  have  for  C,  C 

vf  ixf  :%f  :z  =  w  ',  ,  :  ••• 

aw  —  ox 

Here  xf  is  proportional  to  an  expression  of  the  form 

Ax+  B 
Cx  +  D  ' 
It  is  easily  seen  that 

(A±_Dy  _ 

AD^BC"    ' 
and  hence  the  condition  (2)  reduces  to 

cos'       =1. 
n 

But  since  0  <  x  <  n  this  relation  cannot  be  satisfied  for  a 
finite  value  of  n.  Hence  the  transformation  C,C  has  an  in- 
finite period. 

Ck)BNBLL  UKIVEKSITY, 
December^  1900. 
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THEOREMS  CONCERNING  POSITIVE  DEFINITIONS 

OF  FINITE  ASSEMBLAGE  AND  INFINITE 

ASSEMBLAGE. 

BY  MB.  C.   J.  KEYSEB. 

(Read  before  the  Amerioan  Mathematical  Sootety,  December  28,  1900.) 

The  well  known  wide  disagreement*  among  workers  in  as- 
semblage theory  as  to  the  meaning  that  should  be  attached  to 
certain  indispensable  terms,  such  as  assemblage,  defined  as- 
semblage, given  assemblage,  law  of  formation,  and  so  on, 
indicates  alike  the  need  and  the  possibility  of  a  more  critical 
grounding  of  this  doctrine.  Here  as  elsewhere  the  guiding 
principle  of  criticism  should  be  the  principle  of  Parsi- 
mony, the  so-called  Razor  of  Occam  ;  Entianon  sunt  multi- 
plicanda  prseter  necessitatem.  For  the  problem  is  one  of 
simplification,  of  logical  economy,  of  minimizing  hypothe- 
sis. The  ideal  is,  in  a  word,  to  dispense  with  the  undefined. 
Now  nothing  seems  clearer  than  that  no  amount  of  criticism, 
however  acute,  can  completely  eliminate  the  undefined  from 
the  foundations  of  knowledge.  For  every  explicit  involves 
some  implicit,  and  so  there  must  be  not  merely  assumption, 
but  implicit  and  therefore  undefined  assumption.  Whence 
appears  that  a  residuum  of  indetermination  and  doubt  must 
elude  even  the  most  refined  and  searching  analysis,  and 
ultimate  simplicity,  perfect  certainty,  absolute  rigor,  remain 
beautiful  dreams,  destined  never  to  be  quite  realized.  Never- 
theless the  problem  admits  of  closer  and  closer  approximate 
solution,  which,  theoretically  at  least,  takes  the  form  of  an 
unending  series,  namely,  of  substitutions  of  simpler  (there 
is  no  simplest)  undefined  for  the  less  simple.  Unfortunately 
the  process  appears  to  conduct  sooner  or  later  from  seeming 
light  and  certainty  into  the  **  frightful  shadow-land  of  meta- 
physics.''  But  it  is  only  appearance  and  only  seeming,  for 
it  is  the  common  lot,  consciously  or  unconsciously,  to  dwell 
in  that  land  always  Shadows  critical  reflection  undoubtedly 
produces,  but  shadows  are  incident  to  the  illumination  of 
darkness.  Cousin  is  right :  La  critique  est  la  vie  de  la  science. 

•Cf.  J.  Tannery  :  **  De  Tintini  niathematiqae,'*  R^cue  genh-nte  d*^  sci- 
ences, vol.  8  ( 1H97).  Dedekind  :  VVas  Sind  and  WasSollen  die  ZableD. 
i  3.  Art.  32  ;  ^  5.  Art.  64.  (1.  Cantor  :  **  Sar  lee  ensembles  infinis  et 
Hndaires  de  points,**  At  (a  Math.y  vol.  2.  Coutarat :  De  TinfiDi  mathema- 
tique,  Appendioe,  Note  IV  E.  Borel  :  I^eyonssur  la  th^rie  des  fonc 
tions,  Chap.  I.  J.  Tannery  :  Introduction  ^  la  th^rie  des  fonctions  d'nne 
variable,  J  15. 
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This  paper  presents  some  results  of  an  attempt,  consist- 
ently with  the  mentioned  principle  of  criticism,  to  show  that 
definitions,  of  a  more  general  character  than  those  usually 
considered  to  be  mathematically  available,  are  in  fact  suf- 
ficient for  the  establishment  of  certain  fundamental  propo- 
sitions of  assemblage  theory. 

I.  Hypotheses,  and  Definition  of  Terms, 

It  is  assumed  that,  if  there  be  anything  which  through- 
out some  definite  time  is  intrinsically  regardable  as  an  indi- 
vidual, as  one,  this  intrinsic  capability  persists  throughout 
every  definite  time.  Any  such  thing  will  be  named  ele- 
ment. It  is  further  assumed  :  (I)  that  there  are  elements  ; 
(2)  that  one  of  the  elements  is  the  idea  c,  that  each  of  the 
elements,  including  £,  u  an  element ;  (3)  that,  if  two  ele- 
ments be  distinguishable,  the  mark  of  distinction  is  an  ele- 
ment. 

The  element  e,  serving  as  a  bond  of  union  of  all  elements, 
strictly  defining  all  as  an  individual,  as  the  sole  invariant 
content  of  the  element  category,  imparts  sufficient  precision 
to  the  expression  totality  of  elements.  This  totality,  which 
might  be  called  the  universe  of  elements,  may  be  denoted 
by  U.  U  being,  by  definition,  itself  an  element,  is  to  be  re- 
garded as  contained  in  itself. 

Two  elements  are  identical  if  they  are  indistinguishable 
from  each  other.  Two  such  elements  are,  for  all  logical 
purposes,  for  attention,  not  two  but  one  ;  indeed,  they  can 
not  even  be  counted  as  two,  for  to  suppose  them  so  count- 
able is  to  suppose  them  capable  of  arrangement  in  the  time- 
order  of  before  and  after,  which  is  tantamount  to  supposing 
them  distinguishable.  Hence  U  contains  no  identical  ele- 
ments :  there  are  no  identical  elements. 

An  element  that  is  two  or  more  elements  regardable  as  an 
individual  may  be  called  a  composite  element ;  in  the  con- 
trary case,  an  ultimate  or  simple  element. 

Now  let  e  and  e'  be  an}'  two  elements.  There  is  at  least 
one  mark  of  distinction.  Represent  it  by  the  prime  '. 
This  mark  is,  by  (3),  itself  an  element.  Consequently  ef  is 
a  composite  element.  Similarly  for  e.  Like  reasoning  ap- 
plied to  the  element '  will  show  it  to  be  composite,  and  so 
on  indefinitely  ;  indefinitely,  for  if  the  process  exemplified 
could  terminate,  it  would  end  with  an  element  having  no 
mark  of  distinction,  i,  e.,  with  a  mark  of  distinction  itself 
without  distinction.  Such  a  mark  would  be  an  element 
identical  with  some  (in  fact  every)  other.  Hence  all  ele- 
ments are  composite :    there  are  no  simple  or  ultimate  elements. 
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It  thuH  appears  that  an  element  is  a  shield  with  two 
sides,  one  fact  F  with  two  phases  :  the  phase  of  being  cod- 
stituted  of  elements,  constituents;  and  the  phase  of  being  a 
bond  nniting  the  latter  into  one,  an  individual.  The  two 
phases  of  Fmay  be  briefly  called  respectively  the  muZ^i-phase 
and  the  um-phase.  Neither  is  logically  prior.  Either  may 
be  regarded  as  primary ^  the  other  as  secondary — the  choice  to 
be  determined  by  considerations  of  expedience.  F  will  be 
called  element  or  assemblage  (of  elements)  according  as  the 
uni-phase  or  the  multi-phase  of  F  be  taken  as  primary. 
The  notions,  element  and  assemblage,  are,  therefore,  re<»/>- 
rocal^  and  complemental,  each  is  implicit  in,  incomplete 
without,  determined  by,  the  other. 

This  principle  of  reciprocity  enables  us  to  say :  all  ele- 
ments and  assemblages  are  defined.  If  F  be  an  assemblage, 
its  definition  is  its  uni-phase,  its  element-character  ;  if  i^  be 
thought  as  an  element,  its  definition  is  its  multi-phase, 
its  character  as  a  certain  composite.  For  easier  comparison 
of  this  with  the  corresponding  conceptions  of  Cantor  and 
Dedekind,t  we  state  it  at  length  thus  :  Every  assemblage 
is  defined  in  the  sense  that  the  principle  of  excluded  middle 
validates,  with  respect  to  any  assemblage,  the  proposition  : 
any  element  whatever  is  a  constituent  of  the  assemblage  or 
it  is  not.  Reciprocally,  every  element  is  defined  in  the 
sense  that  the  same  principle  justifies,  in  regard  to  any  ele- 
ment, the  proposition  :  the  constituents  of  any  assemblage 
whatever  compose  the  element  or  they  do  not. 

The  term  **  defined  ''  is  here  used  in  its  objective,  which  is 
at  the  same  time  its  fundamental  and  etymological,  sense  of 
bounded  or  marked  off  from.  Every  such  objective  defi- 
nition is  an  F  with  its  two  phases.  Its  essence  is  being,  not 
actually  regarded  but  merely  regardoife.  When  actually  re- 
garded, made  the  recipient  of  attention,  then,  lying  in  con- 
sciousness or  expressed  in  language  or  both,  it  becomes  an 
ordinary,  subjective,  definition .  When  so  expressed  the  corre- 
sponding F  (assemblage  or  element)  may  be  said  to  be  given. 
Discussion  of  the  exceeding  difficult  question  J  of  "given"  is 
reserved  for  a  future  communication  as  is  also  a  fuller  exhi- 
bition of  the  cardinal  importance  of  the  principle  of  recipro- 

*It  is  noteworthy  that  the  so-called  **  principle  of  reciprocity  *'  which 
manifests  itself  familiarly  in  various  specialized  and  concrete  ways,  no- 
tably in  geometry,  is  in  all  strictness  a  principle  and  is  sncb  for  assem- 
blage theory  in  general,  being  inherent,  as  jost  shown,  in  the  inmost  core 
of  the  discipline. 

t  Cf .  Cantor  and  Dedekind  :  Op.  cit. 

tin  relation  to  this  matter,  the  first  of  J.  Tannery  *s  essays  already 
cited  may  be  consulted  with  much  profit. 
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dty.  In  regard  to  the  latter  we  merely  add  here  the  now 
rather  obvious  facts  :  that  assumptions  (1),  (2),  and  (3)  in- 
volve like  assumptions  respecting  assemblages  ;  that  there 
are  no  identical  assemblages  ;  that,  as  every  assemblage  has 
its  uni-  and  every  element  its  multi-phase,  there  is  one  and 
but  one  element  for  each  assemblage  and  reciprocally  ;  and, 
tliat,  in  particular,  U  plays  the  double  r61e  of  being  at  once 
the  totality  of  elements  and  the  totality  of  assemblages,  in- 
cluding itself  in  both  characters. 

If  ^and  E'  are  any  two  assemblages  such  that  there  is 
an  assemblage  M  having  the  properties:  (1)  each  element 
of  M  is  a  pair  of  elements  e  and  e',  where  e  and  e'  signify 
element  of  E  mid  element  of  E^  respectively  ;  (2)  ea<ih  ele- 
ment e  occurs  once  and  but  once,  and  no  element  e'  occurs 
twice,  in  if;  the  assemblage  E  may  be  said  to  be  projectible 
upon  the  assemblage  E\  As  in  if  each  element  e  of  £  is 
associated  with  a  certain  element  e'  of  E%  the  assemblage 
M  may  be  said  to  indicate  a  mode  or  manner  of  the  projec- 
tibility  ;  a  rather  than  the  manner,  because  obviously,  if  E 
be  projectible  upon  E'  in  one  manner,  it  will  in  general  be 
projectible  upon  E^  in  more  than  one  manner.  If,  in  a 
given  M,  e*'  of  -E'  is  associated  with  e*  of  E,  e/  may  be 
called  the  projection  of  e*  for  the  given  M.  The  totality  of 
such  projections  is  an  assemblage  which  may  be  denoted 
by.  P. 

If  two  assemblages  E  and  E'  are  each  projectible  upon 
the  other  in  a  manner  J/,  E  and  fJ'  may  be  said  to  be  con- 
gruent in  the  manner  3f,  or  a  unique  and  reciprocal  corres- 
pondence may  be  said  to  exist  in  the  manner  if  between  E 
and  E',  If  two  assemblages  E  a,nd  E^  be  congruent,  the 
relationship  may  be  stated  symbolically  by  writing 

EsE\ 

If  every  element  of  an  assemblage  A  is  an  element  of  an  as- 
semblage^' and  if  one  or  more  elements  of  A'  are  not  in  A, 
A  will  be  called  a  part  (partie  int^gi'ante  of  Cantor,  echt«r 
Theil  of  Dedekind)  of  ^4',  and  we  may  write 

A<A\ 

If  this  relation  subsists  between  A  and  A%  then  plainly  A 
is  projectible  upon  A\  Also  any  E  is  congruent  with  itself. 
The  equation 

A,  +  A,^A 

may  be  employed  to  indicate  at  once  that  A^  and  A^  are  each 
a  part  of  A,  that  A^  and  A^  have  no  element  in  common, 
and  that  every  element  of  A  is  an  element  of  A  ^  or  of  A^, 
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II.  DemonstrcUion  of  Theorems. 

Let  Eheskn  assemblage.     Either  E  is  congruent  with  an 
assemblage 

(N)  l,2,..,n, 

where  n  is  some  definite  integer,  or  sach  is  not  the  case.  If 
E  be  not  congruent  with  (iV),  the  assemblage 

(N^)  l,2,...,n,... 

is  projectible  upon  E.  To  prove  this  it  is  sufficient  to  prove 
that,  however  large  a  value  n'  of  n  be  chosen  in  advance, 
the  assemblage 

1,  2,  ...,  n',  n'  +  1 

is  projectible  upon  E.  That  this  assemblage  is  projectible 
upon  E  follows  immediately  from  the  fact  that,  were  it  not 
so  projectible,  E  would  itself  be  projectible  upon  (N)  for 
n^n',  which  is  contrary  to  hypothesis.     Let  the  assemblage 

(M)  (1,  ej,  (2,  e,),...,(n,  ej,... 

indicate  a  manner  of  projectibility  of  (N^)  upon  E.  Then 
the  assemblage  P  of  projections  will  be 

^V    ^2>  "y  ^n>  '" 

and  we  may  write 

E==F+R 

where  E  denotes  the  assemblage  of  those  elements  of  E 
which,  if  there  be  any  such,  are  not  elements  of  P.  Rep- 
resent the  assemblage 

^»»    ^V  "■?  ^2n1   '" 

by  P,.  It  is  plain  that  P  is  projectible  upon  P,  in  the 
manner 

<^,)  («„    ^2)^    («i»    «i)?    '"J    (^n»    «ln)r- 

ctible  upon   itself ;    hence 
ible  upon  the  assemblage  P, 

P+  R^E   and    P^<P 
whence 

P,-\-R<E. 

E  is  therefore  projectible  upon  a  part  of  itself.  As  any 
assemblage  is  obviously  congruent  with  the  assemblage  of 
its  projections,  E  is  seen  to  be  congruent  with  a  part  of 
itself.     Accordingly  we  may  state  the 


and   R  is  projectible  upon   itself ;    hence  the  assemblage 
P  +  P  is  projectible  upon  the  assemblage  P,  +  P  ;  but 
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Theorem  (o).  If  any  assemblage  E  he  such  that  there  is  no 
definite  value  of  n  for  which  the  assemblage 

1,  2,  •••,  n 

is  congruent  with  E,  then  E  is  congruent  with  a  part  of  itself 
From  this  follows  directly  the  contrapositive 
Theorem  (6).     If  any  assemblage  E  he  not  cAmgruent  with  a 

part  of  itself  then,  for  some  definite  value  of  n,  the  assemblage 

1,  2,     .,  n 
is  congruent  with  E, 

Are  the  converses  of  these  propositions  correct  ?  Suppose 
that 

A<zE,  and  that  E^  A  in  some  manner  M, 

It  is  required  to  determine  whether  there  is  a  determinate 
integer  n  such  that  the  assemblage 

(N)  1,  2,  ...,  n 

is  congruent  with  E. 

Let  e^  denote  any  definite  element  of  E,  In  M  this  ele- 
ment is  paired  with  some  definite  element  Cj  of  Ej  whence 
Cj  is  an  element  of  A.  Now,  if  E  is  congruent  with  (N)  in 
one  or  more  manners,  let  J/'  stand  for  any  definite  one  of 
them.  In  3/'  the  element  e^  has  for  its  projection,  or  is 
paired  with,  some  definite  integer  n'  of  (N)  where  of 
course  it  is  undetermined  whether  w'  is  less  than  or  equal 
to  n.  Accordingly,  M  and  M'  together  furnish  a  scheme 
for  associating  in  a  one  to  one  fashion  the  elements  of  A 
with  those  of  (^N)  :  given  any  element,  as  e^  of  Ey  those 
two  elements,  Cj  and  n',  of  A  and  (N),  respectively,  shall 
be  associated,  which  are  associated  with  e^  in  M  and  M'j  re- 
spectively. Denote  by  J/"  the  assemblage  of  such  pairs 
Cjy  n\     It  thus  appears  that  if 

E^A 

in  some  definite  manner  if',  then 

in  a  definite  related  manner  3/".     But  since 

A<E, 

there  is  at  least  one  element  c,  of  E  which  is  not  an  element 
of  A,  and,  therefore,  no  one  of  such  elements  e^  enters  a 
pair  in  if".     Hence  A  is  not  congruent  with  (N)  in  the 
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manner  if"  ;  whence  follows  that  E  is  not  congruent  with  A 
in  the  manner  3/',  and,  therefore,  not  in  any  manner. 
We  have,  accordingly,  the  following  propositions: 
Theorem  (a').     If  any  assemblage  E  is  congruent  with  a  part 
of  itself  there  is  no  assemblage 

1,  2,  •••,  n  (n  definite) 

with  which  E  is  congruent. 

Theorem  (6').     If  there  is  an  (Msemblage 

1,  2,  •••,  n  (n  definite) 

with  which  an  assemblage  E  is  congruent,  E  is  not  congruent  vnth 
a  part  of  itself 

These  reciprocally   contrapositive  propositions   are  the 
converses,  respectively,  of  (a)  and  (6). 


III.     Logical  Significance  of  the  Four  Theorems. 

Denote  by  U  the  assemblage  of  all  assemblages,  including 
U.  The  elements  of  U  are  the  component  assemblages  of  V. 
Of  these  there  are  two,  F,  and  Jj,  such  that  the  former  sig- 
nifies the  assemblage  of  all  assemblages  which  are  not,  and 
the  latter  signifies  the  assemblage  of  all  assemblages  which 
are  congruent  each  with  a  part  of  itself.  By  the  principle 
of  excluded  middle, 

f/=  t\  -r  /,. 
By  the  same  principle, 

f7=F'  +  /', 

where  F'  denotes  the  assemblage  of  all  assemblages  of  which 
each  has,  and  /'  denotes  the  assemblage  of  all  assemblages 
of  which  none  has,  the  property  of  being  projectible  upon 
(or  congruent  with)  an  assemblage 

1,  2,  •-,  n  (n  definite). 

Now  the  logical  import  of  the  propositions  (a),  (6),  (a'), 
and  (J)')  is  that  F^  and  F',  as  also  J,  and  J',  are  identical,  ele- 
ment for  element.     Accordingly,  tve  may  define  as  follows  : 

(1)  A  finite  assemblage  is  one  which  is  not  congruent  with  any 
part  of  itself 

(2)  An  infinite  assemblage  is  one  which  is  not  congruent  toUh 
any  assemblage, 

1,  2,  •••,  n  (n  definite). 

Or  quite  equivalently  thus  : 
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(3)  A  finite  assemblage  is  one  which  is  congruent  with  some  aS" 
semblage 

1,  2,  •••,  n  (n  definite), 

(4)  An  infinite  assemblage  is  one  which  w  eongnieivt  with  a 
part  of  itself. 

In  neither  pair  of  definitions  are  the  notions  finite  and 
infinite  formally  represented  as  mutually  exclusive  or  as 
negatives  of  each  other  ;  while  the  second  pair  has  the  ad- 
ditional advantage  of  representing  both  the  notions  in  ques- 
tion as  positive  *  concepts. 

Before  passing  to  the  final  section  of  this  paper,  it  seems 
worth  while  to  pause  long  enough  to  glance,  from  the  present 
point  of  view,  at  the  notion,  cardinal  number  of  a  finite  as- 
semblage, and  to  offer  a  proof  that  this  notion,  for  any 
given  finite  assemblage,  possesses  the  property  of  in  variance. 

Consider  the  ordered  assemblage 

(S)  1,  2,  ..-,  n',    ••,  /I,  .-.  n", 

where  n',  n  and  n"  are  definite  and  subject  to  the  condition 
that,  in  (/S),  n'  comes  before  n  and  the  latter  before  n". 
Denote  by  S^'j  5.,  and  S^n  the  assemblages  obtained  by  sup- 
posing in  succession  that  {S)  ends  with  n',  n  and  n'\  and 
in  each  case  abstracting  from  the  order  of  the  elements. 
5^',  *S^,  and  S^n^  being  congruent  each  with  itself,  are  finite 
assemblages,  and,  as  by  definition 

S„><S,    and    ^„<S.", 
we  have  by  (3) 

neither  S^^»  s  S^  nor  S^  s  S^>' . 

Now  let  E  be  any  finite  assemblage.  By  (3)  there  is  some 
jS.  for  which 

We  now  define  n  to  be  the  cardinal  number  of  the  assem- 
blage E. .  Plainly,  this  number  is  independent  of  every  ar- 
rangement of  the  elements  of  E ;  for  if,  by  any  particular 
arrangement, 

E^S^r  or  E^S^'', 

we  would  have  also 

*  As  to  this  phase  of  the  matter  and  also  in  relation  to  definitions  ( 1 ) 
and  (4).  <rf.  Jules  Tannery,  op.  ci7. ;  Dedekind,  op.cit.;  G.  Cantor,  op. 
tit.',  Contarat,  op.  cif. 
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S^  s  5^.  or  S^^'  s  iS„. 

It  readily  follows  that  any  two  congraent  finite  assemblages 
have  the  same  cardinal  number. 


IV.    Connection  with  the  Logic  of  Belatives :   A  nother  Point  of 

View. 

Consider  the  argument : 

Every  element  of  an  assemblage  E  is  projected  upon  some 
other  element  of  E ; 

No  element  of  E  is  the  projection  of  more  than  one  ele- 
ment of  E ; 

.•.  Every  element  of  £"  is  a  projection  of  an  element  of 
E ;  i.  6. ,  the  assemblage  of  projections  is  congruent  with  E. 

This  argument  is  of  the  type  of  the  so-called  syllogism  of 
transposed  quantity,  a  mode  of  ratiocination  of  which  the 
earliest  scientific  account  is  found  in  the  Logic  of  De  Mor- 
gan. Its  uses  and  limitations  have  been  pointed  out  b^^ 
Mr.  C.  S.  Peirce,*  to  whom  is  due  also  its  perfection  as  an 
instrument  of  research  as  well  as  the  indication  of  its  sig- 
nificance in  modern  logic  as  such.  From  definition  (1)  or 
from  the  last  proposition  of  section  III,  it  is  seen  that  the 
conclusion  is  warranted  by  the  premises  always  when  and 
only  when  jE^  is  a  finite  assemblage.  Reversing  the  order  of 
ideas,  the  above  argument,  regarded  as  purely  a  form,  may 
be  taken  as  the  ^  logical '  discriminant  of  the  assemblage 

and  accordingly  we  might  define  :  any  given  assemblage  is 
finite  or  infinite,  belongs  to  i^,  or  to  /,,  according  as  the  syl- 
logism is  valid  or  not  valid  for  that  assemblage.  Such  ap- 
pears to  be  in  fact  Mr.  Peirce's  point  of  view  in  one  or  two 
instances.  At  all  events,  it  requires  merely  verbal  substi- 
tution to  render  the  syllogism  in  question  quite  identical 
with  the  **  Hottentot  '^  and  **  Texan  ^*  arguments  employed 
by  6im  in  the  works  cited  below.  The  interest  here  at- 
taches, of  course,  to  the  demonstrated  ultimate  equivalence 
of  the  two  points  of  view. 

Ck>LUMBIA  UNIVEESITY. 


*Peiroe:  **0n  the  Algebra  of  Logic,'*  Amer,  Jour,  of  Math.,  vol.7, 
p.  201.  "On  the  Logic  of  Number,"  Amer.  Jour,  of  Math.,  vol.  4,  p. 
75.     Definition  of  "finite,"  Century  Dictionary. 
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DINI'S  METHOD  OF  SHOWING  THE  CONVEK- 

GENCP  OF  FOURIER'S  SERIES  AND  OF 

OTHER   ALLIED   DEVELOPMENTS. 

BY  MR.  WALTICB  B.  FORD. 

(Rflttd  before  the  American  Mathematical  Society,  Deoember  28,  1900.) 

If  it  is  required  to  show  that  the  arbitrary  function  /(a;) 
of  the  real  variable  x  may  be  developed  into  a  Fourier 
series  for  all  values  of  x  lying  between  —  r  and  r  (  —  t:  and 
jf  at  most  excluded)  then,  remembering  that  for  any  partic- 
ular value  of  X,  such  as  a;  =  a,  the  sum  of  the'  first  n  +  1 
terms  of  the  series  is 


ijj 


.     2n  +  1  .  . 

<-n  1    I  aix—^—(x-a) 


it  is  easily  shown  that  we  need  merely  examine  the  limits  ap- 
proached by  the  int^rals 

.    2n-|-l,  . 

Sm  pr —  (x  —  a) 

(2)  y(^) ?_ '^ 


.     2n  +  l.  . 

^^>  '  ^^^)— -4? — ^^^ 

Sin  J(x  —  a)  ' 


as  n  increases  indefinitely,  c  and  d  being  any  numbers  such 
that  0<c<d5i:r.  In  case  these  limits  exist  and  have 
certain  simple  properties  it  becomes  evident  that  the  given 
aeries  will  be  convergent  for  any  value  x=  a  which  lies  be- 
tween —  Tt  and  TT,  and  will  have  as  its  sum  either /(a)  or 

/(«  +  0)-^/(«-0) 

while  at  either  of  the  points  a;=— tt  or  a;=^  the  sum 
will  be 

/(-^  +  0)+/(r-0) 
2 
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Moreover,  a  closer  examination  of  integrals  (2)  and  (3) 
shows  that  if /(x)  satisfies  any  one  of  certain  sets  of  prelimi- 
narj'  conditions  (of  which  Dirichlet's  conditions  are  a  special 
case),  then  these  integrals  (2)  and  (3)  possesa  the  required 
properties  ;  for  in  such  cases  the  problem  reduces  to  the  es- 
tablishing of  certa-in  well  known  properties  of  the  more 
simple  integrals 

,/  0         sin  ^{x  —  a)  ' 

/•V    27)  +  1  ^  . 

J  ^        sin  y  (ar  —  a) 

where  c  and  d  have  the  same  significance  as  before.  In 
such  cases,  then,  the  original  problem  reduces  to  questions 
which  are  entirely  independent  of  the  function  /(a;)  which 
was  to  be  developed.  Now,  integrals  (4)  and  (5)  being 
once  closely  examined  and  their  properties  which  are  essen- 
tial to  the  present  pioblem  being  once  tabulated,  the  ques- 
tion arises  whether  there  are  not  still  other  functions  of  a:, 
n  and  a,  which  liW 

.     2n  +  1  , 
sm— -—  (a;-«) 


sin|-(a;  — a)         ' 

when  integrated  between  cei*tain  determined  or  undeter- 
mined limits  (0,  (/')  in  the  one  case  and  (</,  d')  in  the  other, 
will  possess  the  same  essential  properties  which  belong  to 
(4)  and  (5),  and,  as  thus  integrated,  will  therefore  form 
integrals  bearing  the  same  relation  to  new  series  develop- 
ments of  /(a;)  for  x  between  certain  limits  (a,  6)  that  (4) 
and  (5)  bore  to  the  Fourier  development  of  j{x)  for  x  be- 
tween —  -  and  -.  Evidently  if  such  functions  exist,  repre- 
senting any  one  of  them  by  ^(a:  —  a,  a,  n),  or  better  by 
^(a;  —  «,  </,  A^)  where  h.^  is  any  particular  expression  which 

2?i  +  1 
(like  the  -  which  appears  in  (4)  and  (5))  is  always 

positive  and  increases  indefinitely  with  n,  the  integrals  in 
question  ^vill  be 

(«)  jf  ^{^  -  «, «,  K)^x, 

(7)  jj      f(^  — ^'^  «t  AJcfar, 
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and  for  any  particular  value  of  x  such  as  x  =  a  it  is  evident 
that  the  sum  of  the  first  n  +  1  terms  of  this  new  series  will 
he  an  integral  corresponding  to  the  int^ral  (1 ),  and  in  fact 
it  may  be  easily  shown  that  this  sum  will  be 

where  G  is  a  determinate  constant  independent  of  x  and  of 
a  and  different  from  zero. 

Dini  b^ns  by  showing  that  there  are  an  infinite  number 
of  such  functions  ip{x  —  a,  a,  A,J*.  Then  considering  the 
series 

(9^  2ijr/(^)^(^  -  «»  S  K)dx 

1    «    /** 

the  sum  of  whose  first  n  +  1  terms  is  evidently  the  above  ex- 
pression (8),  he  proceeds  to  make  farther  assumptions  as 
r^ards  the  functions  tpix  —  a,  a,  AJ,  <p{x  —  a,  a,  A, ),-• 
ip{x  —  a,  a,  A^);  i.  e.,  he  assumes  that  each  of  these  func- 
tions is  such  that  every  term  of  (9)  may  be  expressed  in  a 
certain  typical  form  (which  is  the  form  common  to  all 
known  developments).  One  of  the  chief  requirements  of  a 
term  in  this  form  is  that  it  shall  involve  in  a  specified  way 
certain  special  functions  of  x,  or  of  x  and  ^^,  where  ^^  is  a  para- 
meter variable  only  with  n,  which  functions  we  may  suppose 
to  have  taken  in  advance  as  the  functions  in  terms  of  which 
any  new  development  might  be  desired  (these  fun(*tions 
in  the  case  of  the  Fourier  series  being  sin  nx  and  cos  mx. ) 

This  being  done,  it  is  evident  that  if  /(a:)  satisfies  any  one 
of  the  sets  of  conditions  mentioned  before,  we  may  now  form 
a  sufficient  condition  that  this  function  may  be  developed  for 
all  values  of  x  lying  between  the  determined  or  undeter- 
mined limits  (a,  6)  (a  and  6  at  most  excluded)  in  terms  of 
given  functions  of  a:,  or  of  x  and  A^,  the  development  being 
of  the  form  common  to  all  known  developments  (develop- 
ments such  as  occur,  for  example,  in  the  general  study  of 
mathematical  physics). 

This  condition  is  described  by  saying  that  the  sum  of  the 
first  n  +  1  terms  of  the  given  series  should  be  equal  to  an 


*  Reference  is  here  made  to  Dini's  work  entitled  :  Serie  di  Ponrier  e 
»Ure  rappresentazioni  anaiiticbe  delle  fanzioni  di  una  variHbile  reale  ; 
Pim,  1880. 
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integral  of  the  form  (8),  where  ^(x  —  a,  «,  h^)  is  a  function 
of  the  type  mentioned  above.  But  to  use  this  condition  as 
a  criterion  in  any  case  where  we  desire  to  test  a  given  de- 
velopment is  evidently  difficult,  for  we  are  thus  required  to 
determine  certain  facts  about  the  nature  of  an  infinite  series 
whose  individual  terms  are  generally  of  a  complicated  char- 
acter. As  an  aid  to  this  undertaking,  Dini  now  employs  an 
ingenious  method  due  in  substance  to  Cauchy.  He  virtually 
shows  how  a  function  of  the  complex  variable  z  may  be  con- 
structed so  that  it  will  have  an  infinite  number  of  poles  of  the 
firstorder  distributed  at  finite  distances  from'each  other  along 
the  positive  side  of  the  axis  of  reals,  this  function  being 
otherwise  monogenic  within  finite  regions  of  the  z  plane, 
and  being,  moreover,  so  constructed  that  its  residua  in  these 
poles  (or  at  least  in  some  of  them)  are  equal  respectively  to 
the  individual  terms  of  the  given  series  in  x  which  we  are 
to  test.  This  once  accomplished,  it  is  evident  that  we  have 
merely  to  integrate  this  function  of  z  about  any  closed  con- 
tour lying  to  the  right  of  the  axis  of  pure  imaginaries  and  en- 
closing the  first  n  -f  1  of  these  poles  and  not  passing  through 
any  one  of  them,  in  order  to  obtain  readily  in  the  form  of 
a  definite  integral  (in  the  complex)  the  sum  of  the  first 
n  +  1  terms  of  the  given  series  ;  and  by  enlarging  the  con- 
tour so  as  to  enclose  more  and  more  of  the  poles  we  shall 
have  in  the  limit  as  the  contour  thus  enlarges  indefinitely 
an  expression  in  the  form  of  a  definite  integral  (in  the  com- 
plex) which  actually  represents  the  sum  of  the  given  series. 
Thus,  by  this  means  our  investigation  is  transferred  from 
questions  regarding  the  given  series  to  questions  regarding 
a  definite  integral  which  varies  with  n,  and  for  any  special 
value  of  n  is  equal  to  the  sum  of  the  first  n  +  1  terms  of 
the  given  series.  Whenever  this  integral  reduces  to  one  of 
the  integrals  (8)  we  are  assured  that  the  given  development 
is  possible.  To  study  this  reduction  is,  however,  difficult 
in  many  cases,  but  Dini  shows  how  conclusive  results  may 
be  obtained  in  the  case  of  Fourier  series,  series  in  terms  of 
zonal  harmonics,  Bessel  functions,  and  elliptic  functions, 
and  he  makes  it  evident  that  the  method  leads  to  decisive 
results  in  many  other  cases. 

Ann  Abbob, 

December^  1900. 
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SHORTER  NOTICES. 

Application  de  la  Methode  Veciorielle  de  Grassmann  a  la  Oeo- 
meirie  IvfiniteMmale,  Par  Henri  Fehr.*  Georges  Carr^ 
et  C.  Naud,  ^diteurs.     Paris,  1899.     94  pp. 

The  mathematicians  Grassmann  and  Hamilton  who  al- 
most simultaneously  published  their  first  work  upon  a  '^  cal- 
culus of  space'*  were  undoubtedly  geometers,  not  analysts — 
abstract  and  speculative  they  may  have  been — but  still 
geometers.  We  have  only  to  regret  that  they  were  not 
also  clear  stylists  ;  for  it  must  be  admitted  that,  with  the 
exception  of  the  attempts  of  certain  persons  to  show  how 
everything  may  be  done  by  the  methods  of  vector  analysis 
or  quaternions,  nothing  could  be  more  fatal  to  the  popu- 
lar acceptation  and  use  of  a  space  analysis  than  the  form  in 
which  it  was  presented  to  the  public  by  the  inventors.  Suc- 
ceeding writers  for  the  most  part  seem  to  have  erred  along 
the  same  lines  or  to  have  forgotten  the  stress  originally 
laid  upon  the  interpretation  of  the  analysis.  It  is  there- 
fore with  great  pleasure  that  we  read  M.  Fehr's  little  book, 
which  is  written  with  such  admirable  clearness  and  selected 
with  such  tasteful  care  that  in  the  compass  of  ninety-one 
pages  there  is  included,  without  the  slightest  suspicion  of 
crowding,  a  preface,  an  introduction  on  the  use  of  vector 
analysis,  and  a  fairly  complete  treatment  of  differential 
geometry. 

M.  Fehr  originally  wrote  his  book  as  a  thesis  to  be  pre- 
sented for  the  d^ree  of  doctor  of  science  at  the  University 
of  Geneva.  As  a  thesis,  the  work  contains  nothing  origi- 
nal either  in  vector  analysis  or  in  geometry.  All  the  re- 
sults and  methods  were  known  well  enough  before.  In- 
deed, anyone  who  has  heard  such  lectures  as  are  given  at 
our  leading  universities  upon  these  two  branches  of  mathe- 
matics ought  to  be  able  to  put  together  the  material  in  this 
book  with  almost  no  difficulty.  But  to  put  it  together  in 
so  pleasing  a  manner  is  a  far  harder  task.  The  reviewer, 
therefore,  must  deal  with  the  manner  of  presentation  rather 
than  with  that  which  is  presented. 

The  votaries  of  vector  analysis  will  find  in  M.  Fehr's 
book  little  to  cheer  them.  In  fact,  so  meager  is  the  devel- 
opment of  the  subject  that  one  might  almost  say  the  entire 
analysis  consists  of  three  symbols 

*  Now  profesBor  of  geometry  and  algebra  at  the  University  of  (ieneTa. 
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[a,  aj  =  Fttj  a„  the  vector  product  of  two  vectors, 
[^1  !  ^ J  ==  ■"  ^1  ^v  ^^®  scalar  product  of  two  vectors, 
[a,  a,  a  J  =  —  »Sa^  a,  a„  the  scalar  product  of  three  vectors. 

These  expressions  are  used,  to  all  intents  and  purposes,  as 
abridged  notations.  If  two  vectors  Oj  and  a,  are  perpendicu- 
lar, the  fact  is  indicated  b}-  writing  [oi  |  oj  =  0 ;  if  they 
are  parallel,  by  [a,  aJ  =  0 ;  and  if  three  vectors  a,,  a„  a, 
are  coplanar,  by  [a,  a,,  oj  =  0.  The  working  rules  of  the 
analysis  and  the  formal  transformations  of  the  symbols  are 
developed  scarcely  at  all.  M.  Fehr  knows  very  well  what 
to  omit,  and  he  omits  a  great  deal.  The  differentiating 
operator  v,  which  can  be  used  with  considerable  advantage 
in  some  portions  of  differential  geometry,  is  not  introduced 
at  all.  This  omission  tends  to  clearness  and  simplicity. 
The  linear  vector  function  is  also  left  out  to  advantage. 
Indeed,  it  seems  as  if  the  formal  methods  of  vector  analy- 
sis are  none  t<K)  well  suited  to  the  development  of  differen- 
tial geometry.  The  vectors  appear  more  or  less  artificial. 
They  are  not  thrust  upon  us  irresistibly,  as  in  physics. 
The  need  of  a  ve(*tor  analysis  is  not  so  apparent  as  it  might 
be.  M.  Fehr,  therefore,  has  done  well  to  introduce  as  lit- 
tle aa  possible  of  the  vector  machinery.  Perhaps  it  is  well 
to  note  that  M.  Appell  has  followed  a  similar  course  in  his 
treatment  of  the  theory  of  vectors :  Traits  de  m^canique 
rationelle,  volume  I,  chapter  I. 

The  presentation  of  the  elements  of  differential  geometry 
given  by  M.  Fehr  is  hardl}'  to  l>e  excelled.  The  usual  im- 
portant and  fundamental  results  are  obtained  in  much  less 
space  and  time  than  is  customary,  and  yet  with  perhaps  a 
gain  instead  of  a  loss  in  clearness.  The  reason  for  this  un- 
usual brevity  is  not  so  much  the  compactness  of  the  vector 
notation  as  the  concreteness  of  the  vector  idea.  No  time  is 
wasted  in  developing  analytical  formulae.  The  mind  is 
brought  to  liear  directly  upon  the  geometric  questions  at 
hand,  and  they  are  solved.  It  is  this  constant  appeal  to 
visualization  that  shortens  the  work  ;  it  is  this  that  distin- 
guishes the  book  from  others  ;  it  is  this  that  adds  so  much 
of  perspicuity  ;  and  it  is  this  that  leads  us  to  recommend 
the  book  most  heartily  to  all  who  teach  or  study  this  sul>- 
ject.  The  vector  ideas  will  clarify  and  render  definite  the 
conceptions  of  geometry  to  an  extent  scarcely  possible  with 
other  methods.  The  insignificant  amount  of  vector  analy- 
sis need  cause  no  fear  of  diflficult}'. 

Mr.  Fehr  is  to  l>e  thanked  for  his  excellent  book,  and 
Messi-s.    Carre  et  Naud  for  the  clear  and  almost  errorless 
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typography.  The  following  reproduction  of  the  table  of 
contents  will  serve  to  show  more  satisfactorily  than  anything 
else  the  scope  of  the  work  :  Prejace^  Introduction :  Rappel 
de  quelques  notions  de  calcul  g6om6trique ;  Des  courbes 
gauckes:  1°  G6n^ralit^s,  2**  Courbure  et  rayon  de  courbure, 
3®  Torsion,  formules  de  Frenet»  4°  Courbure  normale, 
formule  de  Lancret ;  De  la  theorie  des  surfaces :  1°  G6n6r- 
aliti^s,  2°  Relations  fondamentales  ;  De  la  courbure  des 
eaurbes  tracees  sur  une  surface:  1°  Th6orfeme  de  Meusnier, 
2®  Courbure  des  sections  principales,  3®  Formule  d'  Euler ; 
De  la  courbure  des  surfaces :  1  °  Courbure  totale,  application 
aux  surfaces  r^gl^es,  2°  Courbure  moyenne  ;  cas  particulier, 
3®  Courbure  moyenne  quadratique  ;  Den  lignes  tracees  sur 
une  surface;  1®  Syst^mes  conjugu^s,  2°  Lignes  de  courbure; 
th^orfeme  de  Dupin,  3®  Lignes  asymptotiques,  4®  Lignes 
g^od^iques  ;  courbure  g6od6sique  d'une  ligne  trac6e  sur 
une  surface. 

E.  B.  Wii-soN. 

Annuaire  pour  VAr  1901,  public  par  le  Bureau  des  Longitudes. 

Paris,  Gauthier-Villars. 

The  new  Annuaire  which  has  just  been  received  contains 
this  time  but  few  alterations.  In  the  astronomical  portion, 
however,  the  article  on  the  various  kinds  of  calendars  has 
been  rewritten  and  enlarged,  the  rules  for  obtaining  the 
date  of  Easter  in  any  year  being  much  improved  in  state- 
ment and  completeness.  The  historical  part  containing  the 
tables  of  small  planets,  comets,  etc.,  is,  of  course,  brought 
up  to  date.  A  useful  addition  is  a  curve  showing  graph- 
ically the  amount  of  the  equation  of  time  for  any  period  of 
the  year ;  this  has  been  carefully  drawn  by  M.  Cornu. 
In  the  scientific  notices,  M.  Cornu  resumes  his  article  of 
last  year  under  the  title  *  Le  transport  ^lectrique  de  la 
force';  M.  Poincar6  gives  the  report  of  the  committee  ap- 
point^l  to  consider  the  question  of  the  revision  of  the 
Quito  meridian  arc ;  M.  Bassot  writes  the  history  of  the 
introduction  and  establishment  of  the  metric  system.  MM. 
Loewy  and  Bouquet  de  la  Grye  respectively  contribute 
accounts  of  the  international  astronomical  and  geodetic  con- 
gresses held  in  Paris  during  the  summer  ;  the  aeronautical 
congress  is  represented  by  M.  J.  Janssen's  presidential 
address.  The  last  named  also  gives  his  annual  report  of 
the  work  done  in  the  Mont  Blanc  Observatory  during  the 
past  year.  The  final  notice  contains  the  oration  of  M.  le 
commandant  Guyou  delivered  at  the  meeting  held  to  com- 
memorate the  late  M.  de  Brrnardifires. 
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The  increase  in  size  of  the  Annuaire  is  due  to  the  larger 
number  of  scientific  notices  and  to  the  insertion  of  nearly 
100  pages  of  advertisements.  The  annual  proper  is  only 
eight  pages  longer  than  its  predecessor. 

Ernest  W.  Brown. 


ERRATA. 


On  page  121  of  the  present  volume  of  the  Bulletin,  in 
the  last  line  of  my  paper,  the  word  column  should  be  changed 
to  row.  The  slip  of  my  pen  which  produced  this  error  is 
the  more  to  be  regretted  as  it  makes  Peano's  theorem  appear 
almost  identical  with  the  theorem  which  I  had  stated  above, 
whereas  the  two  theorems  are  wholly  distinct  from  each 

^^^^^''  MaXIME  B6CHER. 

Other  errata  in  the  present  volume  which  have  come  to 
the  attention  of  the  editors  are : — 

Page  11,  line  3  and  line  30,  for  conformably  read  con- 
formally. 

Page  136,  line  27,  for    p  read  p^. 

Page  142,  line  22,  for     r^  read  r,*. 

Page  158,  line  15,  for    pure  by  read  purely. 


NOTES. 

A  NEW  Annual  Register  of  the  American  Mathematical 
Society  has  just  been  published  and  distributed  among  the 
members.  Copies  of  the  Register  may  be  obtained  from  the 
Secretary. 

The  first  (January)  number  of  Volume  II  of  the  Trarmac- 
tiom  of  the  American  Mathematical  Society  contains  the 
following  papers:  **  Invariants  of  systems  of  linear  differ- 
ential equations,'*  by  E.  J.  Wilczynski  ;  **  Divergent  and 
conditionally  convergent  series  whose  product  is  absolutely 
convergent,'*  by  Florian  Cajori  ;  **Sets  of  coincidence 
points  on  the  non-singular  cubics  of  a  syzygetic  sheaf,'*  by 
M.  B.  Porter  :  *'  Note  on  non-quaternion  number  systems,'* 
by  W.  M.  Strong  ;  **  On  the  reduction  of  the  general  abelian 
integral,''  by  J.  C.  Fields  ;  **  Ueber  Flachen  von  coustau- 
ter  Gauss'scher  Kriimmung,"  by  David  Hilbert  ;  *'Note 
t 
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on  the  functions  of  the  form  f(jc)  =  <f(x)  -|-  a^x**"^  +  a^*~' 
-f  ••  +  o^  which  in  a  given  interval  differ  the  least  possible 
from  zero,*'  by  H.  F.  Blichfeldt. 

The  January  number  of  the  AnnaU  of  MaUietnatics  contains 
the  following  papers:  **  Extension  of  Hurwitz's  proof  for 
the  transcendence  of  e  to  the  transcendence  of  r/^  by  R.  E. 
MoRiTz;  **  An  application  of  elliptic  functions  to  Peancel- 
lier's  link-work  (inversor)/'  by  A.  Emch  ;  *'  Note  on  the 
geometrical  treatment  of  conies,"  by  0.  A.  Scott;  **0n 
two-dimensional  fluid  motion  through  spouts  composed  of 
two  plane  walls,"  by  R.  A.  Harris  ;  ^'  On  a  special  class  of 
abelian  groups,''  by  G.  A.  Miller  ;  **  The  theory  of  linear 
dependence,"  by  M.  Bocher  ;  '*  Brilliant  points  of  a  family 
of  concentric  spheres,"  by  Lieut*.  A.  Hamilton  ;  **  Multiply 
X>erfect  numbers,"  by  D.  N.  Lehmer. 

At  a  meeting  of  the  London  Mathematical  Society  held 
on  December  13,  1900,  the  following  papers  were  read  :  Mr. 
A.  B.  Basset  :  **  The  real  points  of  inflexion  of  a  curve"; 
Miss  M.  E.  Barwell  :  **  On  the  conformal  representation  of 
polygons  on  a  half  plane";  Professor  E.  B.  Elliott  :  **The 
syzygetic  theory  of  orthogonal  binariants";  Mr.  A.  L. 
IDixoN  :  '  *  An  addition  theorem  for  hyperelliptic  functions" ; 
Professor  \V.  Burnside  :  **  On  some  properties  of  groups  of 
odd  order,  II";  Mr.  R.  W.  Hudson  :  *'0n  discriminants 
and  envelopes  of  surfaces  ";  Mr.  H.  W.  Richmond  :  *'  Note 
on  the  inflexions  of  curves  with  double  points." 

The  British  association  for  the  advancement  of  science 
will  hold  its  next  annual  meeting  at  Glasgow,  beginning  on 
September  11.  Professor  A.  W.  RtJcKER  is  president  of  the 
association  and  Major  P.  A.  MacMahon  is  president  of  the 
section  of  mathematical  and  physical  sciences. 

The  Paris  academy  of  sciences  proposes  the  following 
questions  for  its  mathematical  prizes  to  be  awarded  at  the 
annual  session  in  December,  1902  : — Grand  prize  of  the 
mathematical  section  :  To  perfect  in  an  important  point 
the  application  of  the  theory  of  continuous  groups  to  the 
study  of  partial  differential  equations. — Bordin  prize:  To 
develop  and  perfect  the  theory  of  surfaces  applicable  on  the 
paraboloid  of  revolution. 

The  ZeUachrift  fur  MathenuUik  und  Phynk  (founded  by 
Schlomilch)  was  transfonned  at  the  beginning  of  the  pres- 
ent year  into  a  journal  for  applied  mathematics  only,  re- 
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taining,  however,  its  former  name.  The  editors  are  to  be 
Professors  R.  Mehmke,  of  Darmstadt,  and  C.  Runge,  of 
Hanover.  There  will  also  be  an  editorial  committee  consist- 
ing of  Professors  Bach,  Hauck,  Helmert,  Klein,  Lorentz, 
Miiller,  Linde,  Seeliger  and  H.  Weber. 

University  of  (totting en. — The  following  courses  in 
mathematics  are  offered  during  the  summer  semester,  1901  : 
— By  Profeasor  D.  Hilbkrt  :  Algebra,  four  hours ;  Partial 
differential  equations  (with  special  regard  to  their  applica- 
tions), four  hours;  Seminar  on  partial  diffeiential  equa- 
tions, two  houis. — By  Professor  F.  Klein  :  Differential 
geometry,  four  hours,  with  seminar,  two  hours. — B3'  Pro- 
fessor F.  Schilling:  Analytic  geometry,  four  hours; 
Graphical  statics  and  exercises. — By  Dr.  E.  Zermelo  :  Bes- 
sePs  functions,  two  hours  ;  Introduction  for  physicists,  two 
hours. — By  Dr.  M.  Abraham  :  Theory  of  potential,  two 
hours. — By  Dr.  J.  Sommer  :  Determinants,  one  hour ; 
Spherical  trigonometr3\  two  hours. 

In  applied  mathematics  : — By  Professor  G.  Bohlmann  : 
Theory  of  probability,  two  hours. — By  Professor  W.  Voigt, 
Mathematical  optics,  four  hours. — By  Professor  H.  Lorenz, 
Technical  thermodynamics,  two  hours. 

Professor  Charles  Hermits,  the  venerable  dean  of 
French  mathematicians,  died  after  a  brief  illness  at  his 
home  in  Paris  the  14th  day  of  January,  1901.  He  was  born 
at  Dienze,  December  25th,  1822.  He  entered  the  Ecole 
poly  technique  in  1843,  for  which  he  was  prepared  at  the 
lyc6e  Louis-le-Grand.  In  1848  he  was  maide  r^p^titeur  of 
analysis  and  entrance  examiner  at  the  Kcole  poly  technique  ; 
in  1863  he  was  appointed  final  examiner,  and  in  1869,  pro- 
fessor of  analysis  in  the  same  institution,  in  succession  to 
Duhamel,  whom  he  also  succeeded  as  professor  of  algebra 
in  the  Faculty  of  sciences  of  Paris.  In  1864  he  was  ap- 
pointed maitre  de  conferences  at  the  Ecole  normale.  In 
1856  he  was  elected  to  membership  in  the  Paris  academy  of 
sciences  as  the  successor  of  Binet. 

Mr.  H.  F.  Baker,  F.R.S.,  has  been  appointed  to  a  uni- 
versity lectureship  in  mathematics  at  Cambridge  University. 

At  the  meeting  of  the  Paris  academy  of  sciences,  Decem- 
ber 31,  1900,  Professor  R.  Dedekind,  of  the  University  of 
Bonn,  was  elected  correspondent  of  the  section  of  geometry. 
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Mb.  S.  W.  Reaves,  graduate  scholar  in  Cornell  Univer- 
sity, has  been  appointed  instructor  of  mathematics  at  Or- 
chard Lake  Military  Academy. 

Db.  C.  N.  Little,  professor  of  mathematics  in  Leland 
Stanford  University,  has  resigned  his  position. 

Pbofessor  6.  Bauer,  of  the  University  of  Mimich,  has 
been  made  emeritus  professor  of  mathematics. 


NEW   PUBLICATIONS. 

I.     HIGHER  MATHEMATICS. 

Abhton  (C.  H.  ).  Plane  and  solid  analytic  geometry  ;  an  elementary 
text-book.     New  York,  Scribner,  1901.    I2mo.    14 +  266  pp.   Cloth. 

11.00 

BoBTOix>m  (E. ).  Lezioni  di  calcolo  infiuiteaimale  [dettate  neiranno 
acoademioo  1899-1900  uella  r.  QniversiU  di]  Modena.  Modena, 
Pizzolotti,  1899-1900.     8vo.     621  pp. 

Bt^^^NBB  (P.).     Ein  Beitrag  zar  Theorie  der  Kugelfanktionen  hoberer 
Ordnnng.     8vo.    38  pp.    ( Prom  Pestscbrift  znr  325-jabrigen  Jnbel- 
•    feier  dee  farstl.    Stolberg'scben  Gym  nasi  ams  za  Wernigerode,  beraua- 
gegeben  vom  Lebrerkollegiam  der  Anstalt,  Leipzig,  Pock,  1900.) 

M.  0.75 

Careonk  (C.  ).  I^  congmenze  del  secondo  ordine  senza  linee  singolari 
e  le  loro  sapcrfioie  focali  stndiate  mediante  una  trasformazione 
doppia.     Catania,  1900.     8vo.     21  pp. 

OoBBOSBBDOV  ( D.  K. ).    See  Nbbnst  ( W. ). 

FoBSYTH  ( A.  R. ).  Tbeory  of  fanctions  of  a  complex  variable.  3d  edi- 
tion.    London,  Clay,  1900.     8vo.     808  pp.  21t. 

Gauss  (C.  P.).  AUgemeine  Flaobentbeorie  ( Diaqnisitiones  generales 
circa  snperficies  our vas).  (1827.)  Dentsob  beransgegeben  yon  A. 
Wangerin.  2te  Anflage.  Leipzig,  Engelmann,  1900.  8yo.  64  pp. 
Clotb.     (Ostwald's  Klaasiker  der  exakten  Wissenscbaften,  No.  5.) 

M.  0.80 

GuLDBBBO  (A.).  On  partial  differential  equations  of  tbe  tbird  order. 
Cbristiania,  Dybwad,  1900.  8vo.  43  pp.  (  Vid^nakabaaelskabeU  Skrif- 
ter,  I,  Matb.-natnrT.  Klaase,  No.  5. ) 

Halphek  (G.  H.  ).  Traits  des  fonctiont  elliptiqnes  et  de  lenrs  applica- 
tiona.  Partie  III :  Fragments.  (Qnelqnes  applications  a  I'alg^bre 
et  particnlierement  a  P^qnation  dn  5e  degr^  ;  qnelqnes  applications  A 
la  tb^orie  desnombres  ;  questions  diverses. )  Pnbli^  par  les  soins  de 
la  Section  deG^m^trie  de  P  Academic  des  Sciences.  Paris,  Gantbier- 
Villars,  1901.     8vo.  Fr.  8.50 
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EoBN  (A.).  Lehrbnoh  def  Potentialtbeorie.  Vol.  II:  AllgemeiDe 
Tbeorie  des  logarithmiaohen  Potentials  and  der  FotentialfiinktioneD 
in  der  Ebene.     Berlin,  Dummler,  1900.    6vo.    10  -f-  366  pp. 

M.  9.00 

LiEBMANN  (H.).  Lehrbnoh  der  Differentialgleiobongen.  Leipsi^*  1901. 
8vo.    6 -f  226  pp.  M.  6.00 

LOboth  (J.).  Vorlesnngen  uber  nnmerisches  Recbnen.  Leipzig,  Tenb- 
ner,  1900.     8vo.     7  -h  194  pp.  M.  8.00 

MiLLEB  (G.  A.).  On  the  gronps  wbioh  have  the  same  gronp  of  iso- 
morphisms. 1900.  4to.  (  Transfutiona  of  the  American  MathemaUetd 
Society,  Vol.  I,  pp.  395-401.) 

MOBOT.    Conrs  de  calonL     Paris,  Lev^  [1900].    8vo.    79  pp. 

Nasiliev  ( A.  V. ).    See  Nebnst  (  W.  ). 

Nebnst  (W.)  and  SchOnfltes  (A.).  Short  treatise  on  the  differential 
and  integral  oalcnlns  for  phjsioists,  ohemists,  and  naturalists.  Trans- 
lated into  Russian  from  the  seoond  edition  by  D.  K.  Dobroserdoy  and 
A.  V.  Nasiliev.     Moeoow,  1901.    8vo.     15 +  351  pp.     (Russian.) 

M.  6.00 

SoHdNFLiEs  (A. ).    See  Nebnst  ( W.  ). 

Simon  (  M.  ).  Analjtisohe  Geometrie  der  Ebene.  2te  Auflage.  Leipzig, 
Odecben,  1900.  12mo.  207  pp.  Cloth.  (Sammlung  Goeehen,  No. 
65.)  M.  0.80 

Wanoebin  (A.).    See  Gauss  (C.  F. ). 


II.  ELEMENTARY    MATHEMATICS, 

Ahbbns  (W.).  Mathematisohe  Unterhaltungen  und  Spiele.  (In  2 
Halften.)  Leipzig,  Teubner,  1901.  8vo.  12+428  pp.,  1  plate. 
Cloth.  M.  10.00 

August  (E.  F.)*  Vollatandige  logarithmische  und  trigonometrisohe 
Tafeln.  238te  Auflage,  besorgt  von  P.  August.  Leipzig,  1900.  12roo. 
8 +  204  pp.     Cloth.  M.1.60 

Baokhaus  (K.).    See  Wibse  (B.). 

Babbisoh  (  H.  ) .    See  J ahne  ( J. ) . 

BioHiE  ( A. ).    See  Dussaux  (  E.  ) . 

C.  (F.  I. ).  Table  de  logarithroes  ^  cinq  ddcimales  pour  les  nombres  de 
1  &  10  000  et  pour  les  fonctions  trigononiMriques  de  minute  en  mi- 
nute. Edition  st^r^type.  Paris,  Poussielgue  [1900].  16mo.  8  + 
148  pp.     ( Cours  de  matb^matiqnes  61^mentaires. ) 

Cbaoknell  (a.  G.).  Practical  mathematics.  London,  Longmans, 
1900.     12mo.    376  pp.    (Practical  elementary  science  series.) 

38.  6d. 

Dussaux  (E.)  et  Beche  (A.).  Premiere  et  deuzi^meann^  de  g^o- 
m^trie  dans  Penseignement  primaire  snpcneur.  G^om^trie  plane. 
Paris,  Colin,  1900.     16mo.     344  pp.     (Collection  Julieu  BoiteL) 
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Hartl  (  H.  ).  Die  trigonometrisohe  AaflueuDg  des  Dreieckes  and  der  aaf 
Dreieoke  znruckzafuhrenden  FigureD,  fiir  den  Gebranoh  an  Werk- 
meister-  and  Bangewerkeaclmlen  and  fiir  den  Selbstanterricht  bear- 
beitet.  2te  Aafla^e.  Mit  30()  UebangsbeiBpielen  sammt  Resnltaten, 
nebst  einer  Tafel  der  Winkelfunktionen.  Wien,  Holder,  1900.  8vo. 
3 +44  pp.     Cloth.  M.  0.96 

Heobb  (R.).  Fdnfstellige  loKaritbmiscbe,  and  goniometriflobe  Tafeln, 
sowie  Htilfstafeln  zar  Aafloeanf?  boberer  nameriscber  Gleicbangen, 
fur  den  Gebranob  an  boberen  Scbalen  bearbeitet.  Leipzig,  Tenbner. 
1900.     8vo.     4 +112  pp.     Clotb.  M.  1.60 

Uenbici  (J.)  and  Trbutlein  ^P.  ).  Lebrbaob  der  Eiementar-Geome- 
trie.  (In3Teilen.)  Teil  III  :  Die  Gebilde  des  korperlicben  Raa- 
mes  ;  Abbildang  von  einer  Ebene  aaf  eine  zweite  (Regelscbnitte). 
2te  Aoflage.     Leipzig,  Tenbner,  1901.     8vo.     12  -h  192  pp.    Glotb. 

M.  3.30 

HocHHElM  ( A. ).  Leitfaden  fiir  den  Unterricbt  in  der  Aritbmetik  and 
Algebra  an  boberen  Lebranstaiten.  Heft  1.  6te  Aaflage,  bearbeitet 
▼on  F.  Hoobbeim.     Berlin,  Mittler.  1900.    8vo.     6  +  258  pp. 

M.  3.00 

Jahne  (J. >  and  Babbisch  (H.).  Leitfaden  der  Geonietrie  and  des 
geometrisoben  Zeiobnens  fiir  Biirgerscbalen.  Ansgabe  in  1  Bande. 
Mit  320  Textfiguren,  156  geometrischen  Ornamenten,  einer  Erkla- 
rangstafel  fiir  Bezirksplane  and  zablreioben  Konstrnotions-  and 
Recbenaafgaben.     Wien,  Manz,  1900.    8vo.     8  +  232  pp.     Clotb. 

M.  2.40 

.     Leitfaden  der  Geometrie  and  des  geometrischen  Zeichnens  fiir 

Madchen- Biirgerscbalen.  Iste  Stnfe.  Mit  78  Textfigaren  and  140 
geometrischen  Ornamenten.  Wien,  Manz,  1900.  8vo.  4  +  56  pp. 
Cloth.  M.  0.90 

JoBNSTON  (N. ).  Johnston's  geometrical  division  and  measarement  of 
arcs  and  angles.  Bronson,  Mich.,  Joarnai  Press,  1900.  8vo.  10  pp. 
Cloth.  $0.60 

KoDATis  (B  ).  Eine  genaaere  and  sobnellere  Berecbnnng  des  Kreises 
obne  Radiaswerth,  nach  neaen  Gesicbtspankten  aafgebaat.  Berlin, 
1900.     8vo.  M.  0.60 

KOhne  (H.).  Matbematiscb-teohniscbe  Tabellen  fiir  den  Scbalge- 
braaoh  mit  besonderer  Kiicksicbt  aaf  die  Benntzang  bei  Prafangen. 
Dortmnnd,  Rnhfas,  1900.     8vo.     48  pp.  M.  1.50 

Lkbon  (E.).  G^m^trie  ^.l^mentaire,  comprenant  la  geometric  plane  et 
la  geometrie  dans  Pespaoe,  r^dig^e  conform6ment  an  programme  da 
brevet  sap^riear  et  des  ^coles  normales  primaires  (coars  de  premiere 
et  dedeaxieme  ann^e).     Paris,  Delalaiu  [1900].    16mo.    461pp. 

Fr.  4.50 

LiCBTBLAU  ( W. ).    See  Wiese  (  B.  ). 

Mahleb  (G.  ).  Ebene  Geometrie.  3te  Antiage.  Leipzig,  Goschen 
1900.     12mo.     158  pp.     Cloth.     (Sammlung  Goschen,  No.  41. ) 

M.  0.80 

Mallet  (F.  ).  Da  rdle  ^acatear  des  mathematiqaes ;  discoars  pro- 
nono£  a  la  distribntion  des  prix  da  petit  s^minaire  et  ^cole  libre  da 
Saor6-CoBard*Aix,  le  26  jaillet,  1900.    Aix,  Nicot,  1900.    8vo.    14  pp. 
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Nbsbitt  (H.  a.).  Indaotive  geometry  for  traosition  [olasses.  London, 
Sonnensohein,  1900.     ]2mo.     100  pp.     Cloth.  Is.  6d. 

Obmsby  (M.  T.).  Elementary  praotioal  mathematics.  London,  8pon, 
1900.     8vo.     422  pp.     Cloth.  78.  6d. 

Orelli  (J.).  Lehrbnch  der  Algebra  far  Polyteohnitohe  and  hdhere 
Gewerbescholen.  3te  Anflage.  Nener  Abdrnok.  (In  2  Banden.) 
Zurich,  1900.     8vo.  M   10.00 

Rich  (A.  W.).  The  new  higher  arithmetic.  Chicago,  Flanagan  Co. 
[1900].     12mo.     318  pp.     Cloth.      (Flanagan  educational  series.) 

$0.50 

.  The  new  practical  arithmetic  ;  complete  for  all  ordinary  pur- 
poses. Chicago,  Flanagan  Co.  [1900].  12mo.  222  pp.  Cloth. 
( Flanagan  educational  series. )  $0.75 

Robinson  (J.  W. ).  .  Kobinsonian  auto-calculator;  an  accountant's  as- 
sistant, comprising  multiplication  and  division  tables,  interest 
tables,  etc.  Brookline,  Mass.,  Robinson,  1900.  Folio,  239  pp. 
Half  cloth.  $5.00 

RuPBRT  (W.  W. ).  Famous  geometrical  theorems  and  problems,  with 
their  history.  (In  4  parts.)  Part  II.  New  York,  Heath  [1900J. 
16mo     pp.  27-58. 

ScHUSTKB  (M. ).  Stereometrische  .Vufgaben.  Ein  Lehr- und  Uebungs- 
buch  zum  Gebrauch  beim  Unterricht  in  den  oberen  Klassen  hoherer 
Schulen  ;  mit  besonderer  Beriicksichtigung  der  Methoden  der  dar- 
stellenden  Geometric  bearbeitet.  Leipzig,  Teubner,  1900.  8vo. 
7  4-  80  pp  ,  1  plate.     Cloth.  M.  1.40 

Taylok  (J.  M.).  Elements  of  algebra.  Boston,  AUyn  &  Bacon,  1900. 
12mo.     14  +  461  pp.     Cloth.  $1.12 

Tbbutlein  (P.).    See  Hbnbici  (J.). 

Wblls  (W. ).  Complete  trigonometry  ;  with  answers.  Boston,  Heath, 
1900.     12mo.     6  -f  149  4-  9  pp.     Cloth.  $1.08 

.     Four- place  logarithmic  tables ;  together  with  a  table  of  natural 

sines,   cosines,   tangents  and    cotangents.      Boston,    Heath,    1900. 
12mo.     1+23  pp.     Cloth.  $0.25 

WiESE  (B. ).,  LiCHTBLAU  ( W. )  uud  Bagkhaus  (  K.  )  Raumlehre  fiir 
Lehrerseminare.  Teil  2  :  Die  Korperlehre  (Ktereometrie)  und  die 
wichtigsten  Lehrsatze  der  Dreiecksrecbnung  (Trigonometric).  3te 
Auflage.     Breslau,  Hirt,  1900.     8vo.     120  pp.     Cloth.  M.  1.65 

Wolf  (F.  C).  Praktisohe  Geometric  fiir  den  Sohul- und  Selbstunter- 
richt ;  nach  den  Grundsatzen  der  Anschauung  und  Konzentration  in 
genetischer  Reihenfolge  aufgehaut  und  unter  besonderer  Beriicksich- 
tigung der  praktisohen  Bediirfnisse  bearbeitet.  Ansgabe  fur  Lehrer  ; 
mit  L5sungen  zu  den  Berecbnnugsaufgaben  der  Sohiilerhefte.  Leip- 
zig, Wunderlich,  1900.    6vo.     7  -\-  181  pp.  *         M.  2.00 

Wrobbl  (E.  )•  Uebungfibuch  zur  Arithmetik  und  Algebra,  enthaltend 
die  Formeln,  Lehrsatze  und  Auflosungsmethoden  in  systematischer 
Anordnung  und  eine  grosse  Anzahl  von  Fragen  und  Anfgaben.  Zum 
Gebrauohean  Gymnasien,  Realgymnasien  undanderen  hoheren  Lehr- 
anstalteii  bearbeitet.     Teil  II :  Pensum  der  Obersekunda  und  Prima 
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des  OyniDaBiams.  3te  Anfla^e.  Rostock,  Kocb,  1900.  Hvo.  4  + 
164  pp.  Cloth.  M.  1.60.  Mit  einem  Anhang  fiir  hohere  realistisohe 
Lehraostalten  ( Realgymnasien,  Oberrealncholen  a.  s.  w. ).  2te 
Auflage.     3  4-71  pp.  M.  2.40 

YoUNO  (J.  W.  A. ).    The  teaching  of  mathematics  in  the  higher  schools 
of  Prnssia.     New  York,  Longmans,  1900.     8vo.     14  -|-  141  pp. 


III.     APPLIED  MATHEMATICS. 

Adams  (J.  C. )  Lectures  on  the  lunar  theory,  edited  by  R.  A.  Sampson. 
I^ndon  and  New  York.  Macniillan,  1900.  8vo.  88  pp.  Cloth. 
(Cambridge  University  Press.)  $1.25 

Bbllavitis  (E.  ).  Prospettiva  lineare  insegnata  nella  scuola  d'applica- 
zione  degli  ing^^eri  di  Padova.  Padova,  Prosperini,  1900.  8vo. 
41  pp.,  3  plates. 

Berg  (  E.  J. ).    See  Steinmetz  (C.  P. ). 

BocQHBT  (J.  A. ).  Cours  el^'mentaire  de  m^canique  appliqu^>e.  4e  <!fdi- 
tion,  revue  et  augment^e      Paris,  1900.     8vo.     Cloth.  Fr.  5  00 

BfTTNEB  (P.).  Studien  iiber  die  Green^sche  Abhandlung  :  Mathe- 
matical investigations  concerning  the  laws  of  the  equilibrium  of 
fluids  (183-2).  Leipzig,  Teubner,  1900.  8vo.  5  -f  98  pp.  ( Preis- 
schriften  gekront  nnd  heransgegeben  von  der  Fiirstlich  Jablouow- 
ski'sohen  Gesellschaft  zn  Leipzig.  ( XXXVI. )  No.  XIV  der  mathe- 
matisch-naturwissenschaftlichen  Section. )  M.  6.40 

Chadwick  ( O. ).    See  Middlbton  (  R.  E.  ). 

Farrow  (F.  R.).  Stresses  and  strains.  London,  Whittaker.  1900. 
12mo.     Cloth.  5s. 

H11.DKBRANDSSON  (H.)  et  Teisberenc  de  Bort  (L.).  Les  bases  de  la 
ro^t^rologie  dynamique.  Historique  ;  ^tat  de  nos  connaissances. 
(En  2  volumes.)  lie  livraison,  avec  20  planches.  Paris,  Gauthier- 
Villars,  1900.     8vo.  Fr.  4.00 

HosKiNS  (L.  M. ).  Theoretical  mechanics;  an  elementary  text-book. 
Stanford  University,  Cal.,  published  by  the  author,  1900.  8vo. 
10  +  436  pp.     Cloth.  .  $3  25 

J0HANNE8SON  (P.).  Physikalisohe  Meohanik.  Berlin,  1900.  Hvo. 
58  pp.,  2  plates.     Boards.  M    1.00 

Kraft  und  Energie.  Eine  kritische  Betrachtung  iiber  die  Grund- 
begriffe  der  Mechanik.  Wiesbaden,  Bergmann,  1900.  8vo.  6 
+  65  pp.  M.  1.30 

Lanza  (G.).  Applied  me  hanics.  8th  revised  edition.  New  York, 
Wiley,  1900.     8vo.     8 +  928  pp.     Cloth.  $7.50 

MiDDLETON  (  R.  E. )  and  CnADwrcK  (O. ).  Treatise  on  surveyhm,  com- 
piled as  a  text-book.  New  York,  Spon  &  Chamberlain.  1900.  Hvo. 
13 +  283  pp.     Cloth.  $1.25 

Monti  (C.  ).  Corsodi  prospettiva  teorico-pratioa  senza  proiezioni  orto- 
gonali  nd  soala  prospettica,  d'avviamento  alia  copia  dal  vero.  per 
glMHtituti  teonici,  le  souote  normali,  teoniche.  eoc.  Torino,  Paravia. 
1900.     4to.     48  pp.,  30  plates.  Fr.  4.00 
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NicoLi  (F.  )•  Geomelria  deaorittiva  [lezioni  tennte  Delia  r.  QDWersiti 
di   Modena  neiranDO  soolastiooj    1899-1900.      Modena,   Pizsololti, 

1900.  8vo.     216  pp. 

PIL8WORTH  (E.  S.).  A  text-book  od  perspective.  Battle  Creek,  Mioh., 
School  of  Applied  Art  [1900].     12mo.     2  +  52  pp.     Cloth.        $1.00 

Roberts  (H.  A.).  Treatise  on  elementary  dynamics,  dealing  with  rela- 
tive motion  mainly  in  two  dimensions.  London  and  New  York, 
Maomillan,  1900.     12mo.     11  +  258  pp.     Cloth.  $1. 10 

Sampson  ( R.  A. ).    See  Adams  ( J.  C.  ). 

Steinmetz  (C.  p.  ).  Theory  and  oalonlation  of  alternating  onrrent  phe- 
nomena. With  the  assistance  of  E.  J.  Berg.  3d  edition,  revised  and 
enlarged.  New  York,  Electrical  World  and  Engineering  Co.,  1900. 
8vo.     20 +  625  pp.     Cloth.  $4.00 

Teissebenc  de  Bobt  (L.).    See  Hildebrandsson  (H.). 

VoiOT  (W.).  Elementare  Meohanik  als  Einleitnng  in  das  Stndinm  der 
theoretirohen  Physik.     2te,  nmgearbeitete  Anflage.     Leipzig,  Veit, 

1901.  8vo.     10  -h  878  pp.  M.  14.00 

Ware  (W.  R.).  Modern  perspective;  a  treatise  npon  the  principles 
and  practice  of  plane  and  cylindrical  perspective.  Revised  edition. 
New  York,  Maomillan,  1900.  12mo.  8  +  336  pp.  With  plate  <  in 
separate  portfolio.     Cloth.  $4.00 

Weiss  (H.).  Gmndsatze  der  Rinematik.  Heft  I.  Leipzig,  1900.  8vo. 
1  -  256  pp.,  10  plates  folio.  M.  10.00 

Wilson  (V.  T.).  Free-hand  perspective;  for  use  in  mannal-training 
schools  and  colleges.  New  York,  Wiley,  1900.  8vo.  12  +  268  pp. 
Cloth.  $2.50 

Zechlin  (M.  R  ).  Kngel-  and  Rollenlager ;  Theorie,  Bereohnnng 
nnd   praktische   Beispiele  derselben.     Berlin,  Seydel,    1900.     8vo. 

3 +  70  pp.  M.  aoo 
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New  Mathematical  Books 

PfMMmi  by  THE  HACMILLAN  COHPiOIY. 


Tbcory  of  Differential  Equations. 

Bj  AVDREW  RtaBELL  FossYTH,  S& D.  (Gunp. ),  Hon.  SeJ>.(DabL  i, 
F.B.8.,  Sadleruw  ProfeaBor  of  Pure  MAtbeuuitioB,  Fellow  of  Trinitj 
College,  Cambridge. 

Part  I.     Exact  EquaUuos  aad  Pfaff  *s  •'roblr m.  ss3*  met. 

Part  II.  Ordinary  ^-qiiatlooa»  Not  Unear     Two  t«1s.  oa  ••  meu 
There  are  Tbree  Vols,  in  all.    Part  L  and  Part  II.  In  Two  Vols. 

Rayleigli's  Scientific  Papers. 

By  John  William  Stbdtt,  Baron  Rayleigb,  D.Sc.,  F.R.S.  H^mor- 
arp  Fdiow  of  Trinity  College,  Cambridge.  Profetaor  of  Natmnt!  PkilMO- 
phff  in  the  Royal  Ingtitution.     JuM  Beady,  VoU  I.   Sft^oo  met, 

pA\*eT*  on  varioa^  topics  ranf^ni?  tbroagb  tbe  hiirher  matbematica.    In- 
▼estlgatioDs  in  Bound,  Light,  Vibrations  in  General,  Electro-m  gnctism.etc. 

Elements  of  Orapliical  Statics. 

A.  Text- Book  fob  Students  op  Enoinebrino.  By  L.  M.  BiS- 
KINS,  ProfeaBor  of  Pare  and  Applied  Mathematios  in  Leland  Stan- 
ford Jr.  University.     Illostrated.   New  Edition  Thoroughly  Becited. 

Clotb.    8TO.    •a.«6ae<. 

49"  See  on  another  page  a  description  of  Willson's  Graphics. 

Introduction  to  tlie  Tlieory  of  Analytic  Functions. 

By  James  Habkness,  M.A.,  Professor  of  Mathematics,  Bryn  Mawr 
College,  Pennsylvania,  and  Frank  Moeley,  M.A.,  Professor  of 
Pore  Mathematics,  Haverford  Collie,  Pennsylvania,  joint  anthore  of 
a  '*  Treatise  on  the  Theory  of  Functions  *'  for  osein  tedinioal  schools 
and  colleges.  Cloth,  Svo,  ss.oo  met. 

Infinitesimal  Analysis. 

Differential  and  Integral  Calculus  of  Functions  of  Real 
Arqumentb.  By  William  B.  Smith,  Professor  of  Matiiematios 
in  the  Talane  University,  New  Orleans ;  Past  Professor  of  Mathe- 
matics in  Missoori  State  University. 

Vol.  I.    Elementary:  Real  Variables.  cioth,  svo.  es.va  met. 

•'  This  is  a  masterly  presentation  of  the  subject  which  has  challenged  the 
keenest  thinking  ot  the  most  vigorous  minds.  .  .  Teachers  of  the  oalonlaa 
and  lovers  of  expeditions  into  the  realms  of  tbe  infinite  mases  of  exact 
science  will  find  this  book  most  tempting."— Journal  of  Edueaiion, 
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THE  MOST  RECENT  WORKS 

For  Advanced  Students  of  Mathematics 

Published  by  THE  MACMILLAN  COMPANY. 

Theoretical  and  Practical  Graphics. 

A  Text  book  for  Students  in  Engineering  or  Ar- 
chitecture AND  FOR  Professional  Draughtsmen. 
By  Frederick  Newton  Willson,  Proferaor  of  Descriptive  Geome- 
tiy,  Stereotomy  and  Teohnioal  Drawing,  Prinoeton  University. 

Cloth,  4to.    Price,  94.00  nt-t. 

Note-Taking,  Dimensioning  and  Lettering. 

4to.    Cluib.    Prio«»e  1.95  net. 

Some  Malliematicai  Curves  and  tlieir  (Iraphlcal  Construction. 

A  Brief  Treatise  on  the  Properties,  Methods  of  Construction,  and 
Practical  Applications  of  Conic  Scions,  Trochoids,  Link-motion 
Corves,  Centroids,  Spirals,  the  Helix,  and  other  Important  Carves. 

4to.    Cloth.    Price,  SI.AO  net. 

Shades,  dliadows,  and  Linear  Perspective. 

4to.    Cloth.    Price,  l.oo  net. 

Descriptive  Geometry  —  Pure  and  Applied.  With  a  chapter  of 
Higher  Plane  Cnrves  and  the  Helix.  A  Theoretical  and  Practical 
Treatise  including  Problems  of  Intersection,  Development,  Tan- 
gency,  etc..  Working  Drawings  by  both  the  First  and  Third  Angle 
System,  Trihedrals,  Map  Projection,  Shadows  and  Perspective,  Axo- 
nometric  (including  Isometric)  Projection,  Oblique  Projection,  Kine- 
matic Geometry,  Projective  Geometry  and  Kelief  Perspective,  the 
Conic  Sections,  Trochoids,  Spirals,  etc. 

4to.    Cloth.    Price,  93.00  net. 
Bartt  /.,  ///.,  r.,  and  VI.  of  the  first-named  work  Usued  in  separate  form 

A  Text-Boole  on  the  Calculus. 

By  P.  A.  Lambert,  Assistant  Professor  of  Mathematics,  Lehigh  Uni- 
versity, author  of  **  Analytical  Geometry  for  Technical  Schools  and 
Colleges.''  Cloth,  ISmo.   muao  net. 

Octonlons :   A  Development  of  Clifford's  Bi-Quaternlons. 

By  Alex.  McAulay,  M.A.,  Professor  of  Mathematics  and  Physics 
in  the  University  of  Tasmania.     Cambridge  University  Prens. 

8to.    Cloth,    pp.  xiT  +  2^3,    Price,  98.00  net. 

Ordinary  Differential  Equations. 

An  Elementary  Text- Book.  With  an  Introduction  to  Lie's  Theory 
of  the  Group  of  one  Parameter.  By  James  Morris  Page,  Ph.D., 
Adjunct  Professor  of  Pure  Mathematics,  University  of  Virginia. 

ISmo.    Cloth,    pp.  zriU  +  2*45.    Prioe,  81.S5  net. 
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THE  MOST 
RECENT 


Elementary  Mathematical  Works. 

Published  by  THE  MACMILLAN  COMPANY. 


THE  "  PUBLIC  SCHOOL**  SERIES  OF  ARITHMETICS 

By  J.  A.  McLellan,  President  of  the  Ontario  Normal  College,  and  A.  F. 
Amer,  Supt.  of  Schools,  Riverside,  III. 
Based  on  McLellan  and  Dewey^s  ** Psychology  of  Number.*^ 

PUBLIC  SCHOOL  ARITHMETIC  12mo.    60  cenU  net. 

A  PRIMARY  PUBLIC  SCHOOL  ARITHMETIC  35  cents  net. 

Teachers'  Edition,  with  answers  to.  problems,  suggestions  for  first 
^rade  work  and  methods  and  some  illustrative  lessons.       50  cents  net. 

These  books,  based  upon  sound  psychological  principles,  stand  for  a  needed 
reform  in  the  methods  of  teaching  Arithmetic. 

"  I  can  see  that  it  is  an  important  contribution  to  the  art  of  teaching  num- 
bers."—W.  T.  Hrris,  U.  S.  Cbmmissioner,  Bureau  of  Education, 

THE  PUBLIC  SCHOOL  MENTAL  ARITHMETIC  25  cents  net. 

The  Mental  Arithmetic  based  on  the  same  principles  as  the  above  completes 
the  series,  and  completes  the  Method.  As  compared  with  written  arithmetic 
alone,  mental  arithmetic  aystematically  taught  will  produce  at  least  twice  the 
knowledge  and  twi4ie  the  power  in  a  given  time. 


ELEMENTARY  ALGEBRA  FOR  THE  USE  OF 

PREPARATORY  SCHOOLS. 

By  Charles  Smith,  M.A.,  Author  of  "A  Treatise  on  Algebra,"  **An 
Elementary  Treatise  on  Conic  Sections,**  etc.  Revised  and  Adapted 
to  American  Schools  by  Professor  Irvino  Stringham,  Ph.D.,  Uni- 
verwity  of  California. 

New  Editionn.     Briefer,  $1.10  net;  Omplete,  $1.20  net. 


THE  HALL  AND  KNIGHT  SERIES  ON  ALGEBRA 

adapted  to  AMERICAN  SCHOOLS. 

*ALQEBRA  FOR  BEGINNERS.  By  H.  S.  Hall  and  S.  R.  Knight. 
Revised  and  adapted  to  American  Schools  by  Prank  L.  Sevbnoak, 
A.M.,  M.D.,  Assistant  Principal  of  the  Academic  Department  of 
the  Stevens  Institute  of  Technology.  1 2mo.     60  cents. 

^ELEMENTS  OF  ALGEBRA.  Revised  and  Enlarged  by  Frank  L. 
Sevenoak.  l2mo.    Half- leather.    90  cents. 

^ALGEBRA  FOR  COLLEGES  AND  SCHOOLS.  Revised  by 
Frank  L.  Sevenoak.  Half-leather.    $1.10. 

*  Answers  In  pamphlet  form  furnished  gratis  on  teacher's  written  order. 

ELEMENTARY  SOLID  GEOMETRY  AND 
MENSURATION. 

By  Heney  Dallas  Thompson,  D.  So.,  Ph.  D.,  Profeaeor  of  MathematiaB 
in  Princeton  University.  Cloth,  l2mo.    Price,  $  I  1 0  net. 


THE   MACMILLAN   COMPANY, 

New  York:   ee   Kirtth   Avenub. 
CHICAGO:   McClurg  Building.     SAM  FRANCISCO:  319^323   Sansome  St 


BOSTON :   TmmMOMT  Builoimq. 


Digitized  by  VjOOQIC 


STANDARD  OR  RECENT 

Mathematical  Works  of  Reference 

Published  by  THE  MACMILLAN  COMPANY. 


THE  TEACHING  OF  ELEMENTARY  MATHEMATICS. 

By  David  Eugene  Smith,  Principal  of  the  State  Normal  Sohool  at 
Brockport,  N.  Y.  ISmo.    Cloth.    91.00  net. 

The  first  volnroe  in  the  new — Teachers*  Professional  Library— aiming 
to  enliven  and  enrich  the  teaching  of  elementary  mathematics. 

A  HISTORY  OF  ELEMENTARY  MATHEMATICS. 

With  Hints  on  Methods  of  Teaching.    By  Flobian  Cajobi,  Author  of 
**  A  History  of  Mathematics,"  **  A  History  of  Physics,"  etc. 

12ino.    Cloth.    Price.  SI. 50  nei. 

**  The  product  of  wide  and  scholarly  research  .  .  For  its  historical 
acts  and  its  snggeetiveness,  this  work  should  be  read  carefully  by  all 
students  and  teachers  of  mathematics." — The  Dial,  Chicago. 

A  HISTORY  OF  M ATHSMATICS.     By  Florian  Cajori.     ss.oo  net. 
**  The  book  was  much  wanted." — The  Nation, 

LOGARITHMIC  AND  TRIGONOMETRIC  TABLES 
Calculated  to  Five  Places  of  Decimals. 

Arranged  by  F.  L.  Sevenoak,  Stevens  Institute  of  Technology, 
Paper  Cover.    8to.    Price,  40  cents  net. 


COMPUTATION  RULES  AND  LOGARITHMS. 

With  Tables  of  Other  Useful  Functions.    By  Silas  W.  Holman,  Pro- 
fessor of  Physics  at  the  Massachusetts  Institute  of  Technology. 
8vo.    Cloth,    pp.  73.    Price,  91.00  n^t, 

THE  NUMBER  CONCEPT. 
Its  Origin  and  Development.    By  Levi  Leonard  Conakt,  Ph.D.,  Pro- 
fessor of  Mathematics,  Worcester  Polytechnic  Institute. 
Cloth.    ISmo.    Price,  99.00 

A  TREATISE  ON  UNIVERSAL  ALGEBRA. 

With  Applications.    By  Alfred  North  Whitehead,  M.A.,  Fellow 
and  Lecturer  of  Trinity  College,  Cambridge. 

Tol.1.    Imp!.  8vo.    Cloib.    pp.  xxvl  +  686.    Price*  97.00,  nef. 


THE  MACMILLAN  COMPANY 

Ne\?v  York*  66  Kikth  Avenue. 

CHICAGO:  McClurg  Building.     SAM   FRANCISCO:  319-323   Sansome  Si 

BOSTON:  TmmMOMT  BuiLoiMo, 

iv 


Digitized  by  VjOOQIC 


The  New  Era  Printing  Company 

LANCASTER,  PA. 

is  prepared  to  execute  in  first-ciass  and 
satisfactory  manner  ali  Icinds  of  printing. 
Particular  attention  given  to  the  woric  of 
Schools,  Colleges,  Universities,  and  Public 
Institutions. 

Books,  Periodicals 

Technical  and  Scientific  Publications 
Monographs,  Theses,  Catalogues 
Announcements,  Reports,  etc. 
Ali  Kinds  of  Commercial  Woric 

{Printers  of  the  Bulletin  and  Transactions  of  the 
American  Mathematical  Society t  etc,  etc) 

Publishers  will  find  our  product  ranlcing 
with  the  best  in  worlcmanship  and  ma- 
terial, at  satisfactory  prices.  Our  imprint 
may  be  found  on  a  number  of  high-class 
Technical  and  Scientific  Boolcs  and  Peri- 
odicals. Correspondence  solicited.  Esti- 
mates furnished. 

The  New  Era  Printing  Company 


Digitized  by  VjOOQIC 


Digitized  by  VnOOQ IC 


i 


Whole  No.  95. 
COHTENTS. 


Tlie  Seventh  Animal  Meeting  of  the  American  Mathemat- 
ical v^ociety.     By  Professor  F.  N.  Cole,     -         -         -       199 
On  some  Birational  Transformations  of  the  Kiimmer  Sur- 
face into  Itself.     By  Dr.  J.  I.  Hutchinson,        -         -       211 
Theorems  Concerning  Positive  Definitions  of  Finite  As* 
semblage  and    Infinite   Assemblage.     By  Mr.    C  J. 
Kevsior,     -         -         -         -         -         -         -         -  -       2l!S 

Dini's  Method  of  Showing  the  Convergence  of  Fonrier's 
Scries  and  of  Other  Allied  Developments.     By  Mr. 

AVai.tkr  B.  Fokt), 227 

Shorter  Notices, -       231 

iM-rata, "JU 

Notes, tlU 

New  Puhlications, 237 

Changes  of  address  of  members,  exchanges,  and  subscribers  sli  on  Id  be  oom- 
miinicatefl  at  once  t<>  tbe  Secretary  of  tlie  American  Mathematical  Societj.  501 
West  llGth  Street,  New  York. 

Subscriptions  to  the  Bulletin,  orders  for  back  numbers,  and  inqniries 
in  regard  to  non-delivery  of  current  nunibere should  be  addressed  to  Tlie  Mac- 
mi  llan  Company,  41  North  Queen  St.,  I^ncaster,  Pa.,  or  66  Fifth  Avenne,  J^ew 
York. 

Tlie  initiation  fees  and  annual  dues  of  members  of  the  Amerioan  MAtlie- 
matical  Society  are  jxivable  to  the  Trei\surer  of  the  American  Mathematical  So- 
ciety, 501  West  IHUh  Street,  New  York. 

Articles  for  insertion  in  the  Htlletin  should  be  addressed  to  tlie 

Bl'LLETIN  Ol    THE  AMERICAN  MATHEMATICAL  SOCIETY^ 

501  West  IKJlh  Street,  New  York  City. 
The  followiuj;  dates  h;ive  been  ii\t\\  for  the  meetings  of  the  Society  • 

A.  M.  A.  M. 

Sat.,   Feb.  2:i,  1901,  11:00  Sat.,  Oct.  26,  1901,  11:00 

"     April  27,     *'         '*  Fri.,Dec.  57,       **  *' 

The  IJifjIith  Summer  Mccfing  and  CoUoquium  of  the  Society  iriU  be  field  nt  Cvr^ 
mil  Vniiursif//.  Ithaca,  N.   F.,  hffjlnnhig  Aiujvst  19,  1901. 


Digitized  by  V^OOQIC 


BULLETIN 


OF  THE 


AMERICAN 
MATHEMATICAL  SOCIETY.! 

CONTIKXJATION    OF   TWK    BrLLETIN    OF   THE    NEW    YORK    MATHEMATICAL   SOCIETY. 

A  Historical  and  Critical  Review 
OF  Mathematical  Science. 


EDITED  BY 


R    N.    COLE.  ALEXANDER    ZIWET,  F.    MORLEY, 

1      "     rX)VETT,  C.    L.    BODTON. 

2nd  Series,  Vol.  VIL  No.  6. 
March,  1901. 


Published  for  the  Society 
Hv    THE    MACMILLAN    COMPANY 
LANCASTER,  PA.,  AND  NEW  YORK 
1901. 


Entered  al  tbe  Post  OfHce  at  f^ncaster,  Pa.,  as  second-class  matter, 
PTTBMSHED  Monthly,  except  August  avd  Sbptrmbbb 


Me  No.  96. 


iHi^^ 


Digitized  by 


*S.OO  a 

G0O5I 


30Qle 


Digitized  by  VjOOQIC 


1901.]       DECKMBER  MEETIXG  OF  THE  CHICAGO  SKCTION.  243 


THE    DECEMBER     MEETING    OF     THE    CHICAGO 

SECTION. 

The  eighth  r^ular  meeting  of  the  Chicago  Section  of  the 
American  Mathematical  Society  was  held  at  the  Univer- 
sity of  Chicago,  on  Thursday  and  Friday,  December  27  and 
28,  1900.  There  were  two  sessions  each  day,  opening  at 
10  o'clock  A.  M.  and  2.30  o'clock  p.  m.  Thirty-eight  per- 
sons were  in  attendance  among  whom  were  the  following 
twent>'-six  members  of  the  Society  : 

Professor  Henry  Behner,  Dr.  G.  A.  Bliss,  Professor  Oskar 
IMza,  Professor  D.  F.  Campbell,  Professor  L.  E.  Dickson, 
Professor  L.  W.  Dowling,  Dr.  J.  C.  Fields,  Professor  A.  8. 
Hathaway,  Professor  Thomas  F.  Holgate,  Dr.  Kurt  Laves, 
Professor  lleinrich  Maschke,  Professor  E.  H.  Moore,  Dr. 
F.  R.  Moulton,  Professor  H.  B.  Newson.  Mrs.  H.  B.  New- 
son,  Professor  D.  A.  Rothrock,  Dr.  F.  H.  SaflFord,  Professor 
Oscar  Schmiedel,  Miss  Ida  M.  Schottenfels.  Professor  J.  B. 
Shaw,  Professor  E.  B.  Skinner,  Mr.  Burke  Smith,  Professor 
E.  J.  Townsend,  Professor  C.  A.  Waldo,  Dr.  Jacob  West- 
lund,  Professor  H.  S.  White. 

Professor  E.  H.  Moore,  Vice-President  of  the  Society,  oc- 
cupied the  chair.  The  Christmas  meeting  being  the  regular 
time  for  the  election  of  officers  of  the  section.  Professor 
Thomas  F.  Holgate  was  reelected  Secretary  and  Professors 
E.  J.  Townsend  and  J.  B.  Shaw  were  made  members  of  the 
progi'amme  committee. 

The  following  papers  were  read  : 

(1 )  Professor  E.  H.  Moore  :  **  On  the  uniformity  of  con- 
tinuity." 

(2)  Professor  A.  S.  Hathaway  ;  *^  Quaternions  and  four- 
fold space." 

(3)  Professor  Irving  Stringham  :  **  On  the  geometry  of 
planes  in  a  parabolic  space  of  four  dimensions." 

(4)  Dr.  F.  H.  Safford  :  **Flow  of  heat  in  two  dimen- 
dons.  ^ ' 

(5)  Mr.  a.  C.  Lunn  :  ^*  Certain  mathematical  aspects  of 
experimental  science." 

(6)  Mr.  E.  a.  Hook:  *'Some  properties  of  circulating 
decimals." 

(7)  Professor  Arnold  Emch  :  **  Note  on  the  congruences 
of  twisted  curves." 

(8)  Profej*sor  H.  B.  Newson  :      'A  generalization  of  the 
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Wessel-Gaiis8-Argand  diagram  '^  (preliminary  communica- 
tion). 

(9)  Dr.  F.  R.  Moultox  :  **  On  straight  line  solutions  of 
the  problem  of  n  bodies.*' 

(10)  Dr.  G.  a.  Bliss:  **  Geodesic  lines  on  an  anchor 
ring.'* 

(11)  Mk.  Franz  A.  La  Motte  :  **0n  the  determination 
of  the  algebraic  equations  invariant  under  Tschirnhausen 
transformations,  with  the  parameter  representation  of  all 
such  irreducible  equations,  with  rational  coeflScients,  of  the 
third  and  fourth  degrees.*' 

(12)  Professor  E.  J.  Townsend  :  **  Functions  of  two  real 
variables  which  are  continuous  with  respect  to  each  vari- 
able." 

(13)  Professor  L.  E.  Dickson  :  ^*  The  group  of  the  equa- 
tion for  the  twenty-seven  lines  on  a  general  cubic  surface/' 

(14)  Professor  Oskar  Bolza  :  *^C3onceming  the  expres- 
sion of  abelian  integrals  in  terras  of  a  fundamental  set  of 
integral  functions." 

(15)  Dr.  J.  C.  Fields:  *^  Proof  of  the  Riemann-Roch 
theoi-era  and  of  the  independence  of  the  conditions  for  ad- 
jointness." 

(16)  Professor  Oscar  Schmiedel  :  **Two  reduction  for- 
mulas applicable  to  certain  particular  integrals." 

(17)  Professor  E.  B.  Skinner:  **Some  forms  which  re- 
main invariant  with  respect  to  certain  ternary  monomial 
substitution  groups." 

(18)  Professor  James  B.  Shaw  :  *^Note  indicating  anew 
development  of  a  determinant." 

(19)  Professor  E.  H.  Moore:  ** On  double  limits." 

(20)  Professor  E.  H.  Moope  :  **  Concerning  the  Harnack 
theory  of  improper  definite  integrals." 

(21)  Professor  L.  E.  Dickson:  **  Canonical  forms  of 
quaternary  abelian  substitutions  in  an  arbitrary  Galois 
field." 

(22)  Miss  Ida  M.  Schottenfels  :  **  Proof  of  the  exis- 
tence of  a  particular  substitution  group  of  degree  twenty- 
one  and  order  20160." 

Professor  Hathaway  also  read  a  paper  on  **  Pure  mathe- 
matics for  engineering  students,"  which  was  followed  by  a 
very  interesting  discussion.  This  paper  is  printed  in  the 
present  number  of  the  Bulletin. 

Mr.  Lunn  was  introduced  to  the  Society  by  Dr.  Moulton, 
Mr.  Hook  by  Professor  Skinner,  Mr.  La  Motte  by  Professor 
Moore.  Professor  Stringham's  paper  was  presented  to  the 
Society  through  Profes.sor  Moore  and  in  the  author's  absence 
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was  read  by  Professor  Hathaway  ;  Professor  Emch^s  paper 
and  Professor  Dickson's  paper  (No.  21)  were  read  by  title. 
Abstracts  of  the  papers  follow  below. 

In  Professor  Moore* s  paper  on  the  uniformit}'  of  con- 
tinuity, the  well  known  theorem  and  a  generalization  of  it 
which  occurs  in  the  theory  of  discontinuous  functions  are 
proved  by  a  very  simple  method  involving  the  partition  of  a 
fundamental  interval  (a,  6)  into  three  halves  (a,  d),  (c,  e), 
(dj  6),  where  the  points  a  c  d  e  b  are  the  extremities  of  the 
four  quarters  of  (a,  6). 

The  first  part  of  Professor  Hathaway 's  paper  consisted  of 
a  development  of  quaternions  from  the  definition  :  Quater- 
nions is  the  most  general  linear  associative  algebra  in  which 
division  is  determinate.  The  merit  claimed  is  in  starting 
from  this  known  property  as  a  definition,  and  developing 
smoothly  and  briefly  a  working  knowledge  of  quaternions, 
without  reference  to  the  unita  1,  t,  j,  k. 

The  characteristic  equation  of  a  number  p  is  the  equa- 
tion of  least  degree  with  numerical  coefficient*  that  is  sat- 
isfied by  p,  say, 

There  is  one  and  only  one  such  equation  for  a  given  num- 
ber ;  it  is  not  factorable  into  expressions  of  the  same  form  ; 
and  c^  is  not  zero.     This  determines  a  unit 

7=  -  (p'  +  c,p->  +  ...  +  c..,p)/c^, 
with  the  properties 

where  q  is  any  quaternion.  /  is  the  scalar  unit,  and  «/,  or 
simply  a;,  where  rr  is  a  numerical  coefficient,  will  denote  a 
scalar  number.  A  scalar  number  may  also  be  defined  as  a 
quaternion  whose  square  is  a  positive  scalar  ;  and  a  vector 
number  is  defined  as  a  quaternion  whose  square  is  a  nega- 
tive scalar.     Scalars  are  seen  to  be  commutative  factors. 

Using  scalar  coefficients,  the  characteristic  equation  be- 
comes, in  irreducible  form,  p"  +  c,;)*'~*  +  ...  +  c^  =  0  ;  and 
as  this  factors  in  the  same  way  as  ordinary  equations  with 
real  coefficients,  we  must  have  r  =1  or  r  =  2,  according  as 
p  is  a  scalar  or  a  non-scalar.  When  p  is  a  scalar,  we  take 
the  square  of  its  characteristic,  and  thus  have  a  character- 
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istic  equation  for  any  number  p,  of  the  form  (p— Pi)*  + 
p^  s  0,  where  p,,  p,  are  sealars  depending  upon  p.  We 
define  : 

Scalar  of  p  =  5p  =p, ;  vector  ofp=  Fp=j»  —  |)j=p— •  Sp. 

Tensor  of  p  =  Tp^  \/{  p\  -f  pj ) ;  unit  or  versor  of  p^  Up 
=  P/Tp. 

Coil j iigate  of  p  =  Kp  =  iSp  —  Vp  ;  angle  of  p=  Zp^ 
COS"'  iSUp. 

The  characteristic  equation  of  p  is,  in  this  notation, 

(a)  p'  —  2Sp   p+  Tp^^O. 

Other  forms  of  the  same  characteristic  are 

Tp'  =  pKp  ^  Kp'p^Sp'-  Vp'  =  Sp'  -f  TVp\ 

p-'^Kp/Tp\  etc. 

The  uniqueness  of  the  characteristic  (a),  determines  the 
uniqueness  of  the  resolutions 

p  =  ^/,  -I-  Fp  =  Tp'  Up^  Up-  Tp,  etc. 

From  the  characteristic  equation  of  p^,  we  find  by  oper- 
ating with  p~*  (  )/),  the  characteristic  of  ^p,  and  hence, 
T(pq)  =  r(9p),  Sipq)^  S{qp),  In  paiticular,  if  «,  ^  be 
any  two  vectors  we  find 

and  thence,  whether  ay?  =  /?«  or  not,  we  find  ay?  -f  ^S-a  =  2iSa/5. 
Thus  («  -f  ;5)  '^  is  a  scalar,  whence  «  -f  /?  is  either  zero  or  a 
vector.  Thence  follow  the  usual  distributive  properties  of 
the  functional  symbols  S,  F.  K  over  a  sum.  Also,  the  con- 
jugate of  a  product  equals  the  product  of  the  conjugates  of 
its  factors  in  reverse  order  ;  the  tensor  of  a  product  equals 
the  product  of  the  tensors  of  its  factors,  etc.  1  he  usual  re- 
lations of  products  of  vectors  are  found  as  in  Tait,  §§89-91  ; 
and  in  particular  > 

or,  given  three  independent  vectors,  any  fourth  vector  can 
be  expressed  in  terms  of  them.  If  there  is  only  one  inde- 
pendent vector,  the  system  is  tlie  ordinary  imaginary  sys- 
tem.  If  there  are  two  unit  vectors  «,  fi  that  are  indepen- 
dent, then  a  —  y?,  «  -f  y?,  («  —  p)  (a  -f  /S)  =  2  Va,i  are  three 
independent  vectors,  whose  units  are,  say  t,  j,  k,  with  the  re- 
lations t*  =/  =s  A;'  =  — .  1  =  ijk. 
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The  second  part  of  the  paper  is  an  application  of  quater- 
nions to  fourfold  space,  first  given  in  the  Bulletin,  No- 
vember, 1897,  and  afterwards  extended  in  the  papers  on 
Alternate  processes  (Proceedings  of  the  Indiana  Academy  of 
Sciences,  1897)  and  Linear  transformations  in  four  dimen- 
sions (abstract  in  Bulletin,  November,  1898,  no.  5,  p.  93). 
The  application  is  founded  on  the  definitions 

(1)  Line  (u'  +  xi  +  yj  -j-  zk)—  line  whose  components  along 
the  four  mutually  perpendicular  axes  of  reference  are  w,  x, 

(2)  Line  p  -f-  line  q  =  line  (p  -f-  g) , 

(3)  Line  p  •  lino  q  =  line  pq. 

With  p  as  multiplier  and  q  as  multiplicand  there  are 
two  products  pq  and  qp.  Such  multiplications  with  or  by  p, 
are  the  two  kinds  of  multiplication  referred  to  as  direct  and 
contra  multiplication  in  the  first  paper,  and  are  now  called 
in* multiplication  and  by- multiplication.  A  given  in-  or 
by-multiplication  is  shown  to  possess  a  system  of  invariant 
planes,  one  and  only  one  through  each  line  ;  and  the  angu- 
lar displacement  in  each  plane  is  constant  in  magnitude  and 
therefore  in  sense,  and  equal  to  the  angle  of  the  multiplier. 
The  ratio  of  elongation  is  the  tensor  of  the  multiplier.  The 
invariant  planes  of  an  in-multiplication  are  called  in-paral- 
lel planes ;  and  by-parallel  planes  are  invariant  planes  of  a 
by-multipiication.  A  given  angularly-directed  plane  is 
shown  to  be  a  plane  of  an  in-parallel  system  of  one  and 
only  one  unit  vector  a,  and  a  plane  of  a  by-parallel  system 
of  one  and  only  one  unit  vector  [i ;  and  these  vector  units 
(corresponding  to  directions  in  ordinary  or  vector  space) 
are  called  the  in  direction  and  by- direction  of  the  given 
plane.  In  the  case  of  two  planes,  the  angle  between  these 
in-directions  is  called  their  in-angle  of  inclination,  and  the 
angle  between  their  by-directions  their  by-angle  of  inclina- 
tion. It  is  shown  that  these  angles  remain  unaltered  by 
rigid  displacement,  the  effect  of  such  rigid  displacement  be- 
ing to  give  all  in-directions  of  planes  a  revolution  about  one 
vector  axis,  and  all  by-directions  a  revolution  about  another 
vector  axis.  It  is  shown  that  two  planes  have  in  general 
two  and  only  two  common  perpendiculars  (a  perpendicular 
to  a  plane  being  a  plane  that  '^transverses'*  it  in  a  right 
diedral  angle).  These  two  common  perpendiculai*s  are 
**  orthogonal  *'  to  each  other,  i.  c,  every  line  of  one  is  per- 
pendicular to  every  line  of  the  other.  In-parallel  or  by- 
parallel  planes  are  shown  to  have  a  continuous  turn-paral- 
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lei  system  of  orthogonal  common  perpendiculars,  and  all 
'*  plane  "  angles  between  the  two  lines  of  intersection  with  a 
common  perpendicular  are  equal.  For  any  two  planes  the  two 
plane  angles  of  inteisection  by  the  orthogonal  common  per- 
pendiculars are  the  half  sum  and  half  difference  of  the  in- 
angle  and  by-angle  between  the  planes.  The  area-project- 
ing factor  between  two  planes  is  in  sign  and  magnitude  the 
product  of  the  cosines  of  their  plane  angles.  The  second 
part  of  this  paper  will  appear  in  the  Transactions, 

Professor  Stringham  adopts  essentially  de6nitions  (1)  and 
(2)  of  Professor  Hathaway's  paper,  but  not  definition  (8). 
The  subject  is  analytically  treated  by  equations  of  loci, 
with  the  interpretation  and  manipulation  of  their  para- 
meters. The  fundamental  equation  of  a  plane  through  the 
origin  is  ar  -f  r/5  =  0  where  «,  /^  are  unit  vectors  and  r  is  the 
director  line  of  any  point  B  of  the  plane.  This  is  the 
plane  which  Professor  Hathaway  fixes  as  of  in-direction 
d=  a  and  by-direction  =p  ji.  After  developing  the  analytical 
material  of  distances  between  points,  and  points  and  planes, 
and  of  angles  between  lines,  the  author  discusses  the  max- 
imum angle  between  two  variable  lines  lying  in  given  planes, 
applying  calculus  methods  to  the  varying  parameters.  He 
finds  in  general  two  such  angles  called  the  plane  angles  of 
the  two  planes.  He  finds  the  projective  factor  between  the 
two  planes  {«,  ^j,  {«',  ft'\  to  be  —  4  (6'aa'-|-  S,^,^),  which  is 
also  the  product  of  the  cosines  of  the  plane  angles.  This 
expression  is  Professor  Hathaway  *s 

i  (cos  0  +  cos  <p)  =  cos  i  (0  -f  <p)  cos  i  (^  —  vO- 

Professor  Stringham  defines  this  projective  factor  as  the 
cosine  of  the  angle  between  the  planes.  This  paper  is  to  be 
published  in  the  Transactions, 

Dr.  Safford  inserts  a  term  expressing  surface  leakage  in 
the  usual  differential  eciuation  for  the  flow  of  heat  in  two 
dimensions,  considers  the  possibility  of  obtaining  solu- 
tions of  a  particular  form  for  this  equation,  and  deduces  the 
isothermal  curves  and  curves  of  flow.  The  methods  used 
involve  the  discussion  of  a  solution  of  a  partial  differential 
equation  in  the  form  X,  i?^,  i?^,  where  i?^  and  i?,  are  func- 
tions of  the  two  independent  variables  respectively,  and  are 
the  general  solutions  of  two  ordinary  differential  equations. 
The  factor  /  i«  a  function  of  both  variables  but  does  not  con- 
tain the  integi-ation  constants  appearing  in  //,  and  /?,. 
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Mr.  Luun  showeil  that  if  a  physical  hypothesis  is  given 
by  implication  in  the  form  of  an  equation  defining  the  value 
of  a  variable  quantity  as  a  function  of  the  time,  there  exists 
at  least  a  double  infinity  of  functions  which  are  not  distin- 
guishable from  it  by  measurement,  and  so  far  to  be  con- 
sidered as  equally  verified  by  observation.  Also  if  there 
exists  one  satisfactory  hypothesis,  there  exists  an  infinity. 
Hence  an  induction  using  only  the  observed  values  and  no 
hypothetical  elements  can  never  give  a  definite  result. 

Mr.  Hook  gave  a  method  by  which  the  number  of  digits 
in  the  repetend  of  any  circulating  decimal  may  be  found 
when  the  prime  factors  of  the  denominator  are  known. 
Hie  result  differs  from  similar  results  found  in  text  books  in 
that  it  gives  the  exact  number  of  digits  while  most  such 
formulas  yield  only  a  number  of  which  this  is  a  divisor. 

In  Professor  Emch^s  paper  a  study  is  made  of  the  congru- 
ence of  curves  of  intersection  of  the  surfaces  F(x,  y,  «,  o,  6) 
=  0  and  <p{x,  y,  «,  a,  b)  =0.  If  6=/(a)  the  system  of 
curves  lies  upon  a  surface  which  has  an  envelope  when 

dF      dF    ^^^Qj^^^^j    9^       ^^     ^-  =  0 
da       96  *  da  da       36     da 

Eliminating  x^  y,  z  from  these  conditions  and  the  equations 
of  the  surfaces,  a  new  relation 

is  found.  If  this  last  equation  has  a  singular  solution,  the 
corresponding  system  of  curves  forms  the  singular  surface 
of  the  congruence  and  all  surfaces  of  the  congruence  are 
tangent  to  it. 

In  Dr.  Moulton's  paper  those  solutions  of  the  problem  of 
n  bodies  are  sought  in  which  the  bodies  always  lie  in  a 
straight  line  and  describe  conic  sections  with  respect  to  their 
center  of  gravity.  The  problem  was  solved  by  Lagrange 
for  three  lx>dies  ;  this  paper  reduces  the  problem  in  the  gen- 
eral case  of  n  bodies  to  the  solution  of  simultaneous  alge- 
braic equations.  The  solutions,  which  can  be  obtained  in 
each  case  for  a  particular  value  of  one  of  the  masses,  are 
studied  as  functions  of  this  mass  regarded  as  variable  ;  it  is 
shown  that  these  functions  have  no  poles  and,  by  the  non- 
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vanishing  of  the  Jaeobian  of  the  functions  with  respect  to 
the  coordinates,  that  they  have  no  branch  points.  There- 
fore there  are  ^  n!  distinct  straight  line  solutions  of  the  prob- 
lem of  n  bodies  for  all  values  of  the  masses.  The  method 
applies  with  only  slight  modifications  for  laws  of  force  vary- 
ing as  any  power  of  the  distance. 

Dr.  Bliss  discussed  the  forms  of  the  geodesic  lines  on  the 
anchor  ring.  The  curves  of  minimum  length  were  found 
by  the  methods  of  the  calculus  of  variations  and  the  result- 
ing equations,  which  define  a  doubly  infinite  system  of  geo- 
desic lines,  were  expressed  in  terms  of  Weiei-strassian  <r, 
C,  and  9  functions.  By  applying  the  properties  of  these 
functions  the  shapes  of  the  geodesic  lines  are  determined. 
In  the  paper  all  points  of  the  surface  of  this  ring  are  classi- 
fied. The  paper  is  intended  for  publication  in  the  Transactions. 

Mr.  La  Motte's  paper  is  in  abstract  as  follows  :  Given  a 
realm  of  rationality  ii  and  in  ii  an  equation  f(x)  =  0  of 
the  nth  degree.  This  latter  is  invariant  under  Tschirn- 
hausen  transformations  of  the  same  realm  if,  and  only  if, 
its  Galois  group  in  i2  is  a  subgroup  of  one  or  more  of  certain 
groups  which  as  to  t3'pe  are  fully  determined  for  each  de- 
gree n.  By  means  of  resolvents  a  general  method  is  de- 
veloped to  find  parameter  representations  of  all  irreducible 
equations  whose  Galois  groups  are  subgroups  of  one  of  the 
groups  mentioned.  In  the  cases  of  the  third  and  fourth 
degrees  these  parameter  representations  are  actually  found. 
They  represent  for  every  set  of  i^ational  parameters  a  re- 
quired equation  of  the  given  degree,  and  also  every  required 
equation  is  represented  by  one  of  them  and  a  set  of  rational 
parameters.     These  formulae  for  the  fourth  degree  are 

x^  +p3i^  +  qai^  +  rx  +  8=^ 
and 


with  the  added  negative  conditions  1°  that  the  discrimi- 
nant of 

(3)  <'  -  qt'  +  (pr  —  48)t  -  (r*  -  4q8  -h  p^s)  =  0 
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does  not  vanish,  and  '2^  that  none  of  tlie  three  numbers 


s/p'  -  4^  -f  U,  (*  =  1,  2,  3) 

is  rational,  where  <r,  (i  =  1,  2,  3)  are  the  roots  of  (3).  For 
the  third  degree  we  have  the  simple  formula 

with  the  negative  condition  that 

49»-h27r'  +  0. 

In  these  formulas  the  Greek  letters  denote  parameters 
which  are,  as  the  case  may  be,  arbitrary  or  definite  quan- 
tities of  the  realm  i2. 

Professor  Townsend's  paper  dealt  with  the  appliaitions 
of  the  double  limit  to  the  investigation  of  certain  prop- 
t^rties  of  a  function  defined  as  follows  :  Let /(a;,  y)  beaon^ 
valued  function  of  two  real  independent  variables  x  and  y 
and  continuous  with  respect  to  each  variable  separately 
within  the  region,  a^a;  =  ^,  y^<.y~y^.  Then  it  follows, 
that  within  this  region  the  regular  points  (i.  e.,  points 
wlicre  L  f{x,  y)  =/(a,  b))  must  be  everywhere  dense,  but 

f  =  * 

at  the  same  time  the  irregular  points  {L  e,,  where  either 
L  f(x,  y)  does  not  exist  or  is  different  from  /(a,  6) )  may  be 

also  everywhere  dense.     When  further  /(a;,  y)  is  defined  on 

the  boundary  y^^y^  for  each  value  of  x^  x^  by  the  limit 

L  /(^o>  y)  =A^o»  yo)>  *^®"  i*  follows  that  /(x,  yj  can  be 

discontinuous  in  x  at  a  set  of  points  everywhere  dense  in 
the  interval  («,  /9),  but  not  at  every  point  of  this  interval. 
By  aid  of  this  result  it  was  shown  that  the  points  on  the 
boundary  y  =  yo  **  which  /(ar,  y)  is  continuous  with  respect 
to  both  variables  together  must  lie  everywhere  dense.  When 
all  of  the  points  of  the  boundary,  including  the  end  points 
of  the  interval,  are  regular  points,  then  we  have  the  neces- 
sary and  sufficient  condition  for  the  uniform  convergence  of 
the  function  /(a;,  y)  toward  the  boundary  function /(«,  y^). 
These  same  results  hold  concerning  the  convergence  of  an 
infinite  series  of  continuous  functions  of  a;,  since  the  con- 
vergence of  such  a  series  is  but  a  special  ease  of  the  con- 
vergence of  the  function  defined  above  toward  the  boundary 
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function /(iT,  y^).  The  necessary  and  sufficient  condition 
that  f{x,  y^)  and  hence  that  a  function  de&ned  by  an  in- 
finite series  of  continuous  functions  be  continuous  at  a;  =  x. 
is  that  there  exists  a  set  of  values  of  y,  say  y=«p  s* 
a,,  •  •,  tfj^,  •••,  dense  at  y^,  such  that  for  each  such  value  of  a^ 
we  have  \f(x,  y^)  — /(x,  «»)!<''  ^or  every  value  of  x  within 
a  definitely  defined  interval  (x^  —  ^«  ,  x^  +  «J. '). whichmay, 
however,  vary  with  a^  and  may  have,  in  fact,  an  under  limit 
equal  to  zero,  thus  differing  from  the  necessary  and  sufficient 
condition  for  uniform  convergence.  The  full  paper  from 
which  this  is  taken  constituted  the  author's  dissertation 
for  the  doctor's  degree  and  has  already  been  published. 

Professor  Dickson's  paper  (No.  13),  outlined  a  chapter  of 
his  work  on  linear  groups  which  is  soon  to  appear  in  Teub- 
ner's  Sammlung.  An  orthogonal  gi'oup  0  of  order  25920 
on  5  indices  modulo  3  is  readily  shown  to  be  isomorphic 
with  the  abelian  linear  group  for  the  trisection  of  the 
periods  of  a  hyperelliptic  function  of  four  periods.  A  rec- 
tangular table  for  0  having  27  rows  serves  to  define  an  iso- 
morphic substitution  group  which  is  recognized  as  a  sab- 
group  of  index  two  of  the  group  of  the  equation  for  the  27 
lines  on  a  general  cubic  surface.  This  proof  of  the  identity 
of  the  two  problems  avoids  the  lengthy  calculations  of  M. 
Jordan,  the  discoverer  of  the  relation. 

The  object  of  Professor  Bolza's  paper*  is  to  prove  by 
methods  of  the  theory  of  functions  the  converse  of  the  propo- 
sitions given  in  Baker's  work  on  abelian  functions,  chapter 
IV,  concerning  the  expression  of  abelian  int^rals  in 
terms  of  a  fundamental  set  of  integral  functions. 

I^t/(x,  y )  =  0  be  an  irreducible  equation  of  degree  n  in  y  ; 
suppose  that  for  a  finite  value  x  =  a  there  are  m  branch 
places  (a,  6,),  (a,  6j),  •••,  (a,  b^)  of  orders  tVu  w^,  — ,  w^  re- 
spectively, where  (u\+  1)  4-  (^^,-f  1)  -f  ••  -f  (^^+  1)  =  w, 
and  put,  in  the  vicinity  of  (a,  b^)y  x  —  a  =  ^*''. 

(a)  If  then  g^,  g^,  •••,  </„_,  constitute  a  fundamental  set  of 
integral  functions  for/(x,  y)  =  0,  and  if  the  expansion  of 
y,  in  (a,  6»)  is 

the  determinant 


*  After  the  paper  was  finished,  I  fonnd  that  I  had  been  anticipated  in 
epsential  points,  by  Landsberj^,  Znr  Algebra  des  RieniaDD-Hooh'scben 
Satzes,  Math.  Annalen,  vol.  50,  p.  333.     O.  BoLZA. 
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i>=  <ciV-ci:-'>|,  (v  =  6,  ...,  u^,;  /;  =1,  2,  • -,  m), 

is  different  from  zero. 

(6)  Let  now  y^j  ^,,  •••,  7*^ _,  denote  the  complementary 
functions  associated  with  g^y  9v"y9n-\i  then  it  follows 
from  the  characteristic  property*  of  the  complementary 
functions,   that  in  the  vicinity  of  (a,  bj) 

where  ^*»  =  1  or  0  according  as  ^  =  ik  or  4-^*  for  ^  =  0,  1, 
•••,  io^;  i=  1.  2,  -,  n.  The  determinant  of  these  n  equa- 
tions with  Y^y  rv  •••>  Tn-i  as  unknown  quantities  is  an  ordi- 
nary power  serie-^  in  (x  —  a)  which  for  a;  =  a  reduces  to  the 
non-vanishing  determinant  Z>.     Thi'nce  follows 

1.  In  the  vicinity  of  (a,  bj) 

P  being  the  general  symbol  for  an  ordinary  power  series. 

2.  If  V  =  /o  +  q(^w^  4-1),  where  0  =  />  =  u;^,  and  if  we  de- 
fine 

,4=0  <  =0     '^ 
this  function  y^  has  in  the  vicinity  of  (a,  6^)  the  expansion 


(-^-d^a)'~ti;,'V'l"^^^^^^^^* 


(c)  If,  in  particular,  ^0=  I,  gv  •*»  S^»-i  form  a  nomiaZ  fun- 
damental set  (**  normal  basis'' )  of  dimensions  rfo=l| 
c^,,  -,  ci^-i  respectively,  the  expansions  of  the  functions  y^ 
and  r*r  at  infinity  can  be  obtained  by  combining  the  above 
results  with  Weber's  theorem  according  to  which  in  this  case 

constitute  a  normal  fundamental  set  for  the  algebraic  equa- 
tion 


'()■')-'■ 


*  Baker,  I.  0.,  p.  63. 
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The  result  in  that 

1.  The  integrals 

/■» 

Y^dx  (i  =  1,  2,  •••,  ?t  —  1) 


/'■- 


are  integrals  of  the  first  kind. 
2.  The  integral 


is  an  integral  of  the  second  kind  with  the  one  i>ole  (a,  6^) 
and  the  expansion 


^.+  m) 


in  its  vicinity. 
3.  The  integral 


H—   I 


is  an  elementary  integral  of  the  third  kind  with  the  loga- 
rithmic point«  (^,  7j)  and  (c',  jy'). 

Dr.  Field's  proof  of  the  Riemann-Roch  theorem  is  as  fol- 
lows: Let  F(z,  ti)  =  0  betheequation  to  an  irreducible  alge- 
braic curve  of  degree  n.  The  form  of  this  equation  is  sup- 
posed to  be  such  that  the  only  multiple  points  are  double 
points  which  are  not  at  the  same  time  branch  points.  Re- 
gard u  as  the  dependent  variable  and  further  assume  that 
no  line  parallel  to  the  axis  of  u  passes  tlirough  more  than 
one  double  point,  or  is  tangent  at  a  double  point,  or  is  an 
asymptote,  and  also  that  the  asymptotes  are  all  distinct  from 
one  another  and  no  two  parallel  to  each  other.  To  an  equa- 
tion of  the  character  in  question,  the  equation  of  any  irre- 
ducible algebraic  curve  can  be  reduced  by  a  birational 
transformation. 

^y  ("i»  ^i)j  •••>  (<*d»  ^d)  indicate  the  d  double  points,  and 
by  (Od+i,  ^d+i),  ••,  (ad+„  b^+,)  any  other  q  points  of  the 
curve,  and  consider  the  form  of  the  function 
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where  T(zj  u)  is  an  arbitrary  polynomial  in  (2,  u)  and  the 
quantities  yx.  are  arbitrary'  constants.  This  form  represents 
the  most  general  rational  function  of  (z.  n)  which,  f^)art 
from  infinities  at  00  ^  only  becmnes  infinite  for  points  among 
the  g  points 

and  for  these  to  the  fi r8t  order  only. 

By  a  purely  algebraic  process  seek  to  determine  the  limi- 
tations which  must  be  imposed  upon  the  form  (1)  in  order 
that  it  may  represent  a  function  which  is  finite  at  00.  We 
find  that  the  most  general  rational  function  whose  infinities 
are  all  included  under  the  q  infinities  here  in  question  is 
given  by  the  form 

where  c  is  an  arbitrary  constant  and  the  coefficients  rx  sat- 
isfy the  system  of  i  (w—  1 )  (n  —  2)  equations 

(3)  Z  n  ttA*  6a*  =  (K  (t  4-  ^  =  0,  1 ,  2,  .  .,  n  -  3). 

In  the  case  9  =  0  the  form  (1),  for  arbitrary  values  of 
the  coefficients  yx,  represents  the  most  general  rational 
function  of  (2,  u)  which  becomes  infinite  only  at  00,  and 
the  form  (2),  for  conditioned  values  of  the  coefficients  ^a  fur- 
nished by  the  equations  (3),  represents  the  most  general 
rational  function  which  is  nowhere  infinite. 

Now,  an  algebraic  function  which  is  nowhere  infinite  can 
only  be  a  constant,  and  in  the  case  in  question — namely 
q  =  0 — ^it  follows  that  the  coefficients /-a  in  (2)  must  all  have 
the  value  0.     The  system  of  equations 


(4)  V  /-AttA V,      (1  +  ^  =  0,  1,  2,    ••  ,  H  -  3) 


can  th**refore  only  be  satisfied  when  the  quantities  yx  all 
have  the  value  0. 

From  the  interpretation  of  the  equations  (4),  it  immedi- 
ately follows  that  the  d  conditions  for  adjointness  in  the 
case  of  a  curve  of  degree  n  —  3,  and  therefore  also  in  the  case 
of  a  curve  of  higher  degree,  are  independent  of  one  another. 
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In  the  general  case  9  -f-O,  an  examination  of  the  system 
of  equations  (3)  shows  that  the  number  of  arbitrary  quan- 
tities ya  involved  in  their  solutions  is  ^  —  «,  where  «  is  the 
^^  strength  "  of  the  system  of  q  points  (aj+i.  6^^..),  •  •,  (0^+,, 
6j^.,)  in  determining  an  adjoint  polynomial  of  degree  n  —  3. 
From  (2)  it  is  seen  that  ^  —  «  +  1  is  the  number  of  arbi- 
trary constants  involved  in  the  expression  of  the  most  gen- 
eral rational  function  of  (z,  u),  whose  infinities,  all  of  the 
first  order,  correspond  to  points  among  the  q  points  here  in 
question. 

Professor  Schmiedel  presented  the  results  of  an  investiga- 
tion into  the  general  formula  of  reduction  for  the  function 

CsTtfdxj      where     y=  2^^<^i 

and  deduced  two  formulas  by  which  the  reduction  of  the 
exponents  m  and  n  may  be  effected. 

The  forms  studied  by  Professor  Skinner  are  such  that 
they  are  invariant  with  respect  to  substitutions  of  the  form 
2;/  =  Oj2^  2/  s=  o,«^,  2/  =  a^^,  (i.j\  A;,  =1,  2,  3  in  some  order), 
where  o„  a„  a,  are  roots  of  unity  and  a,  a,  a,  =  it  1.  The 
groups  for  which  i,  j,  k  have  the  order  1,  2,  3  are  abelian 
and  all  such  ternary  monomial  groups  can  be  generated  by 
at  most  two  independent  generators.  If  7^,  2\  denote  the 
two  generators  of  the  group  and  r  a  multiplicaiive  substitu- 
tion of  order  2  with  determinant  —  I,  all  ternary  monomial 
groups  miy  be  fnund  by  combining  the  substitutions  7\.  T,, 
T  with  the  generators  of  the  symmetric  group  of  three  ele- 
ments. The  systems  of  invariant  forms  are  then  found 
by  setting  up  the  forms  wliich  are  invariant  with  respect  to 
the  generators  of  the  symmetric  group,  taken  singly  or  to- 
gether and  subjecting  these  forms  to  the  substitutions  7\, 
7',,  T.  The  conditions  for  invariance  appear  in  the  form  of 
certain  linear  homogeneous  congruences,  the  modulus  being 
either  the  order  of  T,,  or  of  T^.  The  computation  of  the 
reduced  systems  and  tlie  complete  systems  depends  largely 
upon  auxiliary  quantities  which  appear  in  the  solution  of 
the  congruences. 

Professor  Shaw  exhibited  a  method  for  the  development 
of  any  determinant  in  terms  of  partial  determinants  of  the 
general  form 
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.  The  central  theorem  of   Professor  Moore's  paper   (No. 

19)  on  double  limits,  which  will  appear  in  the  TransactwM, 

will  be  sufficiently  indicated  by  the  following  particular  case. 

On  the  supposition  that  a  function  /(a:,  y)  is  defined  for 

-l<u:<l,      -l<y<l,     a;  +  0,     y  +  0 

and  that  the  limits 

exist  and  are  respectively  denoted  by 

Ky)'y   9(^) 

for  respectively 

-l<y<l,     y  +  0;     -l<x<l,     a-+0, 
the  necessary  and  sufficient  condition  that  the  limits 
L  h(y),     L  g(x) 

exist  and  are  equal  is  that  f(x,  y)  approaches  its  limit  h(y) 
on  the  y-set  —  l<y<l,y4-0,  subuniformly  near  y  =  0, 
that  is,  that  for  every  positive  £  there  exists  a  positive  ^« 
(^c  =  l)  and  for  every  x,  (x^O,  \x\  <^,)  there  is  a  posi- 
tive V(  V  =  1)  such  that 

l/(^,y)-A(y)l<^ 

for  every  (ar,  y)  satisfying  the  conditions 

1^1  <^e,    \y\<^/y    ^+0,-  y+0. 

An  equivalent  condition  is  that  /  (rr,  y)  approaches  its  limit 
g(^x)  in  an  analogous  way. 
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The  defiDition  and  the  exposition  of  the  elements  of  the 
theory  of  improper  definite  integrals  a«  given  by  Harnack  in 
volumes  21  and  24  (1883,  1884)  of  the  Matliematische  Anna- 
len,  leave  much  to  be  desired.  In  recent  memoirs  in  the 
Wiener  Sitzutigsberichte  (1898,  1899),  and  in  the  appendix  to 
the  third  volume  of  his  treatise  on  the  calculus  (1899)  Stolz 
has  given  a  new  development  of  the  theory,  in  which  the  ab- 
solutely convergent  integrals  play  the  leading  role.  Professor 
Moore's  paper  (No.  20),  written  in  the  spirit  of  the  original 
Harnnck  memoirs,  contains  a  development  of  the  theory 
throwing  additional  light  on  the  varying  properties  of  the 
absolutely  and  the  conditionally  convergent  integrals.  This 
paper  will  be  published  in  the  Transactions. 

Professor  Dickson's  second  paper  ( No.  21)  is  also  intended 
for  publication  in  the  Transactions.  A  set  of  canonical  forms 
for  the  substitutions  of  a  given  group  should  possess  the 
property  that  two  of  its  substitutions  are  conjugate  within  the 
group,  if,  and  only  if,  they  are  reducible  to  the  same  canon- 
ical form  according  to  a  definite  scheme  of  reduction.  For 
linear  groups  in  a  Galois  field  of  order  p",  reduction  to  a 
canonical  form  belonging  to  a  field  of  order  p*"",  r>  1,  must 
be  possible  by  the  introduction  of  new  indices  conjugate 
with  respect  to  the  initial  GF[p'''].  The  memoir  gives  a 
set  of  canonical  forms  belonging  to  the  abelian  group  itself 
and  deduces  a  set  of  ultimate  canonical  forms,  the  former 
depending  upon  the  coefficients  of  the  characteristic  equa- 
tion, the  latter  upon  its  roots.  By  these  results  tables  are 
derived  which  give  a  classification  into  conjugate  sets  of  all 
quaternary  abelian  substitutions  and  also  of  the  operators 
of  a  single  quotient  group.  For|>"  =  3,  the  latter  is  the 
group  of  order  25920  occurring  in  the  problem  of  the  27 
lines  on  a  general  cubic  surface.  Its  operators  fall  into  20 
sets  of  conjugates :  the  identity,  one  set  of  period  5,  4  sets 
of  period  3,  2  sets  of  each  of  the  periods  2,  4,  9  and  12,  and 
6  sets  of  period  6. 

Miss  Schottenfels  presented  a  proof  of  the  existence  of  a 
substitution  group  of  degree  21  and  order  20160,  having 
cyclical  subgroups  identic  al  with  those  enumerated  by  Pro- 
fessor Dickson  in  the  American  Journal  of  Mathematics, 
vol.  22,  p.  252,  in  the  ternary  linear  fractional  group  of 
order  201(30  in  the  Galois  field  ^[2^. 

Thomas  F.  Holgate, 
Secretary  of  the  Section, 
EvANSTOK,  III 
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INDIRECT   CIRCULA.R  TRANSFORMATIONS 
AND   MIXED   GROUPS. 

BY   PHOFB8SOR  H.   B.    NEWSON. 

(Bead  before  the  AmerioaD  Matbematioal  Society,  February  23,  1901.) 

1.  In  a  paper*  entitled  **  Continuous  groups  of  circular 
transformations,  ^ '  the  writer  gave  a  list  of  the  continuous 
groups  of  circular  transformations  in  the  plane  and  their 
chief  properties.  That  paper  treated  only  of  direct  trans- 
formations. The  present  paper  is  supplementary  to  the 
former,  and  deals  with  indirect  circular  transformations  and 
the  mixed  groups  obtained  by  combining  these  with  the 
direct  transformations. 

I.  Properties  of  Indirect  Circular  Transformations. 

2.  Certain  fundamental  properties  of  indirect  circular 
transformations  were  developed  by  Fricke  and  published  f 
in  1890.  I  have  seen  no  paper  of  more  recent  date  dealing 
with  the  subject.  Let  T  be  the  symbol  of  a  direct,  and  T 
the  tsymbol  of  an  indirect,  circular  transformation.  Fricke's 
results,  which  form  the  starting  point  of  this  paper,  may 
be  stated  as  follows  : 

The  second  power  of  T  is  a  direct  circular  transforma- 
tion, which  is  either  hyperbolic,  parabolic  or  elliptic.  T 
leaves  invariant  two  real  points,  one  real  point,  or  no 
real  points,  according  as  its  second  power  is  hyperbolic, 
parabolic,  or  elliptic.  There  are  three  varieties  of  indirect 
transformations,  viz. ,  the  hyperbolic,  parabolic,  and  elliptic, 
designated  by  AT,  pT  and  eTj  respectively,  distinguished 
according  to  the  character  of  their  second  powers  and  hence 
also  according  to  the  number  of  their  invariant  points.  hT 
and  hT^  leave  invariant  the  same  pair  of  invariant  points 
A  and  A']  pT  and  pT^  have  the  same  invariant  point  A  ; 
et  has  no  invariant  point,  but  interchanges  the  pair  of 
points  which  eT^  leaves  invariant.  An  indirect  transfor- 
mation of  period  two  is  an  inversion  of  the  plane  with  re- 
spect to  a  real  or  pure  imaginary  circle.  Other  properties 
of  T  will  now  be  developed. 


*BULLBTIN  (2),  vol.  4,  pp.  107-131  (Dec,  1897). 
t  Klein- Fricke*8  ModalfanctioDen,  toI.  1,  pp.  196-207. 
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3.  Since  hT  transforms  circles  into  circles  and  leaves  in- 
variant a  pair  of  points  A,  A%  it  must  transform  into  itself 
the  hyperbolic  system  of  circles  through  A  and  A' ;  since 
hf^  leaves  invariant  every  circle  of  the  system  through  A 
and  A%  one  effect  of  AT  must  be  to  interchange  in  pairs  the 
circles  of  this  hyperbolic  system.  Such  an  interchange  can 
be  effected  only  by  an  inversion  of  the  plane  with  respect 
to  C,  one  of  the  circles  of  the  system.  From  these  condi- 
tions it  follows  that  an  indirect  transformation  hT  must  be 
the  resultant  of  a  direct  transformation  hT  and  an  inversion 
/  on  one  of  the  path  curves  of  hT, 

The  inversion  /  leaves  invariant  every  point  on  C  and 
every  circle  orthogonal  to  C;  it  also  produces  an  involutoric 
transformation,  A;  =  —  1,  in  every  circle  orthogonal  to  C 
The  hyperbolic  system  of  circles  through^  and  A'  contains 
one  and  only  one  circle  C  orthogonal  to  C  Since  C  and  C 
remain  invariant  under  both  /tT  and  i,  they  must  also  be  in- 
variant under  their  resultant  AT.  Hence,  an  indirect  hyper- 
bolic transformation  hT  haves  invariant  a  pair  of  points  {AA') 
ayid  a  pair  of  orthogonal  circles  intersecting  in  A  and  A\ 

If  k  be  the  cross  ratio  of  the  direct  transformation  hT,  then 
hT  produces  along  the  circles  C  and  C  one  dimensional 
hyperbolic  transformations  characterized  by  h  and  — -  k  re- 
spectively. Two  circles  through  A  and  A'  making  equal 
angles  with  G  are  interchanged  by  ATI  Thus  the  second 
power  of  hf  leaves  invariant  all  circles  through  A  and  A' 
and  is  therefore  a  direct  transformation  of  the  hyperbolic 
kind. 

There  are  evidently  oo*  indirect  transformations  AT,  one 
for  each  real  value  of  k^  each  of  which  has  the  same  funda- 
mental invariant  figure.  When  A;  =  1,  AT  reduces  to  the  in- 
version with  respect  to  C ;  when  A;  =  —  1 ,  it  becomes  the 
inversion  with  respect  to  C. 

4.  By  a  course  of  reasoning  similar  to  the  above  we  infer 
the  following  properties  of  an  indirect  parabolic  transforma- 
tion :  The  effect  of  an  indirect  parabolic  transformation  pt 
on  the  points  of  the  plane  is  equivalent  to  a  direct  parabolic 
transformation  with  constant  «,  whereby  all  points  in  the 
plane  are  moved  along  their  path  curves,  followed  by  an  in- 
version with  respect  to  C,  one  of  these  path  curves.  Hence 
pT  leaves  invariant  a  single  point  A  and  one  circle  C 
through  A,     Along  C  it  produces  a  one  dimensional  para- 
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bolic  transformation  whose  constant  is  a.  Two  circles 
toaching  C  at  A  and  making  equal  angles  with  C  are  inter- 
changed. There  is  evidently  a  different  transformation  on 
the  same  invariant  figure  for  each  real  value  of  a.  The 
transformation  of  this  system  for  which  a  =  0  is  the  inver- 
sion of  the  plane  with  respect  to  C  Thus,  an  indirect  par- 
abolic  transformation  p  T  leaves  invariant  a  single  point  A  and  a 
circle  through  A  and  produces  along  the  circle  a  one  dimensional 
parabolic  transformation. 

5.  Similarly  we  see  that  an  indirect  elliptic  transforma- 
tion eT  is  the  resultant  of  a  direct  elliptic  transformation  eT 
and  an  inversion  on  one  of  its  path  curves.  eT  leaves  in- 
variant two  points  A  and  A'  and  moves  all  points  in  the 
plane  along  circular  path  curves  around  A  and  A',  Such 
a  transformation  followed  by  an  inversion  on  C,  one  of  these 
path  curves,  results  in  eT.  A  and  A'  being  inverse  points 
with  respect  to  every  path  curve  of  the  system  are  inter- 
changed by  eT;  so  that  C  isthe  only  invariant  figure  of  eT. 
The  path  curves  within  C  are  interchanged  with  those 
without  C  in  pairs.  eT  produces  along  C  an  elliptic  trans- 
formation with  cross  ratio  e**^  There  are  oo*  indirect  ellip- 
tic transformations  leaving  C  invariant  and  interchanging 
A  and  A%  one  for  each  value  of  0.  The  ti*ansformation  cor- 
responding to  ^  =  0  is  the  inversion  on  C. 

The  circle  C  is  a  path  curve  of  eT  and  hence  may  be  either 
real  or  a  pure  imaginary  circle,  i-  e. ,  without  real  points.  A 
real  inversion  may  take  place  about  an  imaginary  circle  as 
well  as  about  a  real  circle.  In  the  hyperbolic  and  parabolic 
cases  inversion  about  an  imaginary  path  curve  does  not 
occur  for  the  reason  that  every  path  curve  has  on  it  at  least 
one  real  |K)int.  Thus  we  see  that  an  indirect  elliptic  transfor- 
mation  eT  leaves  invariant  a  single  circle  and  produces  along  that 
circle  a  one  dhnensional  elliptic  transformation. 

Our  diFcussion  may  be  summed  up  in  the  following 
theorem  : 

Theorem  1.  Every  indirect  circular  transformation  of  the  plane 
is  the  resultant  of  a  direct  non-loxodromic  transformation  and  an 
inversion  on  one  of  its  path  curves. 

II.     Mixed  Groups  of  Circular  Transformations. 

6.  The  Mixed  Group  mG^.  The  indirect  circular  trans- 
formations whose  properties  have  just  been  developed  do 
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not  form  continuous  groups,  but  taken  with  direct  transfor- 
mation form  mixed  groups.  There  are  oo*  direct  and  oo*  in- 
direct circular  transformations  of  the  plane  and  the  aggre- 
gate of  all  these  forms  the  mixed  group  m(?«.  This  general 
group  contains  many  subgroups  which  are  also  mixed  groups; 
these  we  now  proceed  to  examine. 

7.  The  Mixed  Group  mG^^AA'),  We  seek  the  aggregate 
of  all  transformations  both  direct  and  indirect  which  leave 
two  points  A  and  A*  separately  invariant,  and  also  those 
which  interchange  them.  Two  points  A  and  A*  remain  in- 
variant under  oo*  direct  transformations  which  form  the  con- 
tinuous group  0^{AA').  Let  F  and  Q  be  two  point<< 
harmonic  to  A  and  A^  (whence  PQAA'  are  four  points  on 
a  circle).  The  involutoric  transformation  in  the  group 
(r,(  FQ)  interchanges  A  and  A\  Since  oo '  pairs  of  points  may 
be  chosen  harmonic  to  A  and  A\  we  see  that  there  are*  oo* 
direct  involutoric  transformations  interchanging  A  and  A' , 

The  indirect  transformations  which  leave  A  and  A'  sep- 
arately invariant  are  all  of  the  hyperbolic  variety.  There 
are  oo*  circles  through  A  and  A']  each  of  these  with  the  in- 
variant points  A  and  A^  is  the  invariant  figure  of  oo'  indi- 
rect hyperbolic  transformations.  Thus  we  see  that  there 
are  oo'  indirect  hyperbolic  transformations  leaving  A  and 
A'  separately  invariant. 

The  indirect  transformations  which  interchange  ^  and 
A'  are  all  of  the  elliptic  variety.  There  are  oo*  circles  in 
the  elliptic  system  of  which  A  and  A'  are  the  vanishing 
points.  Each  of  these  circles  is  invariant  under  oo  *  indirect 
elliptic  transformations  which  interchange  A  and  A\  Thus 
we  see  there  are  oo*  indirect  elliptic  transformations  inter- 
changing A  and  A\ 

The  aggi*egate  of  all  direct  and  indirect  transformations 
which  leave  a  point  pair  invariant  forms  a  mixed  group 
mO^{AA').  From  the  above  discussion  we  see  that  it  con- 
tains two  kinds  of  direct  and  two  kinds  of  indirect  transfor- 
mations. The  decomposition  of  mG^{AA')  into  subgroups 
will  be  discussed  in  articles  10  and  11. 

Theorem  2.  The  mixed  group  mG^{AA')  contains  oo*  di- 
rect transformations  {which  form  the  continuous  gi^oup  Gt(AA')), 
00*  direct  involutoric  transformations,  oo"  indirect  hyperbolic, 
and  00*  indirect  elliptic  transformations, 

8.  The  Mixed  Group  wp  03(^4).  We  seek  next  the  aggre- 
gate of  all  parabolic  transformations  both  direct  and  indi- 
rect which  leave  a  single  point  A  invariant.  We  know 
that  A  remains  invariant  under  00*  direct  parabolic  trans- 
formations which  form  the  continuous  group  G^(A),     The 
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indirect  ti*an8formations  which  leave  a  single  point  A  in- 
variant are  all  of  the  parabolic  type.  There  are  oo*  circles 
through  A  ;  each  of  these  circles  vrith  the  invariant  point  A 
is  the  invariant  figure  of  oo*  indirect  parabolic  transforma- 
tions. Hence  there  are  oo  ■  indirect  parabolic  transformations 
leaving  the  point  A  invariant.  The  aggr^ate  of  all  para- 
bolic transformations  both  direct  and  indirect  which  leave 
A  invariant  forms  a  mixed  group,  mpO^(A),  Its  subgroups 
will  be  investigated  in  article  12. 

Theorem  3.  The  mixed  group  mpO^(A)  containa  oo*  indi- 
rect and  only  oo'  direct  parabolic  transformatione. 

9.  The  Mixed  Group  m(j^(^).  AVe  know  that  there  are  oo* 
direct  transformations  leaving  a  single  point  invariant  and 
these  form  a  continuous  group  0^(A).  There  are  also  oo* 
indirect  hyperbolic  transformations  having  one  invariant 
pojnt  at  A  ;  the  second  invariant  point  A^  is  in  turn  every 
point  in  the  plane.  There  are  alsooo*  indirect  parabolic  trans- 
formations leaving  A  invariant.  The  aggregate  of  all  these 
transformations  both  direct  and  indirect  forms  a  mixed 
group  mG^(A).  This  mixed  group  contains  no  indirect 
elliptic  transformations. 

Theorem  4.  The  mixed  group  mG^(A)  contains  oo*  direct, 
CD*  indirect  hyperbolic,  and  oo*  indirect  parabolic  transformations. 

10.  The  Mixed  Group  mhOi(AA'C).  The  continuous 
group  0^(^AA')  contains  one  continuous  subgroup  of  hy- 
perbolic transformations  hO^^AA'),  whose  invariant  path 
curves  are  the  circles  of  the  hyperbolic  system  determined 
by  A  and  A'.  Each  of  these  circles  passing  through  A  and 
A'  is  invariant  under  oo*  indirect  hyperbolic  transforma- 
tions. Let  C  be  one  of  these  circles ;  then  C  is  invariant 
under  oo*  direct  and  also  oo*  indirect  hyperbolic  trans- 
formations^ These  two  systems  form  the  mixed  group 
mhO^CAA'C). 

Within  the  mixed  group  mG^(AA')  there  are  oo*  such 
subgroups,  one  for  each  circle  of  the  hyperbolic  system  de- 
termined by  A  and  A\  All  of  these  mixed  groups  contain 
the  same  continuous  group  of  direct  hyperbolic  transfor- 
mations hGi(AA'). 

Theorem  5.  The  mixed  group  mG^{AA')  contains  oo*  mixed 
subgroups  mhGi^AA'C),  aU  of  which  contain  the  same  continuous 
group  hG^(AA'), 

11.  The  Mixed  Group  meG^^AA'C).  The  continuous 
group  0^(AA')  contains  one  continuous  subgroup  of  elliptic 
transformations  eG^{AA')  whose  invariant  path  curves  are 
the  00*  circles  having  A  and  A'  for  a  pair  of  inverse  points. 
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Each  circle  of  this  elliptic  system  is  invariant  under  oo*  in- 
direct elliptic  transformations.  Let  C  be  one  of  these 
circles,  then  C  is  invariant  under  oo*  direct  and  also  oo*  in- 
direct elliptic  transformations.  These  two  systems  form 
the  mixed  group  me  d (-4^' C). 

Within  the  mixed  group  mO^{AA')  there  areoo*  such  sub- 
groups, one  for  each  circle  of  the  elliptic  system  determined 
by  A  and  A'.  Each  of  these  mixed  groups  contains  the 
samecontinuous  group  of  elliptic  transformations,  eG^{AA*). 

Theorem  6.  The  mixed  group  mQ^{AA')  conttdna  commixed 
mibgrovps  meO^^AA'V),  all  of  which  eotUain  the  same  contimunu 
group  eO^(AA'). 

12.  The  Mixed  Groups  mpO^(A)  and  mpO^{A(J).  The 
continuous  group  pO^(A)  contains  oo^  continuous  groups 
pO^(A).  The  path  curves  of  one  of  these  subgroups  form 
a  parabolic  system  of  circles  through  A.  Each  circle  C  of 
this  parabolic  system  is  invariant  under  co^  indirect  para- 
bolic transformations ;  consequently  the  circle  C  and  the 
point  A  on  it  are  invariant  under  oo*  direct  and  also  oo*  in- 
direct parabolic  transformations,  which  therefore  form  a 
mixed  group  mpO^{AG).  The  group  mpO^{A)  contains 
00*  such  groups  mpO^(AC),  one  for  each  circle  through  A. 

The  aggregate  of  all  the  groups  mpO^(AC)  whose  inva- 
riant circles  form  a  parabolic  system  of  circles  through  A 
constitute  a  group  mpO^(A).  For  this  parabolic  system  of 
circles  remains  invariant  under  all  of  these  go*  transforma- 
tions ;  the  system  as  a  whole  remains  invariant  though  the 
individual  circles  of  the  system  are  not  necessarily  invar- 
iant under  all  the  transformations  of  the  group.  The  go* 
subgroups  mpO^{AC)  of  mpO^(A)  all  contain  the  same 
continuous  subgroups  |>(?i( -4). 

Theorem  7.  The  mixed  group  mpG^(A)  contains  oo*  mixed 
subgroups  mpO^(A)  and  each  of  these  contains]  oo*  mixed  sub- 
groups mpG^(AC).  All  subgroups  mpO^{AC)  of  mpO^{A) 
contain  the  same  continuous  subgroup  pG^{A), 

13.  The  Mixed  Group  mGj(  0).  Let  C  be  any  real  circle 
in  the  plane  ;  we  know  that  C  is  invariant  under  go*  direct 
transformations  which  form  a  continuous  group  G,(C). 
Every  direct  transformation  T  in  this  continuous  group  fol- 
lowed by  an  inversion  on  the  circle  C  results  in  an  indirect 
transformation  T,  and  the  aggregate  of  all  these  transfor- 
mations both  direct  and  indirect  forms  a  mixed  group 
mG,{C), 
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Every'pair  of  points  on  C  are  the  invariant  points  of  a 
mixed  group  of  hyperbolic  transformations  mhO^{AA'C)j 
leaving  C  invariant ;  hence  mG^(C)  contains  oo'  such 
mixed  groups  of  hyperbolic  transformations.  Every  point 
on  C  is  the  invariant  point  of  a  mixed  group  of  parabolic 
transformations  mp 0,(^0),  leaving  C  invariant;  hence 
mO^(C)  contains  oo*  such  mixed  subgroups  of  parabolic 
transformations.  Every  pair  of  points  inverse  with  respect 
to  C^are  interchanged  or  remain  invariant  under  the  trans- 
formations of  a  mixed  elliptic  group  meG^(AA'C)  ;  hence 
mO^(C)  contains  oo'  such  mixed  subgroups  of  elliptic  trans- 
formations. _^ 

Theorem  8.  Thejmixed  group  mO^{  C)  containa  oo*  mixed  sub- 
groups mhO^(AA'C)j  00*  mixed  subgroups  meG^{AA'C),  and 
00*  mixed  subgroups  mpO^(AC)  . 

14.  The  Mixed  Group  mhG^(AC).  The  mixed  group 
mG^iC)  contains  oo'  hyperbolic  subgroups  rnhG^AA'C). 
Let  the  point  A  remain  fixed  and  let  the  point  A^  be  in  turn 
every  point^  on  C.  The  aggregate  of  all  the  subgroups 
mhG^^AA'  C)  whose  invariant  points  satisfy  this  condition 
forms  a  mixed  group  mhG^(AC).  This  group  contains  one 
parabolic  subgroup  mpO^(AC),  but  no  elliptic  subgroups. 
The  group  mG^(C)  contains  oo*  such  subgroups  mpG^^AC), 
one  for  each  point  on  the  circle  C. 

Theorem  9.  The  group  mG^{C)  containing  oo*  subgroups 
mhG^(AC),  each  of  which  contains  hyperbolic  and  parabolic 
transformations  but  no  elliptic  transformations, 

15.  The  Mixed  Group  m(?,(iC).  Lett'Cbe  any  imaginary 
circle  in  the  plane.  We  know  that  tC  is  invariant  under 
00*  direct  elliptic  transformations  which  form  the  contin- 
uous group  G^(iC).  Every  transformation  in  this  group 
followed  by  an  inversion  on  the  circle  iC  results  in  an  indi- 
rect elliptic  transformation  eT and  the  aggregate  of  all  these 
transformations  both  direct  and  indirect  forms  the  mixed 
group  mG^{iC).  This  group  evidently  contains  oo'  mixed 
subgroups  meG^(^AA'C),  one  for  each  pair  of  points  in  the 
plane  inverse  with  respect  to  the  circle  iC. 

Theorem  10.      The  group  mG^(iC)  contains  only  elliptic  trans- 
formations; these  fall  into  oo'  subgroups  meGi(AA^C). 
Resume, — We  have  thus  found  a  list  of  eleven  mixed  g  roups 
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of  circular  transformations  of  the  plane.     These  with  their 
appropriate  symbols  and  invariant  figures  are  as  follows  : 

1.  mG^.     No  invariant  figure. 

2.  mG^{A),     A  single  invanant  point. 

3.  wip6r,(i4).     A  single  invariant  point. 

4.  mG,(0).     A  real  invariant  circle. 

5.  mO^(iC).     An  imaginary  invariant  circle. 

6.  mpG^{A).     A  single  invariant  point. 

7.  mG^{AA^).     An  invariant  point  pair. 

8.  mh  G^(A  C) .    An  invariant  point  and  a  circle  through  it. 

9.  mhG^{AA^C),     A  pair  of  invariant  points  and  a  pair 
of  orthogonal  circles. 

10.  mpG^(AC).     An  invariant  point  and  an   invariant 
circle. 

11.  meG^(AA'C).     An  invariant  point  pair  and  an  in- 
variant circle. 

Lawbence  Kansas, 
January  18,  1901 . 


PURE   MATHEMATICS   FOR   ENGINEERING 
STUDENTS. 

BY   PROFESSOR  A.    S.    HATHAWAY. 

(Read  liefore  the  Chicago  Section  of  the  AmerioaD  Mathematical  Society, 
December  28,  1900. ) 

I.  Its  Utility. 

I  HAVE  had  opportunity  to  become  acquainted  with  the 
written  opinions  of  graduates  of  from  one  to  many  years' 
standing,  with  regard  to  the  benefit  and  utility  of  their  in- 
struction in  all  departments  of  technical  work,  and  have 
also  taken  the  opportunity  of  conferring  personally  with 
graduates  in  respect  to  my  own  department.  In  discussing 
this  subject,  I  shall  therefore  appear,  not  as  a  special 
pleader  for  pure  mathematics,  but  as  one  who  proposes  to 
present  its  claims  in  their  true  proportions  to  the  other  nec- 
essary work  of  the  student. 

In  the  first  place,  mathematical  analysis  is  not  so  directly 
useful  to  the  average  engineer  as  the  mathematici^^n  might 
expect.  The  mathematics  that  an  engineer  is  obliged  to  use 
regularly  is  of  that  cut  and  dried  form  which  is  found  tab- 
ulated in  engineering  handbooks  of  easy  access,  so  that 
only  a  little  arithmetic  or  algebra,  and  occasionally  some 
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trigonometry,  answer  all  practical  purposes.  Seventy -five 
per  cent,  of  graduates  of  technical  institutes,  now  in  actual 
practice,  have  probably  forgotten  how  to  differentiate  and 
integrate,  although  most  of  them  could  easily  refresh  their 
memory  in  this  respect  if  it  were  necessary.  We  can  say, 
in  favor  of  the  calculus,  that  the  remaining  twenty-five  per 
cent,  include  those  who  are  leaders  in  their  profession,  and 
those  who  occupy  positions  under  which  new  conditions  are 
constantly  arising  and  in  which  originality  of  thought  is 
required  ;  and  among  these  are  many  who  have  found  use 
for  all  the  mathematics  that  they  could  acquire. 

The  question  arises,  when  so  few  engineering  students 
afterwards  make  practical  use  of  the  higher  mathematics. 
Is  it  advisable  to  teach  it  thoroughly'  to  all  students?  The 
answer  that  I  find  to  this  question  is,  yes.  Almost  every 
practical  engineer  who  has  been  properly  taught,  sees  ;bhe 
benefit  of  such  studies.  Such  engineers  will  generally  grant 
of  their  own  accord  the  practical  benefits  of  their  mathe- 
matical training,  even  though  they  have  had  no  occasion  to 
use  the  analysis  as  an  instrument  of  investigation.  Many 
wish  that  they  could  use  it  better,  as  they  see  opportunities 
where  it  might  be  of  advantage,  if  it  were  at  their  fingers' 
ends  ;  and  all  agree  that,  aside  from  its  practical  use,  there 
is  a  training  in  habits  of  thought,  points  of  view,  and  intel- 
lectual comprehension  of  ordinary  engineering  problems, 
which  only  the  study  of  the  higher  mathematics  can  give. 
The  fact  is  that  the  fundamental  ideas  of  natural  phenomena 
that  appear  in  all  technical  work  are  found  in  their  most 
logical  and  clearest  form  in  the  higher  mathematical  analy- 
sis. The  development  of  the  mind  in  logical  relations 
whose  analogues  exist  in  some  form  or  other  in  nature, 
creates  that  mental  insight  which  perceives  the  dominant 
ideas  and  develops  the  most  practical  methods  of  treatment 
of  the  problems  of  each  day. 

The  technical  training  that  is  involved  in  the  study  of  the 
higher  mathematics,  particularly  the  calculus,  therefore 
answers  the  question  as  to  its  value  and  utility  for  all  engi- 
neering students,  irrespective  of  any  direct  value  of  the 
analysis  as  an  instrument  of  investigation. 

II.  Methods  of  Instruction. 

Some  practical  men  who  look  upon  mathematical  analysis 
only  as  an  instrument  of  the  engineer,  would  have  it  taught 
solely  for  the  purpose  of  obtaining  the  requisite  mechanical 
skill  in  its  use.     It  is  to  be  made  a  matter  of  memorizing 
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formulas  and  methods,  while  any  explanation  is  recom- 
mended that  placates  the  mental  comprehension  of  the  stu- 
dent, whether  it  is  logical  and  common  sense  or  not,  so  long 
as  it  is  brief.  This  is  not  only  depriving  the  majority  of 
students  of  the  real  benefits  that  accrue  to  them  from  the 
study  of  mathematics,  such  as  in  the  acquirement  of  funda- 
mental ideas  of  technical  value,  but  it  is  also  a  dangerous 
method  of  instruction.  When  a  young  engineer  can  do 
something  supposed  to  be  of  value  in  his  profession,  but 
about  which  he  has  only  certain  vague  conceptions  and  no 
perfect  understanding  from  a  common  sense  point  of  view, 
it  is  quite  natural  that  he  should  give  it  an  exaggerated  im- 
portance ;  and  by  an  equally  obscure  mental  process,  he  ob- 
tains an  exalted  opinion  of  his  own  capabilities.  The  result 
is  frequently  disastrous  to  himself  in  some  important  work 
that  he  may  have  been  led  to  undertake  in  the  fancy  that 
he  wa^s  equal  to  it.  The  frequency  of  such  cases,  as  coming 
from  the  graduates  of  a  certain  school,  is  certain  evidence  of 
faulty  methods  of  instruction,  particularly  in  mathematics. 
One  difference  between  rigorous  and  logical  methods  of  in- 
struction, and  memory  training,  is  in  their  effect  on  what  is 
called  the  personal  equation  of  the  student,  i.  e.,  his  liability 
to  make  mistakes.  The  first  methods  bring  such  equation 
before  the  student,  show  that  he  is  in  the  habit  of  super- 
ficial thinking  and  of  readily  accepting  plausible  conclu- 
sions that  are  more  often  wrong  than  right.  He  is  forced 
to  develop  a  system  of  checks  upon  his  ideas  and  conclu- 
sions, and  to  exercise  a  continual  care  in  discovering  and 
eradicating  the  effects  of  those  lapses  of  mental  acumen  to 
which  all  a  re  more  or  less  liable  according  to  the  training  of 
the  individual  and  the  temporary  condition  of  the  mind. 
'On  the  other  hand,  training  by  memory  alone  leaves  the 
individual  in  ignorance  of  his  unconscious  errors  of  thought, 
and  while  he  may  be  very  expert  in  his  lessons,  yet  in  the 
elements  of  detailed  and  accurate  work,  he  may  prove  noth- 
ing but  a  blunderer,  with  all  actual  mental  training  to  begin 
over  again  in  practical  life  if  he  is  to  succeed. 

Mathematical  analysis  should  therefore  be  taught  ac- 
cording to  the  precepts  of  good  logic  and  common  sense. 
It  is  not  necessary  to  consider  all  the  detailed  refinement  of 
the  pure  mathematician,  but  some  of  the  consequences  of 
that  refinement  should  not  be  neglected,  and  above  all  the 
student  should  learn  that  some  very  good  methods  of  dem- 
onstration for  ordinary  cases  do  have  their  exceptions.  A 
combination  of  the  recitation  system,  based  upon  a  good 
text  book,  with  the  lecture  system  seems  best,  both  because 
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it  secures  that  flexibility  of  course  hereafter  considered, 
and  because  a  proper  amount  of  lecture  work  is  in  itself  a 
training  in  quickness  of  apprehension  on  the  part  of  the 
student,  and  creates  the  ability  to  seize  upon  the  important 
parts  of  a  subject.  In  fact,  extensive  note-taking  of  lectures 
on  the  part  of  the  student  should  not  be  encouraged,  the 
idea  being  to  work  up  the  subject  afterwards  from  as  few 
notes  as  possible. 

The  working  of  examples,  especially  numerical  ones,  can- 
not be  too  excessive,  if  within  the  time  of  the  student.  In 
this  connection,  most  students  can,  by  proper  thought  given 
to  methods  of  study  and  work,  reduce  the  time  necessary 
to  be  spent  on  that  subject  by  fully  one-half  the  usual 
amount  spent  unmethodically.  This  means,  perhaps  more 
time  spent  when  beginning  a  subject,  in  learning  thor- 
oughly its  fundamental  principles  and  methods,  and  less 
time  later  on — ^just  the  reverse,  it  will  be  seen,  of  the  usual 
procedure  of  the  average  student. 

III.    The  Course. 

With  reference  to  the  framework  of  a  technical  mathe- 
matical course,  I  should  leave  it  as  it  is  in  most  institutes 
— algebra,  geometry,  trigonometry,  analytical^  geom- 
etry, the  calculus,  and  the  elements  of  differential  equa- 
tions with  particular  reference  to  those  equations  occur- 
ring in  engineering  subjects.  Under  geometry  should  be 
included  the  elements  of  projective  geometry,  especially  of 
parallel  projection,  with  applications  to  the  conic  sections. 
The  calculus  cannot  be  begun  too  e^rly,  before  analytic 
geometry  even.  The  calculus  is  the' fundamental  topic  ;  its 
ideas  are  so  useful  in  mental  development  that  when  they 
are  thoroughly  mastered,  other  subjects  are  more  easily  ac- 
quired, so  that  it  is  in  reality  a  time-saver.  With  us  also, 
the  last  term  of  mathematical  instruction  is  given  up  to  the 
student's  own  devising  in  the  way  of  subjects  ^nd  develop- 
ment. Each  student  is  expected  to  prepare  what  is  essen- 
tially a  couiTse  of  lectures  on  chosen  topics  before  the  class. 
His  aids  in  this  work  are  whatever  suggestions  and  infor- 
mation he  can  acquire  from  sources  within  his  reach — ^the 
library,  text  books,  his  teachers.  The  result  has  been  an 
improvement  on  knowledge  already  gained,  and  a  develop- 
ment of  pure  and  applied  mathematics  on  the  part  of  the 
student  far  beyond  the  usual  course.  Remembering  that 
each  student  selects  his  own  line  of  work,  and  hears,  and  is 
naturally  interested  in,  whatever  his  classmates  present,  I 
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have  come  to  consider  this  term's  work  as  the  most  valu- 
able of  all. 

A  course  should  be  made  flexible,  by  introducing  at  suit- 
able times  and  places  subjects  that  are  interesting  and  likely 
to  prove  valuable  in  practical  work.  All  pure  mathematics 
is  valuable  as  mental  discipline ;  but  the  adaptability  of 
different  kinds  will  change  with  the  years,  the  class,  the 
character  of  the  students,  and  the  particular  interests 
that  they  may  be  led  by  circumstances  to  manifest.  For 
instance,  I  had,  from  a  recent  junior  class,  a  request  for  a 
course  in  determinants,  which  is  only  briefly  considered 
under  algebra.  The  reason  for  this  request  was  that  the 
professor  in  dynamical  engineering  was  at  the  time  consid- 
ering the  subject  of  transformer  problems,  such  as  the  prob- 
lem of  distribution  of  alternating  current  over  a  long  line 
having  capacity  with  up  and  down  transformers  at  either 
end,  and  had  found  the  determinant  notation  extremely 
useful  in  this  work. 

As  another  illusti*ation  of  the  changes  which  time  brings, 
take  the  case  of  the  applications  of  the  imaginary  analysis. 
The  continuous  current  has  had  its  day,  although  the  prac- 
tical applications  of  Faraday's  discovery  in  1832  was  de- 
layed nearly  half  a  century  by  the  want  of  a  practical 
method  of  converting  the  alternating  current  into  a  con- 
tinuous one.  Recent,  discoveries  have  made  the  alternating 
current  the  more  valuable  in  practical  applications  ;  and  in 
this  current  we  find  a  beautiful  analogue  of  the  imaginary 
analysis— so  much  so  that  technical  writers  are  using  that 
analysis  in  their  publications  on  alternating  currents  for 
practical  engineers.  The  imaginary  analysis  should  there- 
fore be  taught  to-day  in  live  technical  schools,  with  special 
reference  to  its  geometrical  and  physical  interpretations. 

Instances  might  be  multiplied  showing  that  new  circum- 
stances will  continually  arise  that  necessitate  deviations 
from  old  and  established  lines  of  instruction.  Such  flexi- 
bility in  the  course  can  onlj^  be  secured,  without  continual 
change  in  its  framework,  through  the  lecture  system  in  con- 
nection with  text  book  instruction. 

IV.  The  Instructor. 

The  success  of  a  course,  in  mental  training,  and  in  meet- 
ing the  practical  needs  of  the  engineer,  depends  very  largely 
upon  the  instructor.  He  must  be  one  who  keeps  up  an  in- 
terest in  pure  mathematics  and  their  practical  applications, 
and  who  is  also  clear  in  his  own  ideas,  so  that  he  may  know 
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what  is  interesting  and  useful,  and  be  able  to  introduce  it 
with  clearness  and  brevity  when  occasion  offers.  He  should, 
in  other  words,  be  a  high  grade  man — not  the  highest,  for 
that  is  impossible  for  all  schools  to  secure,  but  certainly  of 
such  reputation  among  pure  as  well  as  applied  mathema- 
ticians as  causes  him  to  be  regarded  with  respect  by  the 
leaders  in  those  subjects. 

There  is  an  objection  in  certain  technical  schools  to  a 
mathematical  teacher  who  has  too  much  fondness  for  pure 
mathematics.  I  once  heard  the  president  of  such  a  school 
not  only  express  this  objection,  but  go  further,  by  saying 
that  he  did  not  want  a  man  in  his  faculty  who  knew  more 
than  himself  on  any  subject. 

The  principal  cause  of  the  above  objection  to  higher 
mathematical  knowledge  seems  to  be  a  fear  that  it  leads  to 
talking  over  the  heads  of  the  students.  I  will  contend  that 
it  is  an  advantage  to  a  school  to  have  instructors  who  are 
able  to  talk  over  the  heads  of  their  students,  and  who  do  it 
occasionally.  When  an  instructor  talks  over  his  head,  the 
student  may  have  some  very  strong  feelings  as  to  the  futil- 
ity of  the  exhibition,  but  he  will  find  that  the  ideas  do  not 
always  fly  over.  Like  seeds  planted  in  soil  they  await  the 
germinating  time.  There  is  an  unconscious  impression 
made  upon  the  mind  by  listening  to  ideas  that  are  from  a 
higher  point  of  view  than  our  own,  and  such  impressions 
are  often  more  durable  than  those  left  by  apprehended  im- 
pressions, and  finally,  as  the  result  of  gradual  ascent  to  the 
higher  point  of  view,  they  become  fully  understood  and  ap- 
preciated. 

It  is  of  course  not  possible  to  rely  upon  the  results  of 
such  influences  for  the  instruction  of  a  technical  student, 
and  some  ability  to  make  himself  understood  and  bring  his 
mind  within  the  confined  horizon  of  the  student,  is  neces- 
sary in  the  occupant  of  the  instructor's  chair.  Such  an  in- 
structor who  also  attempts  to  lift  the  students  above  their 
too  small  horizon  at  the  certain  risk  of  talking  sometimes 
over  their  heads,  produces,  for  some  reason,  students  of 
higher  acquisition,  and  of  greater  enthusiasm  and  practical 
ability,  than  is  possible  for  the  drill  master  to  accomplish 
with  his  rule  of  thumb.  It  takes  time  to  determine  the  in- 
fluence of  a  teacher,  and  in  the  end  the  conscientious  stu- 
dent is  bound  to  recognize  the  superior  influence  upon  hie 
mental  development  of  the  instructor  of  superior  attain- 
ment®. 

Rose  Polytechnic  Institute. 
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ADAMS'S  UNPUBLISHED   PAPERS. 

The  Scientific  Papers  of  John  Couch  AdamSj  Vol.  II.  Part  I., 
Extracts  from  Unpublished  Manuscripts^  edited  by  R.  A. 
Sampson.  Part  II. ,  Terrestrial  Magnetism^  edited  by  W.  G. 
Adams.  Cambridge,  Pitt  Press,  1900.  4to.  xxxii  +  646 
pp. ,  with  6  magnetic  charts. 

Ijcdures  on  the  Lunar  Theory,  By  John  Couch  Adams,  edited 
by  R.  A.  Sampson.  Cambridge,  Pitt  Press,  1900.  8vo. 
88  pp. 

By  those  who  knew  John  Couch  Adams  best  the  exami- 
nation of  the  manuscripts  which  he  left  and  the  publication 
of  a  selection  from  them  has  been  looked  forward  to  with 
much  interest.  His  well  known  reluctance  to  publish  any- 
thing not  in  a  complete  form — *^I  have  some  finishing 
touches  to  put  to  if — raised  hopes  that  valuable  results 
might  be  contained  in  the  packets  of  neatly-written  and 
dated  papers  which  were  turned  over  after  his  death  for 
examinataon.  It  was  known  that  he  had  been  at  work  on 
various  problems,  in  particular  on  that  most  difficult  one — 
the  theory  of  Jupiter's  satellites,  and  on  the  theory  of  ter- 
restrial magnetism.  It  was  known,  too,  that  Adams  rarely 
attacked  a  problem  without  throwing  a  new  light  upon  it  or 
evolving  some  unexpected  result.  He  had  not  fallen  into  the 
modem  habit  of  making  **  preliminary  communications," 
or,  at  least,  if  these  were  made  they  were  verbal  and  did 
not  find  their  way  into  print.  Thus  the  publication  of  this 
volume  was  looked  forward  to  with  greater  expectation  than 
is  usual  in  the  case  of  other  scientists  who  have  lived  to  his 
age. 

I  shall  not  be  misunderstood  in  saying  that  a  slight 
feeling  of  disappointment  arises  on  turning  over  its  pages 
and  seeing  the  matter  contained  therein.  Adams's  reputa- 
tion as  a  mathematician  and  astronomer  of  the  highest  class 
rests  on  too  firm  a  basis  to  be  disturbed  by  anything  which 
may  or  may  not  be  contained  in  his  unpublished  papers.  His 
published  work,  small  in  quantity  though  it  may  be,  made  an 
ineffaceable  mark  on  the  subjects  which  he  touched.  The  dis- 
covery of  Neptune,  the  determination  of  the  accurate  value 
of  the  secular  acceleration  of  the  moon's  mean  motion, 
the  method  by  which  he  arrived  at  the  correct  period  of  the 
November  meteors  are  sufficient  to  stamp  the  character  of 
his  work  without  mentioning  other  results  which  show  equal 
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ability  but  are  not  so  well  known.  If  we  are  disappointed 
at  finding  no  great  discovery  in  the  new  volnme  or  anything 
indicating  that  he  was  on  the  track  of  one,  we  have  no 
reason  to  regret  its  appearance  or  to  feel  that  the  labor  and 
thought  which  the  editors  have  expended  in  putting  the 
man nscriptfi  into  form  have  been  in  any  sense  wasted .  There 
is,  in  fact,  almost  nothing  which  is  not  new.  Some  of  the 
papers  consist  of  new  methods  in  handling  old  problems, 
others  consist  of  the  detailed  work  in  the  solution  of  prob- 
lems, the  mere  results  of  which  had  alone  been  published, 
and,  more  important  than  all  these,  his  great  work  on  ter- 
restrial magnetism  is  set  forth  in  a  complete  and  connected 
form. 

The  first  number  consists  of  a  selection  from  Adams's 
lectures  on  the  lunar  theory.  These  have  also  been  pub' 
Hshed  separately  without  change  for  the  use  of  those  to 
whom  the  larger  volume  might  not  be  easily  accessible.  The 
editor,  Professor  R.  A.  Sampson,  has  not  aimed  at  giving 
the  lectures  in  the  complete  form  in  which  Adams  deliv- 
ered them.  Portions  which  contained  alternative  proofs  or 
explanations  which  are  to  be  found  in  the  text  books  have 
l>een  omitted.  The  result  is  a  continuous  development 
which  gives  the  coefficients  of  the  principal  inequalities  due 
to  the  sun's  action  with  a  good  degree  of  approximation. 
In  his  preface.  Professor  Sampson  says  *^  Of  current  elemen- 
tary theories  it  may  be  said  that  they  leave  off  where  the 
difficulties  of  the  subject  begin,  that  is  to  say,  where  the 
various  cases  of  slow  convergence  have  been  exposed,  but 
not  dealt  with.  It  is  perhaps  not  too  much  to  say  that  these 
lectures  carry  us  to  the  point  where  such  difficulties  end,  in 
an  adequate  evaluation  of  all  the  chief  constants.  They 
leave  the  problem  effectively  solved  and  not  merely  stated, 
and  show  the  path  clear  for  the  formation  of  a  detailed 
theory,  if  that  is  desired/'  This  is  hardly  correct  as  to  the 
question  of  convergence,  or  at  any  rate  it  obscures  the  issue. 
The  difficulty  of  slow  convergence  can  hardly  be  said  to 
have  been  dealt  with  by  Adams  any  more  than  by  his  pre- 
decessors. That  he  has  obtained  close  approximations  is 
due  to  the  fact  that  the  numerical  value  of  m,*  the  ratio  of 
the  mean  motions,  is  used  instead  of  series  proceeding  in 
powers  of  m.  There  is  not  much  difficulty  about  conver- 
gence in  the  case  of  the  moon  when  the  numerical  value  of 
m  is  used  at  the  outset,  since  slow  convergence  only  occurs 
along  powers  of  m.    Again,  one  of  the  chief  difficulties  of  the 

*  More  acourately,  he  uses  m/(  1  —  m). 
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subject  is  the  calculation  of  the  higher  terms  with  sufficient 
accuracy.  Owing  to  small  divisors  the  earlier  terms  have 
to  be  calculated  with  far  greater  accuracy  than  inrould  be 
necessary  if  these  small  divisors  did  not  arise,  and  this 
difficulty  has  not  been  bridged  in  any  other  way  than  by 
calculating  the  earlier  terms  to  a  high  d^ree  of  accuracy. 
The  method  used  by  Adams  is  practically  the  same  as 
that  of  G.  W.  Hill,  except  that  he  has  adopted  polar  where 
Hill  uses  rectangular  eo5rdinates.  For  the  earlier  inequal- 
ities this  method  works  well  enough,  but  it  would  most 
probably  give  rise  to  unmanageable  calculations  for  the 
higher  ones  if  a  complete  theory  were  in  contemplation.  In 
general,  it  lacks  the  elegance  and  capacity  for  high  approxi- 
mation with  a  given  amount  of  labor  which  characterizes 
Hill's  methods,  with  one  or  two  exceptions,  notably  that  by 
which  Adams  arrives  at  the  equation  from  which  the  mo- 
tion of  the  perigee  is  obtained.  In  fact,  the  symmetry 
possible  with  rectangular  coordinates  disappears  altogether 
when  polar  coordinates  are  used,  and  in  the  latter  case  the 
expansions  of  such  expressions  as 

cos  (a^  +  a,  cos  <  +  a,  cos  2t  +  •••) 

have  to  be  continually  performed  while,  in  the  former,  we 
have  only  to  do  with  multiplications  of  algebraic  series. 

The  next  paper  contains  the  detailed  work  necessary  for 
the  expression  of  the  infinite  determinant  giving  the  motions 
of  the  node  or  perigee.  In  No.  3,  entitled  '*  Numerical 
developments  in  the  lunar  theory/'  we  have  the  numer- 
ical values  of  the  coefficients  of  Sn  when  we  put  n  +  ^w 
for  n  and  n'  +  dn'  for  n'  with  dn  =  dn'  in  the  variational  in- 
equalities. The  values  of  the  coefficients  of  the  parallactic 
inequalities  are  also  obtained  to  16  places  of  decimals,  the 
first  power  of  the  ratio  of  the  parallaxes  only  being  retained. 
The  determination  of  the  part  of  the  secular  acceleration 
of  the  moon's  mean  motion  which  depends  on  m  only  is 
found  in  the  next  paper,  and  in  No.  15  without  having  re- 
course to  expansions  in  powers  of  m.  Adams's  method  is 
in  reality  a  numerical  one  and  depends  on  the  changes  in 
the  values  of  the  coefficients  of  several  periodic  terms,  the 
principal  ones  being  those  found  in  the  previous  paper. 
The  writer  has  shown  how  this  part  of  the  secular  accelera- 
tion can  be  found  from  the  constant  term  in  the  parallax 
with  any  degree  of  accuracy  required.* 

*Proc,  Lond.  Math.  Soc,  1896. 
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From  these  papers  it  appears  that  Adams  had  calculated 
the  following  sets  of  ineciualities  with  the  accuracy  neces- 
sary for  a  complete  lunar  theory  :  The  parts  of  the  varia- 
tional terms  which  depend  on  m  only  and  those  which  de- 
pend on  m  and  the  second  power  of  the  solar  eccentricity  ; 
the  terms  depending  on  m  and  the  first  powers  of  the  solar 
eccentricity,  the  ratio  of  the  parallaxes,  and  the  inclina- 
tion ;  and  the  principal  part  of  the  motion  of  the  node. 
Other  inequalities,  e,  g.,  the  terms  depending  on  m  and  the 
first  power  of  the  lunar  eccentricity  had  been  found  to  a  less 
degree  of  accuracy  ;  some  of  these  appear  in  the  lectures. 

A  short  note  on  Neison's  lunar  inequality  due  to  Jupiter 
follows.  Adams  finds  the  theoretical  coefficient  of  this 
with  some  accuracy  by  considering  it  as  a  sort  of  Jovian 
evection,  thus  making  use  of  the  literal  expression  for  the 
solar  evection.  The  value  obtained  differs  by  about  15  per 
cent,  from  that  of  M.  Radau,*  who  has  calculated  a  large 
number  of  the  planetary  inequalities. 

No.  6  contains  a  novel  suggestion  for  the  solution  of  the 
equation 

^ji  +  (*^o  +  ^1  ^^^  2^  +  %  ^^^  ^^  +  *"  )w'  =  0 

which  occurs  so  frequently  in  celestial  mechanics.  The  so- 
lution is  of  the  form 

w  =  v^^  cos  \(k  +  2i)t  +  a|, 

and  the  difficulty  of  calculation  arises  from  the  presence  of 
small  divisors  due  to  the  fact  that  k  is  in  general  very  nearly 
equal  to  unity.  Adams's  method  really  amounts  to  finding 
all  the  other  coefficients  in  terms  of  k,  ^1  _  i  in  such  a  way 
that  no  small  divisors  occur ;  the  two  equations  for  these 
quantities  are  solved  as  a  final  step. 

Papers  7,  8,  9,  12  are  on  Jupiter's  satellites.  As  Pro- 
fessor Sampson  has  presented  Adams's  investigations,  it  ap- 
pears that  a  new  method  of  treating  the  whole  subject  was 
in  contemplation,  somewhat  analogous  to  that  which  he 
used  for  the  motion  of  the  moon.  He  first  solves  the  prob- 
lem of  the  motion  of  a  satellite  about  an  oblate  primary,  in 
fact  he  finds  the  inequalities  due  to  the  figure  of  Jupiter. 
The  equations  for  the  three  coordinates  are  reduced  to  two 
simultaneous  ones  of  the  second  order  with  the  distance  and 
perpendicular  on  the  equatorial  plane  as  dependent  vari- 

*  Ann.  de  V  Ohaerv.  de  Parin,  vol.  21. 
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ablee  and  the  time  as  independent  variable.  The  equations 
are  solved  literally  so  that  they  can  be  applied  to  any  satel- 
lite. The  third  coordinate  is  then  easily  foand,  as  the 
editor  shows  in  a  short  note.     The  development  of 

[a«  —  2aa'  cos  (n/  —  n'f  -h  £  —  e')  +a'')]-^ 

necessary  to  obtain  the  mutual  actions  of  the  satellites  on 
one  another^  is  then  made  with  some  completeness  and  ap- 
plied, for  illustration,  to  the  first  two  satellites.  The  mu- 
tual perturbations  of  two  satellites  when  the  eccentricities 
and  inclinations  are  neglected  next  follow.  Uere  again 
polar  coordinates  are  used  so  that  the  perturbations  are 
found  directly,  instead  of  indirectly  by  the  more  usual 
method  of  the  variation  of  arbitrary  constants.  Values  for 
the  radius  vector  and  the  longitude,  of  the  proper  form,  are 
substituted  in  the  difiPerential  equations  and  the  coefficients 
are  determined  by  equations  of  condition. 

As  Adams  does  not  go  beyond  the  first  order  of  the  dis- 
turbing forces  in  the  published  investigations,  the  difficulty 
arising  from  the  exact  relation 

n  —  3h'  -h  2n'  =  0, 

where  n,  n',  n"  are  the  mean  motions  of  the  first  three  satel- 
lites, does  not  come  into  consideration.  In  fact,  as  far  a«  the 
theory  is  given,  we  have  simply  those  inequalities  which  are 
analogous  to  the  variational  and  parallactic  terms  in  the 
lunar  theory.  Bome  numerical  results  are  given.  It  would 
be  interesting  to  see  how  this  method  of  procedure  would 
work  out  when  applied  to  attack  the  complete  problem. 
Perhaps  Adams  did  not  see  his  way  clear  for  this  and  there- 
fore refrained  from  publishing  what  he  had  alread}^  done. 
The  chief  difficulties  undoubtedly  arise  mainly  in  the  terms 
depending  on  the  eccentricities  and  on  the  square  of  the  dis- 
turbing forces  owing  chiefly  to  the  smallness  of  n  —  2n', 
n'  —  2n"  and  to  the  exact  equality  of  these  two  expressions. 
The  other  papers  on  this  subject  contain  corrections  of  the 
masses  of  the  satellites  and  of  errors  in  Damoiseau^s  and  La- 
place's theories. 

Every  astronomer  knows  of  H.  A.  Newton's  investiga- 
tions on  the  orbit  of  the  November  meteors  in  which  he 
arrived  at  the  conclusion  that  the  observations  could  in  gen- 
eral be  satisfied  by  any  one  of  five  competing  values  for  the 
mean  period.  Adams  supplemented  this  by  showing  that 
only  one  of  these  five  values  was  consistent  with  the  observed 
motion  of  the  node  of  the  orbit.     In  paper  10  we  have  the 
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details  of  the  method  by  which  he  arrived  at  the  result.  The 
brevity  of  the  work  is  remarkable.  The  calculations  are  not 
given  in  detail.  They  are  reduced  to  mechanical  quadra- 
tures and  a  few  of  the  principal  steps  for  the  perturbations 
by  Jupiter  are  set  forth.  The  method  is  a  modification  of 
Gausses  formulae. 

Some  extracts  from  Adams's  lectures  on  the  Figure  of  the 
Earth  occupy  No.  11.  They  consist  of  theorems  on  the  at- 
tractions of  spheres  and  spheroids  when  the  law  of  force  is 
any  function  of  the  distance  and  conclude  with  the  well- 
known  differential  equation  connecting  the  ellipticity  of 
strata  with  the  density.  A  couple  of  notes  on  the  an- 
alytical interpretation  of  Newton's  methods  for  finding  the 
variation  and  motion  of  the  apse,  a  short  method  for  obtain- 
ing certain  of  Laplace's  expansions  of  functions  in  power 
series,  and  lists  of  errata  in  the  works  of  Plana,  Damoiseau, 
and  de  Pont^coulant  occupy  the  remaining  pages  of  Part  I. 
In  the  last  there  are  one  or  two  slight  errors.  On  p.  236, 
line  3,  for  1025,  read  1024  ;  omit  line  5,  which  is  given  on 
the  last  line  but  one  of  the  previous  page  ;  on  line  7  insert  a 
-h  before  the  last  number. 

The  second  part,  containing  Adams's  work  on  terrestrial 
magnetism,  occupies  two-thirds  of  the  volume.  The  diflBcul- 
ties  of  Professor  W.  G.  Adams,  who  undertook  to  edit  this 
portion  of  the  work  left  by  his  brother,  must  have  been  suf- 
ficiently great  The  matter  had  not  been  put  into  final 
form,  though  it  was  probably  ready  for  it.  The  editor's 
chief  labor  was  to  gather  together  the  various  packets  of 
theoretical  and  numerical  work  ;  to  discover  their  connec- 
tion, and  by  blending  them  to  set  forth  in  a  complete  man- 
ner the  results  of  Adams's  labors.  A  glance  at  the  memoir 
shows  that  this  task  can  have  been  no  light  one.  and  stu- 
dents will  be  grateful  to  Professor  W.  G.  Adams  for  the 
manner  in  which  he  has  performed  it.  In  a  preface  he  gives 
a  summary  which  shows  well  the  nature  of  the  work  and  the 
conclusions  reached  by  his  brother. 

The  method  adopted  is  that  of  Gauss,  with  modifications. 
Hut  instead  of  the  24  constants  with  which  Gauss  con- 
tented himself,  Adams  has  included  240,  just  ten  times  as 
many.  Moreover,  the  observations  which  in  Gauss's  time 
were  few  and  badly  distributed,  have  increased  much  in  vol- 
ume, though  still  far  from  what  is  really  necessary  for  a 
thorough  determination.  The  memoir  is  arranged  in  eight 
sections,  of  which  the  first  four  consist  of  various  relations 
between  the  harmonics  and  coefficients  used  in  such  investi- 
gations.    Sections  V,  VI,  respectively  treat  of  the  theory  of 
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terrestrial  magnetism  when  the  earth  is  considered  a8  a 
sphere  and  as  a  spheroid.  The  last  two  sections  contain  the 
numerical  calculations.  At  the  end  are  maps  drawn  from 
the  numerical  results  for  every  5**  of  latitude  and  every  10® 
of  longitude.  The  agreement  with  observation  is  stated  by 
the  editor  to  be  very  satisfactory. 

In  conclusion,  the  reader  will  gather  from  the  rough  indi- 
cations here  given  that  the  volume  is  not  a  mere  compila- 
tion of  incomplete  fragments.  Whatever  he  may  think 
about  the  value  of  collections  of  published  papers,  and  in 
particular  of  Volume  I  of  Adams's  works,  it  will  be  imme- 
diately apparent  that  Volume  II  is  at  least  on  the  same 
footing  as  any  other  book  containing  original  and  previously 
unpublished  scientific  work,  and  its  possession  by  scientific 
libraries  will  be  as  much  a  necessity  as  is  that  of  the  best 
known  journals  and  treatises. 

Ernest  W.  Brown. 


NOTICE  SUR  M.  HERMITE. 

PAR  M.   C.   JORDAN. 

ADDRESS  DELIVERED  AT  THE  MEETING  OF  THE  PARIS  ACAD- 
EMY OF  SCIENCES,  JANUARY  21,  1901. 

The  French  school  of  mathematics  loses  in  the  person  of 
M.  Hermite  its  head  and  master. 

It  would  be  rash  to  undertake  to  analyze  in  haste  and 
under  the  stress  of  keen  emotion  the  long  series  of  his 
works  which  have  thrown  so  much  lustre  on  the  second 
half  of  the  nineteenth  century.  Such  an  undei*taking  calls 
for  more  time  and  calmer  feelings.  Addressing  then  to  our 
venerated  confrere  the  last  farewell,  which  his  modesty  for- 
bade pronouncing  at  his  grave,  we  limit  ourselves  here  to 
pointing  out,  in  broad  lines  and  as  far  as  memory  permits, 
some  of  the  discoveries  which  we  owe  to  him. 

In  1843,  M.  Hermite  entered  the  Ecole  Polytechnique  at 
the  age  of  twenty  years.  At  the  suggestion  of  Liouville,  he 
wrote  to  Jacobi  communicating  the  results  which  he  had 
obtained  relative  to  the  division  of  abelian  functions,  then 
but  little  known.  The  illustrious  German  geometer,  who 
was  occupied  at  the  time  with  the  editing  of  his  works,  did 
not  hesitate  to  give  the  letter  of  his  young  correspondent  a 
place  beside  his  own  investigations.  He  wrote  to  him  a 
little  later:    **  Do  not  be  troubled,  Monsieur,  if  some  of 
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your  discoveries  are  to  be  found  in  my  former  researches. 
As  you  commenced  where  I  finish,  there  is  necessarily  a 
small  sphere  of  contact.  In  the  future,  if  you  honor  me 
with  your  communications,  I  only  shall  have  to  learn." 

The  prediction  of  the  great  geometer  was  not  long  in 
being  fulfilled.  In  the  four  letters  which  follow  and  which 
Jacobi  has  also  preserved  for  us,  M.  Hermite  proposed  first 
to  generalize  the  theory  of  continuous  functions ;  but  he 
shortly  found  himself  led  to  vaster  problems  in  the  arith- 
metical theory  of  forms,  where  he  soon  obtained  admira- 
ble results.  At  the  very  beginning  of  his  works  he  points 
out  several  methods  for  reducing  quadratic  forms  in  any 
number  of  indetermi nates.  A  little  later  the  introduction 
of  continuous  variables  leads  him  to  the  discbvery  of  deeper 
l3ring  truths. 

He  gives  the  complete  solution  of  the  problem  of  the 
arithmetical  equivalence  of  general  quadratic  forms  or  of 
forms  decomposable  into  linear  factors  ;  he  determines  the 
transformations  of  these  forms  into  themselves  ;  he  demon- 
strates, in  a  manner  altogether  novel  and  purely  arith- 
metical, the  celebrated  theorems  of  Sturm  and  Cauchy  on 
the  separation  of  the  roots  of  algebraic  equations.  He  in- 
troduces the  fertile  notion  of  quadratic  forms  with  conju- 
gate variables,  and  deduces  from  their  theory  a  new  demon- 
stration of  the  beautiful  theorem  of  Jacobi  on  the  number 
of  decompositions  of  a  number  into  four  squares.  He  ar- 
rives finally  at  the  remarkable  proposition  that  the  roots  of 
all  algebraic  equations  having  integral  coefficients  and  the 
same  discriminant  can  be  expressed  by  a  limited  number  of 
distinct  irrationalities. 

The  algebraic  study  of  forms  is  also  the  object  of  his 
meditations.  The  notion  of  invariant  which  dominates  this 
theory  had  remained  a  little  confused  until  the  day  when 
Cayley  threw  it  into  full  light  in  the  celebrated  memoir  dated 
1845.  Cayley,  Sylvester,  and  Hermite  divided  the  new 
domain  which  opened  before  them.  Their  works  are  so 
interlaced  in  this  fraternal  rivalry  that  it  would  be  difficult 
and  hardly  desirable  to  distinguish  with  precision  the  part 
done  by  each  in  their  common  work.  It  seems,  however, 
that  we  can  attribute  in  particular  to  M.  Hermite  the  law  of 
reciprocity,  the  discovery  of  associated  covariants,  that  of 
skew  invariants,  and  the  formation  of  the  complete  system 
of  covariants  of  cubic  and  biquadratic  forms  and  of  invari- 
ants of  the  form  of  the  fifth  order. 

These  important  researches  in  arithmetic  and  algebra  did 
not  satisfy  his  activity  ;  he  pursued  at  the  same  time  his 
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studies  on  transcendants.  In  a  series  of  memorable  investi- 
gatiODS  he  solved  the  problem  of  the  transformation  of 
hyperelliptic  functions,  and  from  the  developments  in  series 
of  the  elliptic  functions  he  deduced  important  formulae  rela- 
tive to  the  number  of  classes  of  quadratic  forms. 

He  laid  the  foundations  of  the  theory  of  modular  func- 
tions at  the  same  time  and  solved  in  its  details  the  diffi- 
cult question  of  their  transformation,  thus  giving  far  in 
advance  a  model  for  those  who  have  elaborated  and  general- 
ized this  theory  in  our  day. 

The  impression  produced  on  geometers  by  the  ensemble 
of  these  works  is  reflected  very  well  in  a  picturesque  phrase 
which  we  received  at  that  time  from  the  lips  of  Lam6 : 
'*To  read  the»memoirs  of  M.  Hermite  makes  one^s  flesh 
creep." 

In  1856,  at  the  age  of  thirty-four  years,  M.  Hermite  en- 
tered the  Institute  ;  in  1862  a  chair  was  created  for  him  at 
the  Ecole  Normale  ;  a  little  later  he  became  professor  also 
at  the  Ecole  Polytechnique  and  at  the  Sorbonne. 

At  this  epoch  the  course  of  instruction,  it  must  be  said, 
was  hardly  up  to  date.  The  great  discoveries  by  which 
Gauss,  Abel,  Jacobi,  and  Cauchy  had  transformed  the  sci- 
ence during  half  a  century  were  passed  over  in  silence,  as 
if  they  were  of  interest  only  to  the  initiated  few.  M. 
Hermite  cast  them  boldly  into  the  public  domain.  This 
happy  audacity  has  borne  its  fruits.  Witness  our  young  and 
brilliant  school  of  geometers  ;  they  were  all  students  of  Her- 
mite, and  owe  a  great  deal  of  their  success  to  his  lectures  and 
kindly  encouragement. 

His  peaceful  realm  was  not  confined  to  our  borders. 
M.  Hermite  kept  up  correspondence  throughout  learne<l 
Europe,  and  young  talent  anywhere  could  count  on  his  coun- 
sel and  support.  Neither  the  duties  of  instiuction  nor 
even  the  afflictions  of  age  could  do  injury  to  the  fertility 
of  his  mind.  In  fact,  from  this  second  period  date  a  great 
number  of  beautiful  works  which  yield  precedence  in  no 
way  to  the  works  of  his  youth.  However,  an  appreciable 
evolution  took  place  in  the  object  of  his  investigations. 
Arithmetic  and  algebra  which  had  predominated  up  to  this 
time  gave  way  to  the  integral  calculus. 

The  transition  is  made  by  a  celebrated  memoir  on  the 
equation  of  the  fifth  degree,  whose  solution  he  gives  by 
means  of  elliptic  functions.  Then  follow  the  researches  on 
interpolation,  on  new  methods  of  developing  functions  in 
series  of  polynomials,  on  the  discontinuities  of  definite  inte- 
grals which  depend  on  a  parameter,  etc. 
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In  the  theory  of  elliptic  functions  M.  Hermite  discovered 
a  fundamental  formula  which  permits  their  decomposition 
into  simple  elements,  and  ccmsequently  their  integration. 
He  was  the  first  to  study  doubly  periodic  functions  of  the 
second  species. 

We  arrive  finally  at  the  memoir  on  the  exponential  func- 
tion, worthily  crowning  his  long  researches  on  the  develop- 
ments in  continued  fractions.  He  made  clear  that  the 
number  e  is  transcendental.  Linderaann  has  since  estab- 
lished that  the  number  ;:  is  also  transcendental.  The  solu- 
tion of  the  problem  of  the  quadrature  of  the  circle,  so  vainly 
sought  throughout  all  the  centuries,  is  therefore  demon- 
strated to  be  impossible. 

We  can  legitimately  claim  for  M.  Hermite  a  share  in  this 
beautiful  result,  because  it  has  been  attained  by  following 
the  process  which  he  employed  for  the  exponential.  But 
one  would  give  a  very  incomplete  idea  of  the  r61e  of  great 
minds  by  measuring  them  exclusively  by  the  new  truths 
which  they  have  explicitly  enunciated.  The  methods  which 
they  have  bequeathed  to  their  successors,  leaving  to  their 
care  the  application  of  these  methods  to  new  problems  per- 
haps unanticipated  by  themselves,  constitute  another  part, 
sometimes  the  principal  part,  of  their  glory,  as  the  example 
of  Leibnitz. shows. 

For  almost  a  century  we  have  labored  to  develop  the  fer- 
tile germs  which  Gauss  and  Cauchy  have  sown  in  their 
writings  ;  it  will  be  the  same  with  Hermite.  Behold  two  ex- 
amples to  prove  it : 

The  remarkable  group  of  substitutions  which  he  encoun- 
tered in  his  researches  on  the  transformation  of  abelian  func- 
tions serves  as  the  essential  element  for  the  solution  of  a 
problem  altogether  different,  the  resolution  of  equations  by 
radicals.  It  appears  again  in  the  discussion  of  the  second 
variation  of  definite  integrals. 

The  quadratic  forms  having  conjugate  variables  are  the 
indispensable  fundament  of  investigations  in  the  reduction 
of  the  most  general  forms  with  real  and  complex  coefficients. 

M.  Hermite  loved  science  for  its  own  sake  and  was  but 
little  occupied  with  its  applications  ;  these  came  spon- 
taneously and  by  superaddition.  To  Lam6*s  equation, 
whose  int^^ation  constitutes  the  last  of  his  great  works, 
he  attached  quite  a  series  of  problems  in  mechanics:  rotation 
of  a  solid,  determination  of  the  elastic  curve,  oscillations 
of  the  conical  pendulum. 

To  form  a  correct  idea  of  the  place  occupied  by  M.  Her- 
mite in  the  mathematical  world,  one  should  have  taken 
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part  with  us  in  the  memorable  ffetes  of  his  jubilee  in  1892. 
All  his  friends,  his  disciples,  his  admirers  shared  in  this  im- 
pressive ceremony  ;  all  the  learned  societies  of  Europe  sent 
either  addresses  or  delegates. 

The  same  year  saw  the  jubilee  of  Pasteur.  To-day  Pas- 
teur and  Hermite  are  no  more  ;  there  remains  for  us  only 
the  souvenir  of  their  examples  and  their  works,  but  these 
are  sufficient  to  immortalize  their  memory. 

Permit  us  in  concluding  to  express  a  wish  in  behalf  of  the 
section  of  geometry.  The  work  of  Hermite  is  very  scattered; 
in  addition  to  the  principal  memoirs,  it  contains  many  let- 
ters and  short  notes  disposed  here  and  there ;  but  all  bear 
la  griffe  du  lion.  The  Academy  would  honor  itself  and 
render  a  great  service  to  geometers  by  undertaking  the  pub- 
lication of  the  complete  works  of  Charles  Hermite. 


NOTES. 


The  committee  in  charge  of  the  colloquium  to  be  held  in 
August  in  conuection  with  the  summer  meeting  of  the 
American  Mathematical  Society  is  now  able  to  announce 
that  Professor  Oskar  Bolza  has  consented  to  give  a  course 
of  lectures  on  **The  calculus  of  variations,  in  particular 
Weierstrass's  discoveries. '  ^ 

The  ninth  regular  meeting  of  the  Chicago  Section  of  the 
American  Mathematical  Society  will  be  held  at  the  Uni- 
versity of  Chicago,  on  Saturday,  April  6,  1901,  the  first  ses- 
sion opening  at  10  o^clock  a.  m.,  in  the  Ryerson  Physical 
Laboratory.  The  Christmas  meeting  will  be  held  at  North- 
western University,  Evanston,  111.,  on  Friday  and  Satur- 
day, December  27  and  28.  Titles,  abstracts,  and  time  re- 
quirements of  papers  to  be  read  at  the  April  meeting  should 
be  in  the  hands  of  the  Secretary  of  the  Section,  for  the  use 
of  the  programme  committee,  not  later  than  March  20. 

The  January  number  (  volume  23,  numlier  1  )  of  the 
American  Journal  of  Mathematics  contains  the  following 
papers :  *  •  Die  Typen  der  linearen  Complexe  rationaler 
Curven  in  i?^,'*  by  S.  Kantor;  **  Transformations  of  sys- 
tems of  linear  differential  equations,^^  by  E.  J.  Wilczynski  ; 
'*  Distribution  of  the  ternary  linear  homogeneous  substitu- 
tions in  a  Galois  field  inte  complete  sets  of  conjugate  sub- 
stitutions,''  by  L.  E.  Dickson;  ** Distribution  of  the 
quaternary  linear  homogeneous   substitutions  in  a  Galois 
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field  into  complete  sets  of  conjugate  substitutions,"  by  T. 
M.  Pcjtnam;  ^^On  the  determination  and  solution  of  the 
metacyclic  quintic  equation  with  rational  coefficients/'  by 
J.  C.  Glashan  ;  **  Construction  of  the  geometry  of  eucli- 
dean  n-dimensional  space  by  the  theory  of  continuous 
groups,'*  by  E.  O.  Lovett  ;  **  A  table  of  class  numbers  for 
cubic  number  fields,''  by  L.  W.  Reid  ;  **  On  certain  proper- 
ties of  the  plane  cubic  curve  in  relation  to  the  circular 
points  at  infinity,"  by  R.  A.  Roberts.  The  number  also 
contains  portraits  of  Professors  George  Salmon  and  Mit- 
tao-Leffler. 

The  following  papers  were  read  at  a  meeting  of  the  Lon- 
don mathematical  society  held  on  January  10,  IdOl :  **  On 
streaming  motions  past  cylindrical  boundaries,"  by  Profes- 
sor A.  E.  H.  Love;  **0n  some  cases  of  the  solution  of 
af*-*sl,  mod.  ;>,"  by  Professor  F.  S.  Carey;  *'0n  the 
zeros  of  Bessel's  functions,"  by  Mr.  E.  W.  Barnes  ;  **  A 
proof  of  the  third  fundamental  theorem  in  Lie's  theory  of 
continuous  groups,"  by  Mr.  J.  E.  Campbell. 

At  a  meeting  of  the  Edinburgh  mathematical  society  held 
on  December  14,  1900,  Dr.  J.  A.  Third  read  a  paper  on 
triangles  triply  in  perspective,  and  Professor  R.  B.  Allab- 
dioe  communicated  a  paper  on  four  circles  touching  a  com- 
mon circle.  At  the  meeting  of  the  same  society  held  on 
January  11,  1901,  Pi*ofessor  Allardice  read  a  paper  on  the 
nine  point  conic. 

Sylvester  Prize.  The  first  award  of  the  Sylvester  Prizes 
of  the  Johns  Hopkins  University  (seethe  present  volume  of 
the  Bulletin,  page  191)  was  made  on  February  twenty- 
second.  The  prize  is  a  handsome  bronze  medallion  of  the 
late  Professor  Sylvester,  framed  in  oak.  In  the  course  of  the 
ceremonies,  President  Oilman  announced  the  award  as  fol- 
lows :  "The  first  impression  of  this  tablet  is  presented  to 
Lord  Kelvin,  who  lectured  here  on  *  The  nature  of  light '  in 
1 884.  This  will  be  offered  to  Lord  Kelvin,  at  the  time  of  the 
jubilee  of  the  University  of  Glasgow  in  June  next,  by  a  dele- 
gate from  this  university.  The  second  copy  of  the  tablet  is 
now  offered  to  Professor  Simon  Newcomb,  a  distinguished 
astronomer,  who  has  been  a  friend  of  the  university  from 
its  inception,  and  who  guided  the  affairs  of  the  mathemat- 
ical department  for  many  years. '^ 

The  Prussian  academy  of  sciences  has  conferred  the 
Helmholtz  medal  upon  Sir  George  Gabriel  Stokes.     The 
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medal  has  hitherto  been  conferred  only  on  Professor  Vir- 
GHow  and  Lord  Kelvin. 

The  well  known  treatise  on  analysis  of  Professor  E, 
PiCARD  is  to  appear  in  a  new  edition,  of  which  the  first  part 
of  the  first  volume  has  just  come  from  the  press  of  M. 
Gauthier-Villars,  of  Paris. 

Professor  Gino  Loria  has  issued  a  reprint  of  an  academ- 
ical address  dealing  with  the  history  of  mathematics  which 
he  recently  presented  to  the  University  of  G^noa,  under  the 
title  "  The  transfigurations  of  a  science.'' 

It  is  announced  that  Professor  A.  Mayer  is  to  retire 
from  the  editorial  board  of  the  McUhematische  AnncUeUy  and 
that  Professor  D.  Hilbert  is  to  take  his  place.  The  board 
will  thus  consist  of  Professors  F.  Klein,  W.  Dyck,  and  D. 
Hilbert. 

University  of  Munich. — The  following  courses  in  math- 
ematics are  offered  during  the  summer  semester,  1901  :  By 
Professor  G.  Bauer  :  Theory  of  algebraic  plane  curves  ; 
Mathematical  seminar. — By  Professor  F.  Lindemann  :  Ana- 
lytical geometry  of  space  ;  Definite  integrals  and  Fourier's 
series ;  Mathematical  seminar. — By  Professor  H.  Seeli- 
GER  :  celestial  mechanics,  second  course,  methods  of  Jacob! 
and  Hamilton  ;  Exercises  with  the  instruments  of  the  ob- 
servatory.— By  Professor  A.  Pringsheim:  subjects  to  be 
announced  later. — By  Dr.  K.  Dohlemann  :  Descriptive 
geometry,  second  course,  with  exercises  ;  The  imaginary  in 
geometry. — By  Dr.  E.  von  Wf^er  :  Encyclopaedia  of  ele- 
mentary geometry  ;  Modern  geometric  theories. — By  Dr. 
K.  ScHWARzscHiLD :  Mcthods  of  interpolation  and  me- 
chanical integration. 

Professor  M.  Cantor,  of  Heidelberg,  has  been  elected  a 
correspondent  of  the  St.  Petersburg  academy  of  sciences. 

Professor  H.  S.  White,  of  Northwestern  University, 
has  received  leave  of  absence  and  will  remain  abroad  until 
October. 

The  death  is  announced  of  Professor  M.  F.  Kovalskij, 
professor  of  mathematics  at  Charkow. 
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NEW   PUBLICATIONS. 

L     HIGHER  MATHEMATICS. 

Candt  (A.  L.).  The  elements  of  analytic  geometry.  Lincoln,  Neb., 
pablished  by  the  aathor,  1900.    8vo.    303  pp.     Cloth.  $2.00 

FoBMULAiBB  de  math^matiques,  pabli^  par  G.  Peano.  Edition  de  I'an 
1901  (tome  III  de  r^dition  oomplete).  Turin,  Bocca,  1901.  8vo. 
84-231  pp. 

Hatbb  (E.)*  Calcnlos,  with  applications  ;  an  introduction  to  the  mathe- 
matical treatment  of  science.  Boston,  Allyn  &  Bacon,  1900.  12mo. 
7+162  pp.    Cloth.  $1.20 

Hilbbbt(D.).  Les  principes  fondamentanz  de  la  g^m^trie.  Traduit 
par  L.  Laugel.     Paris,  Gauthier-Villars,  1900.    4to.     114  pp. 

Lauovl  (  L.  ) .    See  Hilbebt  (  D.  ) . 

Lejbunb-Dibichlet  (P.  G.),  Die Darstellnng  ganz  willkiirlicher  Fnnk- 
tionen  durch  Sinus-  und  Cosinus-Reihen  ( 1837).  nnd  Sbidkl  (P.  L. ), 
Note  uber  eine  Kigensohaft  der  Reihen  welohe  diskontinuierliche 
Fnnktionen  darstellen  (1847).  Herau^egeben  von  H.  Liebmann, 
Leipzig,  Engehnann,  1900.  I2mo.  58  pp.  (Ostwald's  Klaasikerder 
ezakten  Wissenschaften,  No.  116.)    Cloth.  M.  1.00 

Libbmann  (  H.  ).    See  Lejbunb-Dibichlet  ( P.  G.  ). 

Pbano  (G.).    See  Fobmulaibb. 

PiEBPONT  ( J. ).  Galois's  theory  of  algebraic  equations.  Six  lectures  de- 
livered at  the  Bufitalo  Colloquium  in  September,  1896.  ( Published 
in  the  Annals  of  MathemcUics,  ser.  2,  Vols.  1  and  2,  1900.)  Cam- 
bridge, Harvard  University,  1900.     4to.     67  pp.  $0.75 

PuzYNA  (I.).  Teorya  funkoji  analitycznych  (Theory  of  analytic  func- 
tions).    Part  2.     Lemberg,  1900.     8vo.     16 +  693  pp.         M.  16.00 

RsiD  (L.  W.).  Tafel  der  Klassenanzahlen  fiir  kubische  Zahlkorper. 
(Diss.)  G5ttingen,  1899.     8vo.     75  pp. 

Saileb  (E.) .  Die  Aufgaben  aus  der  Differential-  und  Integral rechnung 
und  aus  der  analytischen  Geometric,  welche  bei  der  Priifnng  fur  das 
Lehramt  der  Mathematik  und  Physik  an  den  k.  bayerischen  huma- 
nistisohen  und  teohnischen  Unterrichtsanstalten  in  den  Jahren  1873 
bis  1893  gestellt  wurden.  Munohen,  Ackermann,  1900.  8vo.  187 
pp.  M.  4.80 

Sbidel  (  P  .  L.  ) .    See  Lbjeukb-Dibichlbt. 

TowNSEND  ( J.  T.).  Ueber  den  Begriff  und  die  Anwendung  des  Doppel- 
limes.    (Diss. )  Gottingen,  Dieterich,  1900.     8vo.     7 +  78  pp. 

n.     ELEMENTARY  MATHEMATICS. 

Alasia  (C).  Eseroizi  ed  applicazioni  di  trigonometria  piana,  con  400 
esercizi  e  problemi  proposti.  Milano,  Hoepli,  1901.  8vo.  11  +  291 
pp.     (Manuali  Hoepli.) 

Abzani  (G.).  Nozioni  elementari  di  algebra,  ad  uso  della  terza  dasse 
tecuica.     Moncalvo,  Sacerdote,  1900.     16mo.     119  pp. 
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Logarithmentafeln  heransgegeben.     Berlin,  Weidmann,  1900.    8vo. 
20  pp.  M.  $0.60 

Tbsti  (G.  M.  ).  Elementi  d'algebra,  ad  oso  Bpeoialmente dei  lioenziaDdi 
delle  soaole  teoniohe.  2a  edizione,  di  naovo  modificata.  Livoroo, 
Ginsti,  1900.     16mo.     7  +  86  pp.  Fr.  1.20 

ViDAL  (C).  Pour  la  g^ometrie  eaolidienne.  Etude  critique  ^l^men- 
taire  ear  lea  fondemente  de  la  geom^trie.  Paris,  Croville-Morant, 
1900.     8vo.     44  pp. 

WiMMEKAUBB  (T.).  Arithmetisohe  Aafgabeo  nebet  Lehrsatzen  and 
ErlanteruDgeD.  (lu  2  Teilen.)  Teil  I:  Lehraafgabe  der  beiden 
Tertien  und  der  Untersekanda  dee  Gymnasiams.  Breslan,  Hirt, 
1900.     8vo.     8  -f  192  pp.  M.  2.00 

.    Teil  II.    Lehraafgabe  der  Oberaekanda  and  der  Prima  des  Gym- 

nasiams.     Brcalaa,  Hirt,  1900.     8vo.     Pp.  193-300.  M.  1.25 

WiKCHBSTEB  CoLLBOB  BXAMPLB8  in  arithmetic,  algebra  and  geometry  ; 

qnestions  set  in  scholarship,  Dnncan  prize,  and  other  examinations. 

Edited  by  G.  Richardson.     London,  Simpkin,  1901.    12mo.     312  pp. 

Cloth.  6  s. 

III.   APPLIED  MATHEMATICS. 
Bbqoi  (E.).    See  Vbcchi  (S.). 
BouBLBT  (C. ).    See  Bbissb  (C. ). 

Bbissb  (C).  Coars  de  g^om^trie  descriptive  (premiere  partie),  a 
Posage  des  ^Idves  de  la  dasse  de  mathematiqaes  ^l^mentaires.  2e 
Edition,  revae  par  C.  Bonrlet.  Paris,  Ganthier-Villars,  1900.  8vo. 
18 +  177  pp.  Ft.  6.00 

CoTTBBiLL  (J.  H.).  Applied  meohanics;  elementary  general  introd ac- 
tion to  ^e  theory  of  strnctares  and  machines.  6th  edition  enlarged. 
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nell  University y  IViaca,  N.  y.,  beginning  AngvM  19,  1901. 

'Ml  mw  t*A  PttNT.  LAMCAtrn.  '• 
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THE  FEBRUARY  MEETING  OF  THE  AMERICAN 
MATHEMATICAL   SOCIETY. 

A  REGULAR  meeting  of  the  American  Mathematical 
Society  was  held  in  New  York  City  on  Saturday,  February 
23,  1901.  Thirty-two  persons  were  in  attendance  at  the 
two  sessions,  including  the  following  twenty-eight  members 
of  the  Society : 

Professor  Anne  L.  Bosworth,  Professor  Joseph  Bowden, 
Professor  E.  W.  Brown,  Br.  J.  E.  Clarke,  Professor  F.  N. 
Cole,  Professor  T.  S.  Fiske,  Mr.  A.  8.  Gale,  Mr.  F.  A.  Giffin, 
Mr.  Edwin  Haviland,  Jr.,  Dr.  H.  E.  Hawkes,  Mr.  8.  A. 
Joffe,  Dr.  Edward  Kasner,  Mr.  C.  J.  Keyser,  Professor 
Pomeroy  Ladue,  Dr.  G.  H.  Ling,  Dr.  James  Maclay,  Dr.  G. 
A.  Miller,  Mr.  H.  B.  Mitchell,  Professor  E.  H.  Moore,  Pro- 
fessor W.  F.  Osgood,  Professor  James  Pierpont,  Dr.  M.  B. 
Porter,  Professor  P.  F.  Smith,  Professor  Henry  Taber,  Pro- 
fessor J.  H.  Van  Amringe,  Professor  E.  B.  Van  Vfeck, 
Miss  E.  C.  Williams,  Professor  R.  S.  Woodward. 

The  President  of  the  Society,  Professor  Eliakim  Hastings 
Moore,  occupied  the  chair.  The  Council  announced  the 
election"  of  the  following  persons  to  membership  in  the  So- 
ciety :  Professor  John  F.  Downey,  University  of  Minne- 
sota, Minneapolis,  Minn.;  Professor  Frederick  C.  Ferry, 
Williams  College,  Williamstown,  Mass.;  Mr.  Henry  T. 
Grerrans,  Oxford  University,  Oxford,  England ;  Mr.  Edwin 
Haviland,  Jr.,  New  York,  N.  Y.;  Professor  Augustus  E. 
H.  Love,  Oxford  University,  Oxford,  England ;  Mr.  V. 
R.  Thyagarajaiyar,  Bangalore,  India.  Two  applications  for 
membership  were  received.  Action  was  taken  by  the 
Council  toward  making  the  Society^  s  library  accessible  for 
the  use  of  the  members. 

The  following  papers  were  read  at  this  meeting  : 

(1)  Dr.  H.  E.  Hawkes:  **Note  on  Hamilton's  deter- 
mination of  irrational  numbers." 

(2)  Professor  E.  B.  Van  Vleck  :  **  On  the  convergence 
of  continued  fractions  with  complex  elements." 

(3)  Dr.  M.  B.  Porter  :  **  On  linear  homogeneous  finite 
difference  equations,  with  applications  to  certain  theorems 
of  Sturm.'' 

(4)  Professor  L.  E.  Dickson:  *' Concerning  real  and 
complex  continuous  groups.'' 

(6)  Professor  E.  O.  Lovett  :  **  An  application  of  infi- 
nite groups  to  non-euclidean  geometry." 
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(6)  Professor  E.  O.  Lovett  :  '*  Contact  transformations 
which  change  asymptotic  lines  into  lines  of  curvature." 

(7)  Professor  H.  B.  Newsox  :  **  Indirect  circular  trans- 
formations and  mixed  groups." 

(8)  Mr.  W.  B.  FiTE  :  **  On  metabelian  groups  that  cannot 
be  groups  of  cogredient  isomorphisms." 

(9)  Dr.  Edward  Kasner:  **0n  algebraic  potential 
curves." 

(10)  Professor  Maxime  Bocher  :  '*  Green's  functions  in 
space  of  one  dimension." 

(11)  Dr.  H.  E.  Hawkes  :  **  Estimate  of  Benjamin  Peirce's 
linear  associative  algebra. ' ' 

(12)  Dr.  G.  A.  Miller  :  **  On  holomorphisms  and  primi- 
tive roots." 

(13)  Dr.  Edward  Kasnee  :  **  Theorems  on  collinear  lines 
in  space." 

(14)  Mr.  C.  W.  M.  Black:  ** Decomposition  of  a  form 
in  n  variables  in  an  arbitrary  domain  with  respect  to  a  prime 
ideal  modulus." 

(15)  Professor  Maxime  Bocher  :  "  An  elementary  proof 
of  a  theorem  of  Sturm.  * ' 

(16)  Dr.  L.  P.  Eisenhart:  '*  Surfaces  whose  first  and 
second  fundamental  forms  are  the  second  and  first  respec- 
tively of  another  surface." 

(17)  Dr.  L.  P.  Eisenhart:  **  Possible  triply  asymptotic 
systems  of  surfaces." 

(18)  Dr.  H.  F.  Stecker  :  **  On  the  determination  of  sur- 
faces capable  of  conformal  representation  upon  the  plane  in 
such  a  manner  that  geodetic  lines  are  represented  by  alge- 
braic curves." 

(19)  Professor  Maxime  Bocher:  **  Non-oscillatory  linear 
di^erential  equations  of  the  second  order." 

Mr.  Fite  was  introduced  by  Dr.  G.  A.  Miller,  and  Mr. 
Black  by  Professor  James  Pierpont.  In  the  absence  of  the 
authors,  Professor  B6cher*s  first  paper  was  read  by  Profes- 
sor W.  F.  Osgood,  and  the  papers  of  Professor  Dickson, 
Professor  Lovett,  Professor  Newson,  Dr.  Eisenhart,  Dr. 
Stecker,  and  the  second  and  third  papers  of  Professor  B6cher 
were  read  by  title. 

Professor  Newson's  paper  appeared  in  the  March  number 
of  the  Bulletin.  The  present  number  contains  the  first 
paper  of  Professor  B6cher,  the  first  paper  of  Dr.  Hawkes, 
and  the  second  paper  of  Dr.  Eisenhart.  The  papers  of 
Professor  Dickson  and  Dr.  Miller,  and  Professor  B6cher's 
second  paper  will  appear  in  later  numbers.  The  paper  of 
Dr.  Stecker  and  the  third  paper  of  Professor  B6cher  will 
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appear  in  the  Transactions.     Abstracts  of  the  other  papers 
are  given  below. 

The  paper  of  Professor  E.  B.  Van  Vieck,  which  will  be 
pablished  in  the  Transactions,  gives  first  a  r^sum^  of  the  few 
existent  theorems  of  a  general  character  upon  the  conver- 
gence of  continued  fractions  with  complex  elements.  It 
tlien  goes  on  to  develop  a  set  of  equations  which  appears  to 
be  both  new  and  fundamental  for  the  study  of  continued 
fractions  with  complex  elements.  These  equations  are  ap- 
plied to  the  derivation  of  certain  theorems,  the  first  of  which 
is  as  follows  :  If  in  a  continued  fraction 


a^  +  £/9j  +  «,  +  h%  +  «,  -f  ^/^,  + 

the  /5-constituents  with  even  subscripts  have  one  sign  and 
those  with  odd  subscripts  the  opposite  sign,  while  the  «-con- 
stituents  have  a  common  sign,  the  continued  fraction  will 

00  I  I' 

converge  if  2  ^'n  H"  ^K    ^^  divergent.     On  the  other  hand, 

n=l   I  *  I 

if  2  I  "n  +  '^n  I  i^  convergent,  the  even  convergents  approach 
one  limit  and  the  odd  convergents  another.  It  is  further 
shown  that  neither  the  numerator  nor  the  denominator  of 
any  one  of  the  convergents  of  the  continued  fraction  can 
vanish.  This  also  holds  true  for  the  convergents  of  any 
continued  fraction  in  which  either  the  a^  or  the  /?^  meet  the 
conditions  of  the  first  theorem. 

Continued  fractions  are  next  considered  in  which  a  finite 
number  of  the  a-constituents  or  of  the  i?-constituents  (but 
not  of  both)  fail  to  fulfill  the  conditions  imposed  in  the  first 
theorem,  and  such  continued  fractions  are  shown  to  con- 
verge. Under  certain  restrictions,  also,  an  infinite  number 
of  exceptional  elements  may  be  admitted.  The  criterion 
for  convergence  stated  in  the  first  theorem  accordingly  dif- 
fers from  criteria  hitherto  obtained  in  that  it  admits  of  cer- 
tain irregularities  in  the  continued  fraction  whose  positions 
therein  are  entirely  arbitrary. 

In  conclusion,  the  results  of  the  paper  are  applied  to  alge- 
braic continued  fractions.  Thus  it  appears  that  if  each 
element  A«  of  a  continued  fraction 


'^i  +  ^,  +  ^,  + 

is  a  positive  number  or  such  a  number  multiplied  into  z,  the 
zeros  of  the  numerators  and  denominators  of  the  conver- 
gents will  all  lie  upon  the  negative  half  of  the  2-axis.     If, 
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furthermore,  no  element  with  even  (respectively  with  odd) 
subscript  contains  z  and  if  2  Mn  I  ^^  divergent,  the  continued 
fraction  will  converge  over  at  least  three-quarters  of  the 
plane ;  namely,  over  the  half  plane  in  which  x  is  positive 
and  in  those  sections  in  which  x  is  negative  and  |  y]  >  |  ^r  |. 
Within  this  region  the  continued  fraction  represents  an  ana- 
lytic function  and  never  vanishes.  On  the  other  hand,  if 
2  I  ^,  I  is  convergent,  the  even  and  odd  convergents  approach 
different  limits,  and  these  limits  are  likewise  analytic  and 
never  vanish  within  the  same  region. 

The  theorems  given  by  Sturm  in  his  first  important 
memoir  in  Liouville^s  Journal,  Volume  I.,  were  first  arrived 
at,  so  the  author  states  at  the  end  of  the  paper,  as  limiting 
cases  of  certain  analogous  theorems  concerning  linear  differ- 
ence equations  of  the  second  order.  Sturm's  work  never 
having  been  published,  Dr.  Porter's  paper  aims  at  its  resto- 
ration. 

In  the  sixteenth  volume  of  the  Acta  Mathematical  M. 
Zorawski  followed  a  suggestion  of  the  late  Sophus  Lie  and  de- 
termined the  deformation  invariants  of  surfaces  in  ordinary 
space  by  the  method  of  the  theory  of  continuous  groups. 
It  is  the  object  of  Professor  Lovett's  first  paper  to  employ 
the  same  method  to  design  the  mechanism  for  the  construc- 
tion of  the  deformation  invariants  of  varieties  in  a  point 
space  of  any  number  of  dimensions  some  power  of  whose 
lineal  element  is  a  homogeneous  function  of  the  differentials 
of  the  point  coordinates  of  the  space,  and  in  particular  to 
point  out  how  the  known  and  possible  deformation  invari- 
ants of  surfaces  in  ordinary  space  and  the  theorems  relative 
thereto  may  be  extended  immediately  to  surfaces  in  any 
quadratic  space,  euclidean  ornon-euclidean,  of  three  dimen- 
sions. This  particular  result  for  varieties  having  three  di- 
mensions is  especially  interesting  since  it  constitutes  a  con- 
tribution from  the  theory  of  groups  to  the  geometry  of  all 
such  varieties,  and  this  in  the  face  of  the  fact  that  the  theory 
of  finite  groups  is  limited  in  its  application  to  the  construc- 
tion of  the  geometries  of  three-dimensional  manifoldnesses 
as  is  evidenced  by  the  recent  work  of  Bianchi  {Memoirs  of 
the  Italian  Society  of  Sciences,  3d  series,  vol.  11;  and  Cotton 
(thesis  presented  to  the  Faculty  of  Sciences  of  Paris),  who 
have  found  all  such  varieties  whose  lineal  elements  admit 
of  continuous  groups. 

The  conclusion  drawn  follows  from  the  fact  that  the  de- 
formation invariants  of  any  particular  class  are  determined 


Digitized  by  VjOOQIC 


1901.]       THE   FEBRUARY   MEETING   OF   THE   SOCIETY.  293 

once  for  all  for  every  variety  of  three  dimensions  by  the 
integration  of  one  and  the  same  formal  system  of  linear 
partial  differential  equations.  To  construct  this  s^^stem  of 
linear  equations  it  is  necessary  to  effect  an  m-fold  extension 
of  the  infinitesimal  transformations  of  an  infinite  group. 
Such  an  extension  can  be  proposed  in  an  infinite  number 
of  ways.  The  latter  problem  has  also  been  studied  by 
Zorawski  (^Proceedings  of  the  Cracow  Academy  of  Sciences,  2d 
series,  vol.  4),  who  extends  the  transformation  relative  to 
the  derivatives  of  its  own  functions  :  and  by  Levi-Civita 
(  Transactions  of  the  Venetian  Academy  of  Sciences,  Letters  and 
ArtSj  7th  series,  vol.  5),  who  extends  the  transformation 
relative  to  the  elements  of  any  covariant  and  contravariant 
systems  whatever.  The  present  note  extends  the  trans- 
formation in  three  different  ways,  namely  relative  to  all 
partial  derivatives  of  any  function  whose  variation  is 
known,  with  regard  to  all  derivatives  of  any  one  variable 
considered  as  a  function  of  the  other  point  coordinates,  and 
finally  with  reference  to  the  derivatives  of  a  system  of  any 
number  of  invariant  functions.  The  corresponding  sys 
tems  of  differential  equations  give  generalizations  of  the 
so-called  deformation  invariants  of  Gauss,  Beltrami,  and 
Minding. 

The  geometry  of  contact  transformations  calls  for  the 
determination  of  those  transformations  which  change  a  sur- 
face into  another  surface  in  such  a  manner  that  a  remark- 
able family  of  curves  on  one  surface  is  transformed  into  a 
remarkable  family  of  curves  on  the  other  surface.  Such,  for 
example,  are  those  establishing  correspondences  between 
asymptotic  lines,  lines  of  curvature,  Darboux  lines,  geo- 
desic circles,  etc.  Those  transforming  asymptotic  lines 
into  such  are  known  to  be  either  projective  or  dualistic. 
This  result  is  generalized  in  a  subsequent  note.  Dilata- 
tions and  inversions  are  known  to  change  lines  of  curvature 
into  lines  of  curvature.  These  theorems  relative  to  asymp- 
totic lines  and  lines  of  curvature  are  to  be  found  in  Dar- 
boux's  Theory  of  Surfaces,  volume  I.  It  is  proposed  in 
Professor  Lovett^s  second  paper  to  determine  those  trans- 
formations which  change  asymptotic  lines  into  lines  of  cur- 
vature. One  such  transformation  was  found  by  Sophus  Lie, 
namely  his  celebrated  correspondence  between  straight  lines 
and  spheres,  in  his  well  known  memoir  in  the  fifth  volume 
of  the  Mathematische  Annalen. 

It  appears  that  the  functions  X,  F,  Z,  P,  Q,  capable  of  de- 
fining a  contact  transformation  possessing  the  desired  prop- 
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erty,  must  satisfy  a  certain  system  of  equations  of  condi- 
tion. The  problem  of  determining  the  forms  of  the  functions 
X,  Yj  Zy  P,  Q,  from  these  general  equations  of  condition 
offers  serious  diCBculties.  However,  the  means  are  at  hand 
for  the  complete  resolution  of  the  problem,  for  Lie  has 
remarked  that  all  contact  transformations  which  change 
asymptotic  lines  into  lines  of  curvature  also  transform 
straight  lines  into  spheres,  and  the  latter  transformations 
have  been  found  by  the  author  in  a  paper  soon  to  be  pub- 
lished. Accordingly,  to  find  all  contact  transformations 
which  change  asymptotic  lines  into  lines  of  curvature  it  is 
only  necessary  to  subject  the  types  of  line  sphere  transfor- 
mations already  found  to  the  equations  of  condition,  a 
process  simple  but  extremely  laborious.  It  can  be  verified, 
however,  without  much  difficulty  that  the  functions  X,  F, 
Z,  P,  Q  determined  by  the  sets  of  equations 

«>^  =2(a,,X+  ta,,F  +  a,,Z  +  a,,)  x,  =  0, 

4 


^1  =  ^>  ^2  =  y»  a;,  =  2,  a:,  =  1,  I  =  \/  —  1, 

4 

^4  =i(^^+  ^%'Y-%  F+a^>^  =  0, 

^1  =  ^,      a;,  =  y,     x.^^  z,     x,  =  1,     i  =  \/ —  1, 

</<  =  </<  =  ^sV"'4''  =  ""zhj 

constitute  two  families  of  oo  '*  transformations  which  change 
asymptotic  lines  of  a  surface  into  the  lines  of  curvature  of 
the  transformed  surface.  The  celebrated  transformation  of 
Lie  is  included  in  both  families  ;  we  find  it  in  the  first  by 
making 

«2i  =  «42  =  «83=  ^^14  =  1 

and  all  the  other  constants  zeros  in  the  first  set  of  equations, 
and  also  by  putting 

«ii  =  «32  =—  ^43  =  —  «24=  1 
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and  all  the  other  coeflQcients  zero  in  the  second  set  of  equa- 
tions. 

The  above  equations  of  condition  can  be  simplified  in  sev- 
eral particulars.     They  reduce  to  fifteen  in  number  if 

-»!  =  -»,=  -»,=  Ci  =  C,=  C,^2>i  =  D,  =  2),  =  0, 

and  these  last  equations  are  readily  found  to  be  compatible. 
They  are  satisfied  by  Lie's  transformation ;  moreover  for 
the  latter  we  have  also 

•      p       q 

It  appears  incidentally  that  the  determinant 

I       X'X^  X'Y^  +  X^y  Y'Y^       I 

X'X-Z'X     X'Y,  +  XY'-X'Y,-XY'     Y^Y-Y^Yl 

X'X,  X'Y,  +  XY'  Y'Y, 


is  zero  for  any  contact  transformation. 

Mr.  Fite  shows  1°  that  a  metabelian  group  of  odd  order 
which  has  a  set  of  generators  such  that  the  order  of  one  of 
them  is  not  a  divisor  of  the  least  common  multiple  of  the 
orders  of  all  the  others  cannot  be  the  group  of  cogredient 
isomorphisilis  of  any  group  ;  2*  that  if  a  metabelian  group 
of  order  j>*,  where  j>  is  a  prime,  has  a  cyclical  commutator 
subgroup  and  a  group  of  cogredient  isomorphisms  with 
more  than  two  independent  generators,  it  can  not  be  the 
group  of  cogredient  isomorphisms  of  any  group. 

The  curves  considered  in  Dr.  Kasner's  first  paper  present 
themselves  in  the  theories  of  functions,  of  equations,  and  of 
the  potential.  They  are  defined  analytically  by  the  vanish- 
ing of  a  rational  integral  solution  of  Laplace^s  equation 
<p^  +  ip^=0  ;  or,  what  is  equivalent,  by  the  vanishing  of  the 
real  part  of  a  rational  integral  function  of  re  +  iy.  The 
paper  gives  geometric  definitions  of  these  potential  curves, 
and  some  of  their  metric  and  projective  properties.  A 
potential  curve  is  apolar  to  the  degenerate  class  conic  com- 
posed of  the  circular  points  at  infinity ;  all  of  its  polar 
conies  are  rectangular  hyperbolas.  Any  curve  of  the  nth 
order  passing  through  the  n^  foci  of  a  curve  of  the  nth  class 
is  a  potential  curve  ;  conversely,  any  potential  curve  passes 
through  the  foci  of  an  infinite  number  of  systems  of  con- 
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focal  curves  of  the  nth  class.  Conjugate  potential  curves 
intersect  orthogonally  in  a  set  of  such  foci.  This  last  re- 
sult is  applied  to  the  theory  of  equations. 

In  1870  Benjamin  Peirce  enumerated  all  systems  of  hy- 
percomplex  numbers  of  certain  types  in  less  than  seven 
units.  His  priuciples  of  classification  are  five  in  number 
and  are  shown  to  be  identical  or  closely  related  to  the  prin- 
ciples of  classification  suggested  by  the  theory  of  continu- 
ous groups  and  adopted  by  Scheffers  (Mathematlsche  Anna" 
len,  vol.  39  (1891),  p.  253).  In  Dr.  Hawkes's  second  paper 
various  criticisms  of  Peirce' s  work  by  Caylc}^,  Study,  and 
others  are  noted  and  discussed. 

Dr.  Kasner's  second  paper  is  in  abstract  as  follows  :  Con- 
sider any  five  collinear  lines  L^,L^,L^,L^,L^,  i.  6. ,  five  lines  hav- 
ing a  common  tractor  M^.  In  addition  to  M^,  any  four  of  these 
lines  as  L,,Lg,  L^,L^  have  another  tractor  if,.  It  is  proved  in  the 
first  place  that  the  five  lines  M^,MyM^,M^u\fy  thus  derived,  are 
themselves  collinear.  Denote  their  common  tractor  by  L^. 
The  remainder  of  the  paper  is  devoted  to  the  study  of  the 
configuration  composed  of  the  twelve  lines  L  and  M  and  of 
the  thirty  points  and  thirty  planes  which  they  determine. 
The  same  configuration  is  determined  by  any  five  of  the 
lines  L,  or  any  five  of  the  lines  M.  The  anharmonic  ratios 
of  the  various  points  and  planes  are  connected  by  simple 
relations ;  all  are  expressible  in  terms  of  four,  the  funda- 
mental absolute  invariants.  Finally  these  relations  are  em- 
ployed to  prove  that  the  derived  set  M^,M^,MyM^^M^  is  cor- 
relative to  the  original  set  Ll^L^jL^L^yL^, 

In  Mr.  Black's  paper  it  was  shown  first  that  all  coeffi- 
cients of  any  possible  factor  can  be  brought  within  the  resi- 
dual system  of  the  modulus,  and  then  the  irreducible  factors 
can  be  determined  by  a  finite  number  of  trials.  In  the 
second  part  of  the  paper,  the  uniqueness  of  decomposition 
is  shown,  firat  for  a  single  variable,  and  then  by  induction 
for  n  variables,  the  main  part  of  the  discussion  being  di- 
rected to  bringing  the  problem  into  a  form  such  that  reason- 
ing similar  to  that  used  for  the  proof  of  the  uniqueness  of 
algebraic  decomposition  may  be  applied. 

Dr.  Eisenhart's  first  paper  is  in  abstract  as  follows  :  In 
view  of  the  fact  that  there  is  a  unique  surface  corresponding 
to  two  quadratic  differential  forms,  whose  coefficients  satisfy 
the  Codazzi  and   Gauss  equations,  the  question   is  asked 
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whether  it  is  ever  possible  for  the  first  and  second  funda- 
mental forms  of  a  surface  to  be  the  second  and  first  respec- 
tively of  a  second  surface.  In  answer  it  is  found  that  there 
is  a  class  of  surfaces  possessing  this  property  ;  that  they  are 
ruled  surfaces  with  imaginary  generatrices  ;  that  the  sphere 
of  radius  unity  is  the  only  real  surface  of  the  class  ;  and, 
furthermore,  that  the  second  surface  differs  from  the  first 
only  by  a  translation  in  space. 

F.  N.  Ck)LE. 
Columbia  University. 


GREEN'S  FUNCTIONS  IN  SPACE  OF  ONE 
DIMENSION. 

BY  PROFESSOR  MAXIME  BOCHEB. 

(Read  before  the  AmericaD  Mathematical  Society,  February  23,  1901.) 

I  WISH  to  make  a  brief  communication  to  the  Society  of 
some  results  which  I  have  obtained,  reserving  proofs  and 
further  developments  for  another  occasion. 

By  a  Green's  function  is  ordinarily  understood  a  solution 
of  Laplace's  equation  which  vanishes  on  the  boundary  of  a 
certain  region,  and  within  this  region  is  discontinuous  at 
only  one  point,  where  it  becomes  infinite  like  1  /r  or  log  r, 
according  as  we  are  dealing  with  Laplace's  equation  in 
three  or  in  two  dimensions.  We  may  speak  of  this  as  a 
Green's  function  of  the  first  kind,  in  distinction  to  the  gen- 
eralized Green's  function  for  which  more  complicated  con- 
ditions than  the  mere  vanishing  of  the  function  are  imposed 
on  the  boundary  of  the  region. 

This  fundamental  conception  has  been  generalized  by  re- 
placing Laplace's  equation  on  the  one  hand  by  other  homo- 
geneous linear  partial  differential  equations  of  the  second 
order  (cf.  Encyklopadie,  volume  2,  p.  516);  on  the  other 
hand  by  the  ordinary  differential  equation  <Py/dz^  =  0, 
which  may  be  called  Laplace's  equation  in  space  of  one  di- 
mension (cf.  'Bixrkhtkrdt,  Bulletin  de  la  Societe  mathematiq-ue  de 
France  J  volume  22  (1894),  p.  71).  This  suggests  at  once  the 
possibility  of  considering  in  place  of  Laplace's  equation  the 
general  ordinary  homogeneous  linear  differential  equation 
of  the  second  order.     I  find  that  yre  can  not  only  do  this, 
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but  can  go  further  by  considering  at  once  linear  differential 
equations  of  the  nth  order 

We  will  assume  here,  in  order  to  avoid  all  complications, 
that  p„  p^y '",  p^  are  real  functions  of  the  real  variable  x 
which  are  continuous  at  every  point  of  the  interval 

(J)  a^x^b. 

Let  ^  be  a  point  between  a  and  b,  and  let  A;  be  a  positive 
integer  less  than  n  (l=A;  =  n—  I). 

We  seek  now  a  function  G(x)  having  the  following 
properties : 

(a)  At  every  point  of  (J),  except  ^,  the  function  G  is 
continuous,  has  continuous  derivatives  of  the  first  n  orders, 
and  satisfies  (1). 

(b)  At  the  point  a,  G  and  its  first  n  —  1  derivatives  sat- 
isfy k  linearly  independent,  but  otherwise  arbitrarily  chosen, 
homogeneous  linear  relations. 

(c)  At  the  point  6,  G  and  its  first  n  —  1  derivatives  satisfy 
n  —  A;  linearly  independent,  but  otherwise  arbitrarily  chosen, 
homogeneous  linear  relations. 

(d)  At  c,  G  and  its  first  n  —  2  derivatives  are  continuous. 

(e)  At  ^,  G  has  a  derivative  Z>+  of  order  n  —  1  taken  in 
the  positive  direction,  and  a  derivative  D_  of  order  n  —  1 
taken  in  the  negative  direction,  and 

2>+-2>^=  -1. 

It  turns  out  that  in  general  there  exists  one  and  only  one 
function  satisfying  these  conditions.  This  function  we  call 
a  Green's  function,  and  denote  it  by  G  (x,  c).  The  effect 
of  interchanging  x  and  c  is  to  change  (1)  into  the  adjoint 
equation  (cf.  Schlesinger's  Handbuch,  Vol.  I.,  p.  53)  and 
in  general  to  alter  the  relations  (6)  and  (c)  ;  otherwise  con- 
ditions (a)  —  (e)  remain  true. 

I  will  mention  here  only  one  application  of  the  Green's 
function  thus  defined  : 

The  solution  of  the  non-homogeneoxis  equation 

which  satisfies  at  a  and  b  the  same  conditions  which  are  satisfied 
there  by  C,  is  given  by  the  formula 


Digitized  by  VjOOQIC 


1901.]  CVRVBB   WITH    FACTORABLE   FABALLEUB.  299 

A  special  case  deserves  mention  on  account  of  its  sim- 
plicity, viz.,  the  case  where  conditions  (6)  reduced  to 

G(a,  ^)  =G'(a,  $)  =  ...  =G^*-'J(a,  ^)  =  0 

and  conditions  (c)  to 

G(6,  O  =  0\b,  ^)  =  ...  =  G^— *-'^(6,  O  =  0, 

accents  denoting  differentiation  with  regard  to  x.  One  of 
the  simplifications  introduced  by  this  specialization  is  that 
when  X  and  ^  are  now  interchanged,  the  effect  is  to  inter- 
change a  and  b  in  conditions  (6)  and  (c).  It  will  be  seen 
that  for  a  given  equation  (1)  and  a  given  interval  (J")  there 
are  n  —  1  Green's  functions  of  this  special  sort,  obtained  by 
giving  to  k  the  values  1,  2,  — ,  n  —  1.  These  functions 
might  properly  be  called  Green's  functions  of  the  first  kind, 
since  when  n  =  2  there  is  only  one  of  them,  namely  the 
Green's  function,  which  vanishes  at  both  ends  of  (J). 

GorriNOEN,  Germany, 
February  8,  1901. 


ON   A  SYSTEM   OF   PLANE  CURVES  HAVING 
FACTORABLE   PARALLELS. 

BY  DB.    VIEOIL  SNYDER. 

( Read  before  the  Amerioan  Mathematioal  Sooiety,  December  28,  1900. ) 

The  type  of  scrolls  contained  in  a  linear  congruence,  and 
having  factorable  asymptotic  lines,  gives  rise  to  a  class  of 
plane  curves  whose  parallels  have  a  similar  property. 

It  has  been  shown  *  that  the  spherical  images  of  such 
scrolls  have  factorable  lines  of  curvature  and  a  method  was 
given  by  means  of  which  a  scroll  of  this  type  could  be 
transformed  into  an  annular  surface  having  only  plane 
lines  of  curvature,  the  curve  of  each  section  breaking  up 
into  two  factors.  The  planes  of  the  system  all  belong  to 
the  same  axial  pencil,  and  the  locus  of  centers  of  the  gen- 
erating spheres  lies  in  the  bisecting  plane  of  the  angle  be- 
tween the  two  plane  directors. 

*  V.  Snyder,  **0n  a  special  form  of  annular  surface."  Amer.  Jour, 
of  Math,,  vol.  23. 
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When  the  axis  of  this  pencil  of  planes  lies  in  the  plane 
at  infinity,  the  director  planes  become  antiparallel,  the 
generating  spheres  have  a  constant  radius,  and  their  envel- 
ope is  a  tubular  surface.  The  procedure  is  as  follows  :  take 
any  two  parallel  lines 

(9)     y  =  xe,s=0;       (p)     y  +  xt  =  0,z  =  0; 

these  lines  go  over  into  two  parallel  planes  in  sphere  space. 
Take  the  conjugate  of  (p)  with  regard  to  the  complex  c,  im- 
age of  point  spheres.     This  line  {/)')  \&x  =  xz,t  =  0. 

The  image  of  this  line  (which  does  not  cut  (q)  )  is  the 
same  plane  as  that  of  p,  but  now  regarded  as  generated  by 
its  second  pencil  of  minimum  lines,  so  that  the  direction  of 
the  normal  is  reversed.  Any  scroll  having  these  two  lines 
(j)')  and  (q)  for  directrices  willbe  defined  b}^ 

y  —  xt       ,      x  —  xz 

the  relation  between  A,  fx  being  determined  by  the  third 
director  curve /(^,  j«)  =  0. 
The  spherical  image  of  this  scroll  has  for  its  equation 

0  C  -{^  +  iri)\ 

0  r  -{^-iri)  ^: 

jo  1  -  A  -  X 

1  0  — z  —u 


(1) 


=  0 


or 


(,-i!i*»L)\{^,-<l^'^^)\,.,,, 


i.  e.j  it  is  the  envelope  of  a  sphere  of  constant  radius  x, 
whose  center  moves  in  the  plane  C  =  0,  subject  to  the  law 
f(X,  fx)  ssO.  In  particular,  if  f(X,  pi)  =  0  defines  a  scroll  of 
the  type  mentioned,  the  lines  of  curvature  of  the  second 
system  belonging  to  this  tube  will  be  factorable.  But  it  is 
at  once  evident  that  these  curves  are  simply  the  parallels  of 
the  locus  of  centers. 

Conversely,  if  such  a  tube  is  generated  from  a  curve  whose 
parallels  are  known  to  be  factorable,  the  general  annular 
surface  derived  from  it  and  also  the  scroll,  its  line  space 
image,  will  have  the  same  property.  Starting  from  this 
space,  let  ^  (a,  /9)  =  0  be  the  equation  of  any  plane  curve  ; 
then 

(^-(^^+a)y  +  ^^  +  :i=,^  +  ^^^^,    m  =  ^, 

aa 
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is  the  equation  of  a  sphere  whose  envelope  is  the  surface  of 
revolution  formed  by  rotating  ^^(a,  fi)  =  f'(^,  ly)  =  0  about 
the  ^-axis.  This  surface  is  an  annular  one  contained  in  a 
linear  congruence,  its  two  director  planes  being  C  ±  tiy  =  0. 
The  image  in  line  space  of  this  sphere  is 

/3f\/l  +  rnh  =  a:  —  (m/5  +  a)t, 

and  the  images  of  the  directors  are  as  follows  : 

C  +  iiy  =  0  becomes  2  +  <=0,  a:  +  y=0, 
C  — 17^  =  0       **        z=t,         «  =  y. 

The  generators  of  the  scroll  having  these  two  lines  for 
directrices  must  be  of  the  form 

Z  +  t  '      z—i  ' 

making  them  identical  with  the  above  form,  we  have 

2     *-*+        2       •'  2       ^-y  2 ' 

from  which 

But  when  the  directrices  are  transformed,  the  meaning  of 
^,  M  remains  the  same  and  equation  (1)  shows  what  these 
directrices  give  when  so  transformed  that  the  spherical 
image  shall  be  a  tubular  surface.     Hence  :  the  equations 


define  a  curve  whose  parallel  curves  break  up  into  two  distinct  fac- 
tors y  corresponding  to  the  positive  and  negative  directions  of  the 
normal,  i.  e.,  toward  or  away  from  the  center  of  curvature  from 
tJie  point  on  the  curve. 

It  is  not  diflQcult  to  generate  other  surfaces,  all  of  whose 
lines  of  curvature  of  both  systems  are  plane,  and  those  of 
one  system  factorable;  any  ** surface  moulure''  having  a 
factorable  director  curve  is  of  this  type,  *  but  the  above 

*See  EDDeper.  **  UDterenohuDgeQ  iiber  die  Plaohen  mit  planen  and 
spharischeD  KrummaDgsliDieD/'  OoUin^er  Abhandl.,  vol.  23,  of.  p.  45, 
eq.  (68) ;  and  BiaDohi,  DififereDtialgeometrie,  oh.  6,  {74. 
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POSSIBLE  TRIPLY  ASYMPTOTIC  SYSTEMS 
OF  SURFACES. 

BY  DB.   L.    P.    EISENHABT. 

(Read  before  the  AmerioaQ  Mathematical  Society,  Febmary  23,  1901.) 

In  my  note,  entitled  **  A  demonstration  of  the  imposni- 
bility  of  a  triply  asymptotic  system  of  surfaces,'^*  which 
was  read  before  the  American  Mathematical  Society  at 
its  December  meeting,  I  failed  to  take  account  of  an  excep- 
tion which  presents  itself  in  the  discussion.  It  was  found 
that  in  order  that  there  exist  a  triply  asymptotic  system  of 
surfaces,  it  is  necessary  and  sufficient  that  the  double  sys- 
tem of  asymptotic  lines  of  each  surface  shall  at  the  same 
time  be  geodesic  lines  on  the  surfaces.  This  double  con- 
dition can  be  satisfied  only  when  the  asymptotic  lines  in 
both  systems  are  rectilinear  generators  of  the  surface.  The 
quadric  surfaces  are  known  to  possess  this  peculiar  prop- 
erty, and  for  the  hyperboloid  of  one  sheet  and  the  hyper- 
bolic paraboloid  these  generatrices  are  real.  Hence  instead 
of  the  general  negation  previously  given  we  have  the  quali- 
fied one : 

The  only  triple  systems  of  surfaces  cutting  mutually  in  the  real 
asymptotic  lines  of  these  surfaces  are  composed  of  properly  asso- 
ciated families  of  hyperbolotds  of  one  sheet  and  hyperbolic  para- 
boloids. 

One  such  system  can  be  gotten  as  follows : 

As,  in  the  previous  note,  we  consider  space  referred  to 
any  system  of  curvilinear  coordinates  />„  />,.  p^  and  let  the 
cartesian  co5rdinates  z,  y,  z  of  a,  point  with  respect  to  fixed 
rectangular  axes  be  given  in  terms  of  />„  />„  />,  by  the  equa- 
tions 

f  1)     X  =/(/>!,  />„  />,),     y  =  9(Pv  Pv  Pi) J     «  =  <'(.Pv  Pv  Pi)' 
We  have  remarked  that  the  coefficients  of  the  system 

d^e         de  ^      do  ^      do 

d^0  3^    ,        do    ^        do 


*  Bulletin,  January,  1901. 
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can  be  so  determined  that  it  will  admit  x,  y,  z,  as  particular 
simultaneous  solutions.  And  we  have  found  that  the  neces- 
sary and  sufficient  condition  that  the  families  of  surfaces 

Pi  =  const.,     pt  =  const.,     />,  =  const., 
shall  cut  one  another  in  their  asymptotic  lines  is  expressed  by 
(3)  a„  =  a,,  =  0,1  =  a,,  =  Oji  =  a„  =  0. 

Consider  now  in  particular  the  case  where  x,  y,  z  are  such 
that  they  satisfy  the  equations 

.  .  d^0  d^o  ye 

In  order  that  this  system  may  be  consistent  with  system  (2), 
it  is  necessary  that,  either  all  the  coefficients  in  the  right 
hand  members  of  the  latter  be  zero,  or  that  «,  y,  2,  as  func- 
tions of  />,,  />,,  /)„  satisfy  the  condition 

3(/»i»  Pv  Pi)        ' 
t.  «.,  that  there  exist  a  relation  between  x,  y,  z.     As  this  is 
impossible,  we  must  have 

(5)  a„  =  a„=-  =  a3,  =  0. 

It  is  evident  that  the  most  general  expressions  which  a:,  y, 
t  can  have  under  the  conditions  (4)  are 

«  =  ^iPiPt  +  ^iPiPi  +  ^iPiPi  +  ^iPi  +  ^xP%  +  SxPz  +  9v 

(6)  y  =  a^,/>,  +  b^,p,  H-  v^,  +  d^,  +  e^,  +  /^,  -f  ^r,, 

^  =  ^iPiPt  +  Vi/^f  +  Vt^i  +  ^s/^i  +  Vs  +  /s/^8  +  9%y 
where  a,,  6„  •••,  g^  are  arbitrary  constants.  The  cartesian 
coordinates  of  a  point  on  one  of  the  surfaces  />j  =  const,  are 
given  as  the  following  expressions  of  the  parameters  />,  and 
/o„  which  evidently  refer  to  the  double  system  of  lines  in 
which  the  surface  is  cut  by  the  two  families  of  surfaces  />,  = 
const.,  />,  =  const., 

a?  =  ap,Pt  +  Pp,  +  TPi  +  ^> 

(7)  y  =  «i^i/^,  +  PxPi  +  TxPt  +  ^v 
«  =  ^J'lPt  +  PiPx  +  r^^  +  \, 

where  the  expressions  for  a,  •-,  ^„  as  functions  of  />„  a„  •••, 
^„  are  readily  found  by  comparing  systems  (7)  and  (6). 

Eliminating  />,  and  /»,  by  means  of  Sylvester's  dialytic 
method,  we  find  the  following  equation  of  the  second  de- 
gree : 

(8)  («A)(«.r.)^  +  («/5.)(«r,)y'+  («/S.) («)-.)*•- [(»A)(»r.) 
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+  («,r.)(«.^,)>y  4-  [(«A)(«r,)  +   KrJC^/^.)]^^  - 
[("i^.Xa^-J  +  (ar,)(«)5,)]y2  -^  Ax  +  By  +  Cz  +  D  =  0, 
where,  for  the  sake  of  brevity,  we  have  written 

("A)  =  «A—  «A 
and  A,  By  C,  D  are  functions  of  a,  — ,  t',,  whose  form  is  of 
no  consequence  in  the  discussion  except  that  they  are  finite 
for  finite  values  of  the  latter. 

Denoting  by  J  the  discriminant  of  the  terms  of  second 
degree  in  (8),  we  find  that 

(9)  J  =  0. 

In  consequence  of  this  and  of  the  character  otAjB,  C,  as 
remarked,  the  quadric  whose  equation  is  (8)  has  its  center 
at  an  infijiite  distance.  By  giving  to  />,  successive  values 
in  this  equation,  we  get  the  equations  of  the  form 

f(x,y,z)  =  const., 
defining  the  family  of  surfaces  /*,  =  const.  From  (6)  and 
(7)  we  see  that  the  asymptotic  lines  on  these  surfaces  are 
real  when  /»,  and  o,,--,  gr,  are  real ;  hence  these  surfaces 
p^  s=  const.  ar6  of  total  negative  curvature.  Moreover, 
these  asymptotic  lines  are  distinct  for  general  values  of 
o,,--,  ^j.  Hence  p^=  const,  defines  a  family  of  hyperbolic 
paraboloids. 

Since  the  formulae  (6)  are  perfectly  symmetrical  with 
respect  to  /»,,  /»,,  jO,,  it  follows  that  in  a  similar  manner  we 
can  show  that  /»,  =  const,  and  /»,  =  const,  define  respective 
families  of  hyperbolic  paraboloids.  Hence  the  formulae  (6) 
serve  to  define  a  triply  asymptotic  system  of  hyperbolic 
paraboloids. 

Consider  the  surface  p^  =  A;,,  where  k^  is  a  fixed  con- 
stant. The  cartesian  coordinates  of  a  point  on  this  sur- 
face are  given  by  (7),  in  which  />,  has  been  replaced  by  k^. 
If  in  the  expressions  thus  obtained  we  put  /»,  equal  to  k^, 
a  fixed  constant,  we  get  the  coordinates  of  a  point  whose 
locus  is  the  asymptotic  line  in  which  the  surfaces  /»,  =  k^ 
and  />,  =  kj  intersect,  asymptotic  for  both  surfaces.  These 
expressions  may  be  written 

(10)  x^lp^+p,  y  =  mp,  +  q,  «  =  n/),  4-r, 
where  l,mj'",r  are  constant  along  the  line ;  their  expres- 
sions are  readily  found  from  (6).  The  equations  (10) 
show  that  the  curve  along  which  /»,  =  A;,,  and  ^,  =  A;,  in- 
tersect is  a  right  line — a  rectilinear  generator  for  each  sur- 
face— as  we  have  seen  from  other  considerations. 

Pbinokton  University, 
Februarf,  1901. 
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NOTE  ON   HAMILTON'S   DETERMINATION 
OF  IRRATIONAL   NUMBERS. 

BY   DB.    H.    E.  HAWKES. 

( Read  before  the  AmericaD  Mathematical  Society,  February  23,  1901. ) 

The  purpose  of  this  note  is  to  call  attention  to  Hamil- 
ton's use  of  the  partition  (Schnitt)  in  his  definition  of  cer- 
tain irrational  numWrs.* 

Though  Hamilton's  method  of  discussing  the  irrational 
number  is  open  to  serious  criticism,  it  has  some  interest  as 
affording  an  approximation  to  the  rigorous  theory  afterward 
developed  by  Dedekindf,  and  also  as  presenting  another 
example  of  the  natural  character  of  Dedekind's  definition 
of  the  irrational  number.  J 

For  Hamilton  time  rather  than  space  furnished  the  rudi- 
ment to  which  his  intuition  appealed  for  heuristic  purposes 
and  for  his  conception  of  unity.  Starting  with  this  concep- 
tion he  gives  a  careful  exposition  of  the  operations  on  posi- 
tive and  negative  integers  which  do  not  carry  one  outside 
the  system.  A  similar  discussion  of  the  rational  number 
follows.  From  the  analogy  furnished  by  the  laws  of  opera- 
tions on  integral  and  rational  numbers,  Hamilton  writes 
expressions  by  which  he  defines  the  fundamental  operations 
on  ratios  of  any  two  intervals  (steps)  of  time,  and  assumes 
that  to  any  such  ratio  corresponds  a  number  which  he  calls 
an  **  algebraic  number."  This  he  does,  even  though  he  has 
considered  the  existence  of  no  numbers  save  integers  and 
fractions.  In  proceeding  to  develop  his  theory  of  irrational 
number  Hamilton  too  often  makes  use  of  these  ^^  algebraic 
numbers,"  of  whose  existence  and  properties  he  has  proved 
nothing.  Throughout  his  work,  however,  fractions  could 
be  substituted  for  **  algebraic  numbers."  and  such  a  change 
would  go  far  toward  making  his  work  rigorous  In  the  fol- 
lowing outline  of  Hamilton's  work,  it  is  assumed  unless  the 

*  *'  Theory  of  ooDJa)^t«  fnnctions,  or  al^pbraio  ooaplee ;  with  a  pre- 
liminary and  elementary  eraay  on  algebra  bm  the  science  of  pure  time," 
Transactions  of  the  Royal  Irish  Academy,  vol.  17  ( 1837),  p.  293.  This  e»ay 
was  read  in  1833. 

fStetigkeit  nnd  irrationale  Zahlen,  1872 

I  Id  commentini;  on  Tannery's  development  of  the  partition  (Intro- 
duction k  la  th^orie  des  fonctioi  s  d'nne  variable,  1HH6)  from  a  remark 
made  by  Bertrand  (Traits  d  arithm^*tiqne.  p.  2o3,  1H9)  Dedekind  says, 
(Was  Bind  nnd  was  sollen  die  Zahlen,  1H93,  p.  ziii):  '*  Diese  Ueberein- 
stimmnng  scheint  mir  ein  erfrenlicher  Reweis  dafiir  zn  sein,  dass  meine 
Anffassang  der  Natur  der  Sache  entspricht." 


\ 
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contrary  is  stated,  that  the  numbers  considered  are  **  alge- 
braic numbers." 

Hamilton  first  shows  as  a  corollary  of  a  theorem  on  mul- 
tiplication that  for  any  numbers  a/  and  a" 

a; "  =  a/'*  according  as  a;'  =  a/'. 

He  next  assumes  that  between  any  two  fixed  numbers  an  in- 
finite number  of  numbers  must  lie.  Suppose  A  and  B  be 
two  finite  sets  of  numbers,  arranged  in  order  of  magnitude, 
increasing  and  decreasing  respectively,  such  that  the  great- 
est number  in  A  is  less  than  the  lea43t  number  in  B,  There 
must  exist  in  general  an  infinite  number  of  numbers  less 
the  least  number  in  B  and  greater  than  the  greatest  number 
in  A,  Hamilton  goes  on  to  say  that  if  the  numbers  in  A 
and  B  are  not  given  explicitly,  but  by  some  law,  it  may 
happen  that  no  rational  number  can  exist  between  A  and  B, 
But  his  intuition  indicated  that  such  sets  could  be  used  to 
determine  non-rational  numbers.  This  he  elaborates  in  de- 
tail for  a  few  particular  cases,  as  for  example  the  square 
root  of  a  positive  fraction.  His  work  on  this  case  is  in 
outline  as  follows : 

Let  h  denote  a  positive  number.  Suppose  we  have  the  sets 
A  and  B  composed  of  an  infinite  number  of  rational  ele- 
ments 

respectively,  where 

-^<h<?:         (t,i=i,...). 

Hamilton  shows  that  these  two  sets  A  and  B  determine 
uniquely  a  quantity  which  he  calls  the  irrational  number  a. 
He  defines  the  product  a^  by  the  partition  {A*,  B')  where 
the  elements  of  A'  and  B'  are 

«^^  <  a,' <  «,' <  ...     and    yV>^,'>/5.'>-, 

respectively.  He  then  shows  that  the  number  afforded  by 
this  partition  is  neither  greater  nor  less  than  6.  Thus  he 
calls 

a=  s/h. 

Hamilton  does  not  define  addition  or  subtraction  of  parti- 
tions, nor  does  he  order  them.  Neither  does  he  show  that 
every  partition  of  real  numbers  defines  a  real  number. 

Yale  University, 
February,  1901. 
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MUTH'S  ELEMENTARTHEILER. 

Theorie  und  Anwendung  der  ElementartheUer,      Von   Dr.   P. 

MuTH.  Leipzig,  B.  G.  Teubner,  1899.     xvi  and  230  pages. 

The  work  under  review  covers  an  important  subdivision 
of  general  invariant  theory,  a  branch  which  deserves  to  be 
more  widely  known  than  it  is.  No  doubt  the  cause  of  this 
neglect  has  been  the  lack  of  a  text  book,  and  Dr.  Muth's 
monograph  will  help  to  remedy  the  defect. 

The  original  problem  which  led  to  the  series  of  investiga- 
tions in  this  theory  was  that  of  the  canonical  reduction  of 
two  quadratic  forms.  In  1829  Cauchy  published  a  paper 
on  the  secular  inequalities  of  the  planets,*  in  the  course  of 
which  he  showed  that  two  quadratic  forms  can  in  general 
be  reduced  to  sums  of  squares  of  the  same  variables.  He 
also  proved  that  the  latent  roots  of  the  familyf  are  all  real, 
in  the  special  case  when  one  of  the  quadratic  forms  is  posi- 
tive for  all  real  (non-zero)  values  of  the  variable,  t.  e.,  is  defi- 
nite, Cauchy's  results,  though  not  perfectly  general,  cover 
most  of  the  cases  which  occur  in  the  first  stages  of  geometry 
and  dynamics.  Jacobi  (1834)  found  similar  results  by  a 
somewhat  different  process.  J  Both  Jacobi  and  Cauchy  ex- 
clude the  possibility  of  equal  latent  roots  appearing  in  the 
problem . 

The  first  systematic  account  of  all  possible  types  of  two 
quadratic  forms  (allowing  for  equal  latent  roots)  is  to  be 
found  in  Sylvester's  paper  (1851)  on  the  contact  of  lines 
and  surfaces  of  the  second  order. §  Here  we  meet  with  the 
idea  of  classification  by  means  of  invariant  factors,]]  Sylves- 
ter obtains  4  types  of  contact  for  conies,  and  12  for  quad- 
rics  ;  of  course  the  algebraical  possibility  that  the  two  forms 
differ  only  by  a  constant  factor  is  trivial  in  a  geometrical 


*  Elxercices  de  math^matiqaes,  rol.  4,  p.  140  =  Oeavre8  (2d  series),  vol. 
9.  p.  174.  Cauchy  really  disousses  only  the  case  when  one  of  the  original 
forms  is  already  a  sam  of  squares. 

\U  Ay  R  are  two  given  quadratic  forms,  the  system  of  forms  uA  -\-  vB 

'ti,  r  ;trl)itnu_v  piuaineters)  will  be  called  i^ family  (as  an  eijaivaleut  for 
Kronecker's  term  Srhanr).  The  Intent  roots  are  the  values  of  the  ratio 
( —  u  \v)  for  which  the  determinant  of  the  family  vanishes;  this  determi- 
nant will  be  denoted  by  |«.'J  -\-vB\. 

tOrefle,  vol.  12,  p.  1  ^Gea.  Werke,  vol.  3,  p.  191. 

\phil.  Magazine  (4th  series),  vol.  1,  p.  119 

11  Weierstraas's  Elementartheiier^  and  Saava^e^s  eiementaire  dim$eur,  A 
definition  is  given  in  a  later  footnote  on  Weieratrass's  work. 
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sense.*  Unfortunately  Sylvester  did  not  prove  that  the 
invariant  factors  do  constitute  a  complete  set  of  invariants 
for  two  quadratic  forms  ;  nor  did  he  explain  how  to  effect 
the  reduction  of  given  forms  to  his  standard  types,  f 

In  1855  Cayley  pointed  out  that  Sylvester's  ideas  could 
be  applied  to  the  classification  of  homographies  (t.  e., 
one-to-one  transformations  of  space,  or  collineations).  f 
Here  will  be  found  a  general  formula  for  the  number  of  pos- 
sible collineations  in  space  of  any  dimension  n  ;  and  the  cal- 
culation is  given  forn  =  1,  2,  •-,  11.  Cayley  gives  symbols  to 
represent  each  type  by  means  of  the  indices  of  its  invariant 
factors  and  enumerates  the  possibilities  for  n  =  1,  2,  3,  4.§ 
In  concluding  the  paper  he  says  :  *  ^Je  reviendrai  d  cette  theorie 
cL  une  autre  occasion ;''  but  apparently  this  promise  was  not 
fulfilled. 

The  next  advance  in  the  general  theory  was  made  in  1858 
by  Weierstrass,  who  gave  a  general  method  of  reducing 
two  quadratic  forms  to  sums  of  the  same  squares.  ||  He 
proved  that  if  one  of  the  forms  be  definite,  the  reduction 
is  still  possible,  even  if  equalities  exist  among  the  latent 
roots.  Using  this  result  in  connection  with  the  dynamical 
problem  of  small  oscillations  about  a  position  of  equilibrium, 
Weierstrass  showed  that  the  stability  is  not  destroyed  by 
the  presence  of  equal  periods  in  the  system  ;  both  Lagrange 
and  Laplace  supposed  that  equal  periods  would  involve  in- 
btability.^I    Weierstrass's  theorem  is  commonly  attributed 

*  In  the  algebraical  problem  we  must  farther  allow  for  the  case  of  no 
contact,  BO  that  in  all  we  have  6  and  14  as  the  nnmbers  of  the  distinct 
types  of  families  of  qnadratio  forms  (n  =  3  or  4). 

t  To  illostrate  the  simplification  introduced  by  the  nse  of  invariant 
factors  in  geometry,  the  reader  may  compare  the  condition  for  doable 
contact  of  two  conies  as  foand  by  Salmon  (Conies,  p.  346)  with  Sylves- 
ter's ;  which  is  simply  that  there  sbonld  be  two  eqnal  linear  invariant 
factors  of  the  determinant  of  the  family. 

t**Reoherches  snr  les  inatricesdont  les  termes  sont  des  fonctions  lin^aires 

d'nne  seule  ind^termin^e.''     Crelle,  vol.  50,  p.  313  — C5oll.  Math.  Papers, 

vol.  2,  p.  216. 

31      21 
J  In  his  list  for  n  =  4  the  two  symbols  ^    ,   „.  are  omitted  :   Math 

wonld  write  these  [(21)1],  [(11)(11)].  This  is  obvioasly  an  oversight 
on  Cayley's  part,  as  he  ntates  that  14  types  are  possible,  bat  gives  only 
12.  The  indices  of  the  invariant  factors  are  the  differences  between  Cay- 
ley's  nnmbers. 

\Rerl.  Monatsberichie,  1858,  p.  207  —  Ges.  Werke,  vol.  1,  p.  233. 

Tj  The  point  of  the  theorem  vrill  probably  be  grasped  better  by  consid- 
ering a  special  ( imaginary)  example.  Snppoee  we  had  a  system  with 
kinetic  and  potential  energies,  T=x'y\  V —~  p^xy -\- \x'^y  then  the  eqna- 
tions  of  motion  are  tc*'  =  — p%  y'^  ^  —  (p^  -h  a^)t  and  corresponding  to 

a  term  A  sin  pi  in  x  we  have  one  —  cos  j><  in  y.     Weierstrass  proves  that 

snch  a  case  is  impossible  in  a  real  dynamical  system. 
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by  English  writers*  to  Routh  who  rediscovered  the  theorem 
in  his  Adams  prize  essay  ( 1877).  Routh's  elementary  proof 
of  the  theorem  requires  to  be  supplemented  by  Weierstrass's 
algebraical  theorem. 

A  beautiful  and  elementary  proof  of  Weierstrass's  the- 
orem was  given  by  Kronecker  f  in  1868,  which  appears  to 
be  less  familiar  than  it  ought  to  be. 

Weierstrass  J  finally  completed  the  theory  of  quadratic 
forms  in  1868  ;  and  extended  his  theorems  to  the  more  gen- 
eral idea  of  bilinear  forms.  He  proved  that  two  families  of 
forms  are  capable  of  transformation  into  each  other  if  (and 
only  if)  the  invariant  factors  §  of  the  two  families  are  the 
same.  The  only  case  of  exception  to  Weierstra^^s  re- 
sults occurs  when  the  determinants  of  the  two  families  are 
identically  zero  ;  and  this  case  was  examined  by  Kronecker 
in  a  paper  immediately  following  Weierstrass's  (and  quoted 
above).  The  complete  statement  of  the  conditions  of  equiv- 
alence in  every  case  has  been  effected  by  Kronecker  in  a 
number  of  memoirs.  || 

Invariant  factors  presented  themselves  from  another 
point  of  view  to  H.  J.  S.  Smith,  who  encountered  them  in 
connection  with  linear  equations  with  integral  coefficients.^! 
He  proves  that  many  of  the  results  known  for  the  invari- 
ant factors  of  a  family  of  forms  hold  for  those  of  a  matrix 
of  integers. 

We  turn  next  to  the  historical  development  of  Cayley's 

*  E.  g,,  ThomsoD  and  Tait,  Nataral  Philooopbj,  vol.  1,  ^  343  eand  m  ; 
^here  the  reader  will  find  some  usefnl  remarkn  on  the  physical  side  of 
the  theorem.  Ronth  was  led  to  his  theorem  bj  the  consideration  of  lin- 
ear differential  equations  with  constant  ooefiScients  ;  and  in  this  connec- 
tion obtained  some  other  results  due  to  Weierstrass,  which  were  given 
Criginally  in  a  communication  to  the  Berlin  Academy  (in  1875) ,  hot  were 
only  publiRhed  in  vol.  2  of  his  works. 

t  Bcrl.  Monatsberickie,  1868,  p.  339  -^  Ges.  Werke,  vol.  1,  p.  166. 

X  Berl.  Monat9beHi'hte,  1868,  p.  310  ^  Ges.  Werke,  vol.  2,  p.  19. 

I  Definition:  Suppose  that  the  determinant  of  the  family  (uA  -{■  vB) 
has  a  repeated  factor  (nu-\-bv)p  ;  and  further  that  every  first  minor  is  di- 
visible by  (at*  -f  bv)''  but  not  by  (au  -\-  ht^y  +  '  ;  every  second  minor  by 
(au -}- ^)'' ;  and  soon.  Then  the  numbers  p  —  q,  q — r,  •••are  the  indices 
of  the  invariant  factors  to  the  base  {au-\-br)  ;  they  have  the  property 
{p  —  q)  ^  (q  —  v)  ^  •••  ^  1,  which  was  recognized  by  Cayley  (I  o., supra). 
The  invariant  factors  can  also  he  defined  rationally,  by  means  of  highest 
common  divisors  (a  remark  due  to  Smith  and  Kronecker). 

II  For  the  results  ( which  are  rather  lonjj)  the  reader  may  consult  §  8  of 
Dr.  Muth's  book  ;  there  is  another  investigation  and  a  list  of  papers  in 
the  l^roc.  Lond,  Math.  Soc,  vol   32  (1900),  p.  98. 

^  Math.  Papers,  vol.  1,  p  367.  and  vol.  2.  p.  623 ;  some  of  Smith's  re- 
sults were  published  before  the  corresponding  theorems  for  a  family.  For 
other  references  in  this  direction  consult  the  Encyklopadie  der  Math. 
Wiss.,  vol.  1,  pp.  682-597. 
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theory  of  matrices  * ;  the  foundations  were  given  by  him 
in  1855 1  and  his  first  long  memoir  on  the  subject  appeared 
in  1858  X  ;  together  with  an  application  (in  a  consecutive 
paper)  to  Hermite^s  theory  of  the  automorphic  substitutions 
of  a  given  quadratic  form.  Some  years  later  (1867)  La- 
guerre  §  published  an  independent  account  of  his  calculus 
of  ** linear  systems''  which  are  virtually  Cayley's  matrices. 
But  in  1853,  Hamilton  ||  had  given  certain  results  relating 
to  a  ** linear  and  vector"  function  ;  which  is  essentially  a 
matrix  of  order  3.  For  instance  he  proved  that  such  a 
function  satisfies  a  certain  cubic  equation  with  constant  co- 
efficients, and  he  found  the  reciprocal  function.  He  there- 
fore anticipated  Cayley's  theorem  on  matrices^  (for  the 
special  case  n  =  3).  Further,  in  1867,  he  showed  (Ele- 
ments of  quaternions)  that  the  cubic'^may  reduce  to  a  quad- 
ratic (a  special  case  of  Frobenius's  theorem  referred  to  be- 
low). Probably  this  is  the  theory  alluded  to  by  Study  (in 
the  reference  quoted  above). 

In  a  letter  to  iVa^urc  (vol.  44  (1891),  p.  79),  Professor  J.  W. 
Gibbs  claims  for  Grassmann  the  first  suggestion  of  the  theory 
of  matrices  (  Ausdehnungslehre,  Ist  ed. ,  1844).  In  this  con- 
nection Whitehead  (Universal algebra,  Cambridge,  1898,  vol. 
1,  p.  248)  refers  only  to  the  second  edition  (1861)  of  Grass- 
mann's  work  and  implies  that  Cayley  had  anticipated  Grass- 
mann. I  am  unable  to  give  any  opinion  on  this  point ;  nor 
do  I  know  the  extent  of  Grassmann's  results. 

In  1878  Frobenius**  pointed  out  the  important  connection 
between  bilinear  forms  and  matrices  (or  linear  substitutions). 
Being  familiar  with  the  results  of  Weierstrass  and  Kronecker 
on  the  equivalence  of  families  of  bilinear  forms, ft  ^^  was 
naturally  led  to  introduce  the  idea  of  invariant  factors  into 
the  theory  of  matrices.  This  step  has  proved  most  fruitful 
in  both  theories  ;  it  enabled  Frobenius  to  give  the  first  gen- 
eral proof  of  Cayley's  theorem,  and  to  modify  the  theorem  in 
the  case  when  some  of  the  latent  roots  of  the  matrix  are 


*  Study  in  his  report  on  complex  unite  (Enojklopadie  der  Math.  Wias., 
Tol.  1,  p.  169)  states  that  a  theory  had  been  hinted  at  by  Hamilton.  (See 
below. ) 

trVe//e,  vol.  50.  p.  282  =  Coll.  Math    Papers,  vol.  2,  p.  185. 

t  Land.  PJiil.  Tram.,  vol.  148,  p.  17  =  Coll.  Math.  Papers,  vol.  2,  p.  475. 

§  Jtmr.  Ecole  Polyt,  vol.  25.  p.  215. 

II  Lectures  on  quaternions,  pp.  559-569. 

*I  That  is  :  A  matrix  of  order  n  satisfies  an  identical  equation  of  ordern. 
Apparently  Cayley  himself  only  verified  the  theorem  up  to  n  =  3/  his  proof 
is  for  the  case  n  —  2  only. 

**Crel1e,  vol.84,  p.  1. 

tf  It  may  be  remarked  that  Frobenius  gives  a  very  convenient  summary 
of  these  results  in  §6  of  his  paper. 
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equal.  *  Amongst  other  methods  suggested  in  this  paper  is 
the  use  of  the  expansion  of  (/^E—  A)~^  to  investigate  prop- 
erties of  .4,  or  rather  of  the  latent  roots  of  A  ;  the  expan- 
sion is  made  in  powers  of  (A  —  o)  (a  being  any  latent  root), 
and  starts  with  a  term  in  (X  —  a)-*,  (X  —  a)*  being  the  first 
invariant  factor  of  \XE  —  A\j  which  belongs  to  a.  f 

Among  other  applications  of  this  method  we  may  men- 
tion Frobenius's  definition  J  of  any  function  of  A  :  provided 
that/(^)  can  have  a  meaning,  it  is  equal  to  the  sum  of  the 
residues  of /(^)  (XE—  A)~^  taken  for  all  the  latent  roots  of 
A.  While  speaking  of  this,  I  should  call  attention  to  what 
appears  to  be  an  oversight  in  the  Clark  University  decen- 
nial volume  (Worcester,  Mass.,  1899)  ;  in  the  report  on 
the  mathematical  faculty,  it  is  stated  that  Sylvester  (in 
1882)  was  the  first  to  give  an  expression  for  the  general 
power  of  a  matrix.  But  according  to  Frobenius,  Stickel- 
berger  (in  1881)  gave  the  expression,  and  moreover  for  the 
case  of  repeated  latent  roots ;  while  Sylvester  assumes  all 
the  latent  roots  to  be  unequal.§  For  the  generalized  func- 
tion of  a  matrix  Sylvester  was  the  first  to  give  a  result  ||  (but 
with  the  same  restriction  on  the  latent  roots)  ;  it  is  claimed 
in  the  Clark  volume  that  the  extension  to  the  case  of  equal 
latent  roots  was  made  by  Professor  Henry  Taber  (in  1893, 

^  By  **  latent  roots  ''  of  a  matrix  J,  we  mean  the  roots  of  the  determi- 
nantal  eqaation  \^E  —  ^  |  =  0,  where  E  is  the  unit  matrix.  Probably 
the  simplest  proofs  of  the  theorems  are  those  of  Probenins  (BerL  Sitz- 
ungshericfUe^  1896,  p.  604),  though  the  same  proof  of  Cay  ley's  theorem  had 
been  given  by  Buchheim  (Mess,  of  Math.,  vol.  13  (1883),  p.  62). 

t  To  illustrate  the  method  I  collect  six  theorems  on  special  matrices 
giving  their  authors  and  dates  of  publication.     All  the  theorems  can  be 
proved  most  simply  by  Probenius's  method.     (L.  B.  denotes  latent  roots; 
J.  F. ,  invariant  factors. ) 
A  -««,«.«*,.i«.i    J  ^'  ^'  real  (Cauchy,  1829). 
A  symmetrical    [j  ^  ,.^^;  (Weieistrass,  1850). 

A  ^r*>.^.^«..i       /  ^-  ^-  «'*  (Brioschi,  1864). 

A  orthogomil      |  ^  ^  ^.^^^  ^ Frobenius,  1878). 

A  Alternatft         /  ^"*  ^'  imaginary  ( Weierstraas,  1879). 
A  alternate         |  j  ^  j.^^^.  (Weierstrass,  1879). 

All  these  theorems  were  rediscovered  by  Professor  Henry  Taber  ( Proc. 
Lond.  Math.  Soc,  vol.  22  (1891),  p.  449). 

t  Btrl,  Sitzungsherichie,  1896,  p.  7. 

^  After  defining  f(A)  as  above,  Frobenius  (1.  c,  p.  11)  says— "In 
dieser  Weise  hat  Stickelberger  in  seiner  akademischen  Antrittssohnft :  Z«r 
Th.  d,  Hn.  Diffgl.  (Leipzig^  1881)  dieallgemeine  Fotenz  definirt  nnd  .  .  . 
benu tzt.  Ei ne  weniger genau e  Defi iii ti on  gi el)t  Sy  1  v est er  :  Hu r  les pn imances 
et  les  racines  d^a  subst.  Hn.  [ComptvH  nmdns,  vol.  94  (1882),  p.  55)." 
Professor  Stickelberger  infonna  me  (in  a  private  letter)  that  some  copies 
of  his  paper  were  published  at  the  end  of  1880. 

II  Johns  Hopkim  University  ChctttarH^  vol.  3  (1882);  of  course  the  step 
from  the  generalized  power  to  the  general  function  is  almost  self-evident. 
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1894).  But  Buchheim*  (in  1886)  had  already  made  the 
extension,  and  in  a  more  concise  form  ;  both  forms  are,  of 
course,  contained  in  Frobenius's  statement  quoted  above. 

In  referring  to  Frobenius  we  should  remark  that  he  has  a 
claim  to  be  a  joint  discoverer  of  a  theorem,  frequently  attri- 
buted to  Jordan,!  to  the  effect  that  every  periodic  linear 
substitution  can  be  reduced  to  the  form 

where  e^  is  a  root  of  unity.  This  theorem  has  been  recently 
taken  up  afresh  by  E.  H.  Moore  and  H.  Maschke.J  On 
the  whole,  the  investigation  of  Frobenius  seems  the  most  di- 
rect and  the  clearest  of  all  that  I  have  seen  ;  though,  as  it 
requires  an  elementary  acquaintance  with  the  theory  of  mat- 
rices, students  of  group-theory  and  differential  equations 
may  prefer  an  independent  proof. 

Of  recent  developments,  we  may  refer  to  a  recent  paper  by 
S.  Kantorg  (1900)  in  which  the  theory  of  invariant  factors 
of  higher  kinds  (Stufen)  is  examined  by  the  aid  of  geometry 
in  space  of  n"  dimensions.  This  appears  to  be  an  entirely 
fresh  departure. 

Dr.  Muth's  book  is  the  first  published  account  of  the 
theories  which  we  have  sketched  above  ;||  our  thanks  are 
due  to  the  author  for  having  collected  so  many  useful  re- 
sults into  one  convenient  volume.  On  the  other  hand  it 
may  be  questioned  if  readers  beginning  the  subject  will  not 
do  well  to  modify  his  arrangement.     Thus  §1,  on  general 

*  Phil.  Magazine,  5th  series,  vol.  22,  p.  173. 

t  On  p.  16  of  his  paper,  Frobenias  shows  that  for  periodic  snbstitntions 
all  the  invariant-factors  are  linear  and  that  the  latent  roots  are  roots  of 
unity.  On  p.  21  it  is  stated  that  the  reduced  forms  depend  only  on  the 
invariant  factors  (using  Weierstrass's  results  for  bilinears),  and  the 
combination  of  these  two  facts  leads  directly  to  the  theorem  as  given. 
Jordan's  statement  occurs  later  in  the  same  volume  of  Crelle  (p.  112)  ; 
there  can  be  little  doubt  as  to  their  independence. 

X  Math.  Annalen,  vol.  50  (1898),  pp.  215  and  220  ;  cf.  L.  E.  Dickson, 
**  Report  on  progress  in  the  theory  of  linear  groups,"  Bulletin,  vol.  6 
(1900),  p.  13. 

$  Monatshefte  fur  Math,  und  Phys.y  vol.  11,  p  193  ;  another  way  of  ap- 
plying n  dimensional  geometry  to  matrices  has  been  given  by  Buchheim 
{Pfoe,  Ijmd.  Math.  Soc.,  vol.  16  (1885),  p.  63)  after  Grassmann.  We  may 
consult  also  Whitehead's  Univer>al  algebra  (vol.  1,  p.  248). 

I  Two  fairly  complete  accounts  of  the  theory  have  appeared  recently  : 
Ed.  Weyr.  Monatshefte  fur  Math,  und  Phys.,  vol.  1  ( 1890),  p.  163  ;  Sauvage, 
Ann.  Ecole  Norm.  Sup.  (3d  series),  vol.  8  (1891),  p.  2a5,  and  vol.  10 
(1893),  p.  9.  Neither  of  these  covers  so  much  ground  as  Dr.  Muth's 
work  For  sketches  and  references  we  may  consult  also  F.  Meyer's  re- 
ports on  general  invariant  theory  ;  Jahresherivht  der  Deutwhen  Math.  Ver.y 
vol.  1  (1890),  p.  106  and  Encyklopadie  der  Math.  Wiss.,  Vol.  1,  p.  327. 
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properties  of  invariant  factors,  will  probably  be  found  one 
of  the  hardest  in  the  book.  In  §2  will  be  found  a  good  ac- 
count of  the  theory  of  ** multiplying ' '  bilinear  forms;  the 
author  follows  Frobenius  in  preference  to  Cayley,*  and 
introduces  a  matrix  only  as  a  picture  (Bild)  of  the  bilinear 
form.  The  theory  of  forms  (or  systems)  with  elements 
which  are  integers  in  various  regions  of  rationality,  occupies 
§§3-5  and  18.  It  may  be  pointed  out  that  these  methods 
can  be  appliedf  to  deduce  the  principal  theorems  of  §1. 

In  §§6-9  the  theory'  of  equivalence  of  families  of  forms  is 
considered  by  the  methods  of  Weier^stmss  and  Kroneeker  ; 
it  seems  to  me  that  a  somewhat  easier  introdaetion  to  the 
theory  will  be  found  in  Darboux's  paper  on  quadratic 
forms  ;J  and  in  Htickelberger's  extension  of  the  same  to 
bilinears  ;§  after  which  Mutli's  work  will  follow.  It  may  be 
questioned  if  any  advantage  is  obtained  by  the  use  of  double 
suffixes  in  the  reduced  forms,  at  any  rate  in  the  tables  (pp. 
91,  116,  124,  133).  The  geometrical  interpretation  of  tlie 
results  on  p.  124  by  means  of  conies  should  be  noted  ;  this 
will  be  found  in  Sylvester's  paper,  already  noted. 

The  remainder  of  the  book  is  occupied  chiefly  with  special 
applications  ;  §10  contains  Frobenius' s  method  of  reducing 
a  given  bilinear  form  by  means  of  congruent  substitutions  ;|| 
§11  gives  a  method  of  reducing  a  linear  substitution  to 
Jordan's  canonical  form,  though  it  seems  to  me  that  the  most 
practical  method  for  reducing  any  substitution  (whose  latent 
roots  are  known)  is  that  due  to  Jordan  himself. ^1 

An  application  of  the  results  of  §11  is  made  in  §16  to  the 
theory  of  a  system  of  linear  differential  equations  with  con- 
stant coefficients  ;   this  seems  to  be  due  to  Weierstrass. 

In  §§12,  13,  we  have  an  account  of  linear  substitutions 
which  are  autoniorphic  for  a  given  form  ;  but  it  ought  to  be 
remarked  that  the  first  result  in  this  direction  is  due  to 


*  It  is  somewhat  remarkable  that  Dr.  Miith  nowhere  refers  to  Cayley — 
Dot  even  in  his  historical  account  of  the  subject. 

tCf.  Hensel,  Cnth,  vol.  114  (1894),  pp.  25  and  109.  Two  papers  re- 
lated to  this  point  of  view  have  just  been  published  by  Dr.  Muth  himself, 
Crelle,  vol.  122  ( 1900),  pp.  84  and  89. 

t  Lumville'sJonr.  de  Math.,  2d  series,  vol.  19  (1874),  p.  347. 

g  Cre//f,  vol.  m  ( 1H78  ),  p.  20. 

I  This  problem  was  attacked  by  Kronecker  (in  1866)  in  connection 
with  Weierstniss'R  general  theta  functions.  Kronecker  finally  settled 
the  problem  in  1874,  after  some  controversy  with  Jordan.  The  problem 
is  of  interest  in  certain  dynamical  questions,  as  well  as  in  connection  with 
theta  fnnctions. 

HCoure  d' Analyse,  vol.  3,  Art.  143  ;  a  repnxluction  is  given  in  Craig^B 
book  on  Dififeretitial  e<|uations.  A  series  of  papers  on  this  subject  will 
be  found  in  vols.  30-32  of  the  Land.  Math,  Soc.  Prm:  (1899-1900). 
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Hermite,*  whose  conclusions  were  translated  into  the  lan- 
guage of  matrices  by  Cayley.  No  references  are  given  to 
recent  researches  on  the  so-called  *  *  singular ' '  cases  of  au- 
tomorphic  substitutions.!  It  is  perhaps  worth  while  to  call 
attention  to  a  result  of  Loewy's  f  which  shows  that,  by  us- 
ing a  Hermite  form  (with  complex  coefficients)  in  place 
of  the  real  symmetrical  and  alternate  forms  hitherto  con- 
sidered, we  avoid  all  consideration  of  the  singular  cases. 
Loewy's  paper  contains  many  other  valuable  results  and 
will  repay  careful  study. 

In  §§14,  15,  Dr.  Muth  obtains  certain  results  on  linear 
invariant  factors ;  here  we  should  note  Klein's  results  in 
his  inaugural  dissertation  (1868)§,  which  have  been  further 
extended  by  Loewy.||  §17  contains  an  elaborate  account 
of  all  possible  collineations  in  space  of  n  dimensions,  which 
is  afterwards  applied  to  spaces  of  two  and  three  dimensions. 
As  stated  before,  the  first  attempt  to  classify  such  transfor- 
mations is  due  to  Cayley,  who  did  not,  however,  include  the 
possibility  of  '*  singular '^  collineations;  as  an  illustration 
of  what  is  meant  by  such  collineations  we  may  take  the 
perspective  of  ordinary  drawing,  in  which  a  point  of  the 
picture  represents  all  the  points  on  a  certain  Une  through 
the  eye.  Another  form  of  classification  has  been  given  by 
Whitehead.^ 

Apparently  it  is  usual  to  conclude  a  review  with  a  list  of 
misprints.  Of  those  which  I  have  noticed,  not  many  need 
delay  the  reader.     In  several  places  the  short  vertical  lines 

♦Oe//e,  vol.  47(1854),  p.  309  {n  =  3)  and  Camb,  and  Dublin  Math. 
Jour,,  vol.  9  (1854),  p.  63  (n=4).  In  oonneotion  with  Moth's  table 
on  p.  172  we  may  refer  to  Jordan,  Liouviile^a  Jour,  de  Math,  (4th  series), 
vol.  4(1888),  p.  349. 

t  See  2  11  of  Probenias's  paper;  it  had  been  considered  previously  (in  the 
special  case  n  3)  by  Bachmann,  Tannery  and  Hermite,  without  the  aid  of 
matrices.  More  recent  investigations  are  those  of  Loewy  in  MeUh.  Annalen, 
vol.  48  (1897),  p.  97  and  vol.  49,  p.  448;  of  Taber,  Proe,  Lond,  Math,  Soe., 
vol.  24  (1893),  p.  290,  and  vol.  26  ( 1895),  p.  364  ;  also  in  Math,  Annalen, 
vol.  46  (1895).  p.  561,  and  a  number  of  papers  in  the  Bulletin.  In  con- 
nection with  Taber's  work  we  should  notice  a  paper  by  Rettger  ( A  mer. 
Jour,  of  Math.t  vol.  22  ( !900),  p.  62,  which  gives  similar  results  from 
the  point  of  view  of  general  continuous  group  theory.  (See  also  the 
Clark  volume,  already  quoted. ) 

tl^ova  Acta  Leopoldina,  vol.  71  (1898),  p.  379 —Math.  Annalcn,  vol.  50, 
p.  569.     Cf.  Goltinger  NachHehten.  1900,  p.  298. 

i  Reprinted  in  Math.  Annalen^  vol.  23  ;  the  theorem  alluded  to  is  given 
on  pp.  561,  562  and  is,  from  the  point  of  view  of  Klein's  dissertation,  a 
subsidiary  result.     In  the  reprint  Klein  remarks  that  the  theorem  seems 
not  to  have  been  sufficiently  considered. 
II  Cretle,  vol.  122  ( 1900),  p.  53. 

1]  Universal  algebra,  vol.  1,  p.  316. 
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( used  to  indicate  determinants)  have  been  misplaced.  In 
the  lists  of  reduced  forms  some  small  errors  have  caught 
my  eye  ;*  on  p.  142  (footnote)  in  reference  to  Frobenius's 
paper  in  Orelle^  vol.  80,  we  should  read  p.  146  for  p.  20. 
Near  the  foot  of  p.  166,  {S -\-  T)~'  {S  +  T)  should  be 
(S+  T)-^  {S—  T)  ;  and  in  some  placas  there  are  slight 
errors  in  the  titles  of  papers  quoted. 

In  conclusion  I  may  say  that  Dr.  Muth's  book  is  of  great 
interest  and  very  useful  in  extenditig  one's  knowledge  of 
certain  branches  of  the  subject.  I  hope  that  it  may  induce 
other  readers  to  take  up  this  part  of  invariant  theory, 
which  is  important  on  account  of  its  applications  as  well  as 
for  its  intrinsic  interest. 

T.  J.  I' A.  Bromwich. 

St.  John*8  College,  Cambridge, 
January  1,  1901. 


SHORTER  NOTICES. 

Kurzgefasste  Vorlesnngen  i'lber  verschiedene  Gebiele  der  hclheren 
Mathmiatik,  mit  Bermhsichilgung  der  Amvendungen,  Von 
Dr.  Robert  Frickk.  Large  8vo.  Pp.  ix  +  520.  Leip- 
zig, B.  G.  Teubner,  1900. 

Two  objects  are  sought  in  Dr.  Fricke's  timely  book  : 
first,  to  supply  a  defect  in  German  mathematical  literature, 
a  handbook  for  students  who  have  mastered  the  elements 
of  analysis  and  are  not  yet  qualified  to  read  profitably  the 
highly  specialized  treatises  ;  second,  to  smooth  the  way  for 
technical  students  who  discover  a  taste  for  the  more  ab- 
stract branches  of  mathematics.  The  present  volume  is 
confined  to  analysis  and  theory  of  functions,  a  second  is  an- 
nounced as  in  preparation,  to  treat  of  advanced  portions  of 
algebra  and  geometry. 

The  reader  is  presumed  to  have  a  pretty  thorough  ac- 
quaintance with  integral  calculus,  though  not  with  the  cal- 
culus of  imaginaries.  Fourier's  series  are  first  introduced, 
with  applications  to  vibrating  strings  and  to  diffusion  of 
heat.  A  short  chapter  is  given  to  spheric^il  and  cylindri- 
cal harmonics,  with  tiibles  for  the  functions  P^(f^), 
^t(/0)  —  ^eCi")  according  to  Byerly,  and  of  J^C'^)  and  J,0^) 

*  The  second  form  in  each  of  the  following  needft  correction  :  p.  91 
(o.  3)  ;  p.  117  (5)  and  (8).  The  last  of  these  has  an  x  instead  of  a  y  ;  in 
each  of  the  other  two  a  saflix  has  been  misprinted. 
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according  to  Lommel.  The  remaining  chapters  are  based 
upon  the  third.  Functions  of  a  Complex  Variable,  and  it  is 
in  this  narrow  space  of  100  pages  that  the  skill  of  the 
author  in  concise  and  transparent  exposition  is  most  strik- 
ingly evident. 

In  attractive,  inductive  sequence,  mainly  in  geometric 
style,  are  presented  linear  functions  and  inversion  with 
respect  to  a  circle,  stereographic  projection,  typical  rational 
functions,  exponential  and  hyperbolic  functions,  then  the 
general  concept  of  analytic  functions  of  the  complex  va 
riable.  The  style  is  that  of  the  lecturer  rather  than  that  of 
the  critic,  and  the  requirements  of  rigor  are  met  by  making 
definitions  and  hypotheses  amply  inclusive.  At  once  the 
motion  of  an  incompressible  fluid  is  taken  up  briefly,  and 
the  question  of  a  function  whose  integral  f/Cx,  y)d8  from 
point  to  point  of  a  domain  shall  be  independent  of  the  path 
«.  Thus  are  brought  in  the  potential  equation,  Cauchy^s 
int^ral,  and  Greenes  theorem,  while  the  notion  of  analytic 
function  is  still  in  the  formative  stage  in  the  student's 
mind.  Power  series,  convergence,  irregular  points,  entire 
functions  developed  in  products,  and  the  gamma  function 
are  rapidly  sketched,  the  chapter  closing  with  a  well  illus- 
trated and  suggestive  paragraph  on  Riemann  surfaces  and 
the  problems  arising  from  them. 

Elliptic  functions  are  treated  first  by  the  Weierstrassian 
method,  then  conversely  after  Lagrange  and  Jacobi,  as 
based  upon  intiCgrals  and  theta  functions.  Here,  as  earlier 
for  spherical  harmonics,  tables  are  given  :  for  the  elliptic 
integrals  of  the  first  and  second  kinds  and  their  periods,  and 
for  log  ^  as  a  function  of  k.  These  tables  are  from  Levy's 
Precis  616mentaire  etc.  Numerous  applications  of  elliptic 
functions  fill  60  pages,  among  which  the  short  paragraph  on 
confocal  quadric  surfaces  and  elliptic  coordinates  is  the 
one  that  will  be  most  useful  to  teachers. 

Two  concluding  chapters  are  devoted  to  ordinary  and  par- 
tial differential  equations  in  complex  variables,  the  method 
and  applications  being  principally  drawn  from  Fuchs,  Klein, 
Schwarz,  and  Jacobi.  These  chapters,  though  condensed, 
are  not  crowded,  but  are  throughout  readable.  Most  teach- 
ers to  whom  the  purpose  indicated  by  Dr.  Fricke  appeals 
as  eminently  desirable  will  find  this  book  full  of  help- 
ful suggestions,  and  will  moreover  find  their  own  interest 
in  the  successive  topics  vigorously  stimulated  by  the  occa- 
sional reading  of  a  chapter.  The  second  volume  will  be 
awaited  with  not  a  little  of  curiosity. 

Two  extracts  from  the  preface  are  deserving  of  considera- 
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tion  in  this  country  at  least.  **  —  Ich  darf  wohl  auf  Zu- 
Btimmung  hoffen,  wenn  ich  die  Meinung  aussere.  dass  zu 
einer  tiefer  gehenden  Verstandniss  der  Mechanik  sowohl  in 
ihren  Grundproblemen  als  in  ihren  Einzelausfiihrungen 
verschiedene  mathematische  Disciplinen  erforderlich  sind, 
die  zur  Zeit  leider  eine  regelmassige  Pflege  an  den  techni- 
schen  Hocbschulen  nicht  finden.  *  *  ♦  In  Amerika  und 
England  sehen  wir  vielfach  ein  Unterrichtssystem  in  Kraft, 
bei  welchem  mit  relati  v  geringf  iigigen  matbematiscben  Hilfs- 
mitteln  bocbst  ausgedehnte  Gebiete  der  Anwendungen  be- 
riibrt  werden.  Der  richtige  Weg  liegt  auch  bier  gewiss  in 
der  Mitte.  Um  ibn  mit  Erfolg  zu  betreten,  wird  die  Matb- 
ematik  mit  den  tecbniscben  Wissenscbaften  unter  g^en- 
seitiger  bereitwilliger  Forderung  Hand  in  Hand  geben  miis- 
sen.'' 

Henry  8.  White. 

Ebe7ie  Geometric  der  Lage.  Von  Professor  Dr.  R.  Boger. 
Leipzig,  .G.  J.  Groscben'scbe  Verlagsbucbbandlung,  1900. 
(Sammlung  Schubert,  VII. )  8vo.  Pp.  x  +  289.  Price  5 
marks. 

A  NEW  text  book  on  the  geometry  of  position  is  prepared 
by  Dr.  Boger,  who  is  Professor  at  the  Real-gymnasium  in 
Hamburg.  The  1)ook  has  some  novelties,  and  distinctive 
merits.  In  the  first  place  it  is  well  arranged  for  refer- 
ence. Section  title  and  number  and  paragraph  number 
stand  at  the  head  of  alternate  pages.  Paragraph  numbers 
appear  black  in  the  text,  and  are  set  also  in  smaller  type 
in  the  outer  margin.  Definition,  theorem,  and  corollary  are 
distinctly  marked  as  such.  Thus  the  frequent  references 
back  and  ahead  are  consulted  with  the  least  possible  labor, 
a  rapid  review  is  easy,  and  the  student  is  never  left  in 
doubt  as  to  purpose  or  connection  of  a  sentence.  The  table 
of  contents  is  full  and  well  divided,  but  there  is  no  index. 
This  lack  however  will  not  greatly  hinder  the  student,  for 
at  every  critical  point  a  line  of  back  references  is  struck 
which  leads  to  every  desired  explanation. 

As  its  title  indicates,  the  work  is  confined  to  the  plane. 
Beginning  with  the  perspective  relation,  it  concludes  with 
the  construction  of  a  polar  relation  out  of  any  five  real  or 
imaginary  elementary  data  (pairs  of  conjugate  points). 
Steiner  and  Cremona  defined  projective  ranges  to  be  any 
two  members  of  a  sequence,  each  member  of  which  is  in  per- 
spective with  the  next  preceding  and  the  next  succeeiUng. 
This  definition  I^ger  adopts,  and  so  proves  as  a  theorem 
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the  invariance  of  harmonic  sets  under  projective  transfor- 
mation. Von  Staudt  and  Reye  chose  the  reverse  order,  but 
I  think- it  probable  that  most  teachers  will  agree  with  Boger 
as  to  the  easier  order  for  students.  From  two  projective 
pencils  or  ranges  a  conic  is  generated ;  then  follow  the 
simpler  properties  ;  afterward  the  theory  of  involutions  on  a 
range  or  pencil,  then  upon  a  conic  ;  and  so  are  reached  the 
relation  of  pole  and  polar  and  the  usual  metric  properties 
of  diameters  and  foci. 

Here  the  second  part  of  the  work  begins,  wherein  not  the 
conic  itself,  but  the  polarity  which  it  mediates,  is  the  princi- 
pal object.  Whatever  determines  the  one  determines  the 
other,  and  these  determining  elements  may  just  as  well  be 
pairs  of  conjugate  points  as  exclusively  self-conjugate  points. 
The  problems  of  construction  thus  generalized  are  here 
solved  by  the  aid  of  concepts  that  will  be  new  to  many 
readers  :  adjoint,  conjoint,  component,  and  resultant  invo- 
lutions. On  a  conic  two  involutions  are  resultant,  for  ex- 
ample, when  their  centers  are  conjugate  with  respect  to  the 
conic ;  and  if  two  involutions  are  considered,  both  areeom- 
ponent  to  their  common  resultant.  The  terms  seem  worthy 
of  general  adoption.  A  brief  treatment  of  sheaves  of 
polarities  and  of  cubic  involutions  is  added,  breaking  off 
where  the  next  topic  would  be  polarities  of  the  third  order. 

Most  striking  is  perhaps  the  absence  of  the  word  imagi- 
nary. From  the  preface  we  extract  the  author's  reason  for 
the  omission.  **  Von  Staudt's  theory  of  imaginary  elements, 
founded  upon  a  normal  Wurf,  I  have  replaced  by  a  theory 
based  upon  a  perfectly  arbitrary  Wurf .  This  theory  renders 
it  needless  to  distinguish  between  real  cases  and  imaginary, 
because  it  employs  only  such  proofs  as  are  valid  for  all  cases 
alike.  If  we  retain  the  involution  that  is  determined  by  a 
Wurf.  and  base  our  proofs  always  on  this  involution,  never 
on  the  presence  or  absence  of  its  two  coincidence  points, 
then  there  will  never  be  need  to  introduce  imaginary  ele- 
ments. Further,  the  word  imaginary  is  not  only  needless, 
it  is  positively  a  detriment ;  for  since  it  has  no  correspon- 
ding image  (Vorstellung),  its  effect  can  be  nothing  but  con- 
fusion. Therefore  the  word  imaginary  ought  to  be  outlawed 
from  the  geometry  of  position. '  *  This  reasoning  and  a  simi- 
lar plea  in  the  closing  paragraph  may  not  convince  the 
reader,  but  they  are  well  worth  study  to  any  one  who  is 
prone  to  mix  algebraic  short  cuts  with  geometric  reasonings. 

Henry  8.  White. 
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NOTES. 

At  the  regular  meeting  of  the  London  mathematical  so- 
ciety held  on  February  14,  1901,  the  following  papers  were 
read:  "The  distribution  of  velocity  and  the  equations  of 
the  stream  lines  due  to  the  motion  of  an  ellipsoid  in  fluid 
frictionless  and  viscous,"  by  Mr.  T.  Stuart  ;  **  On  factoriz- 
able  twin  binomials,"  by  Lieut.  Col.  A.  J.  Cunningham; 
**  Concerning  the  abelian  and  delated  linear  groups/'  by 
Professor  L.  E.  Dickson  ;  *  *  A  geometrical  theory  of  differ- 
ential equations  of  the  first  and  second  orders,''  by  Mr.  R. 
W.  Hudson;  **Brocardal  properties  of  some  associated 
triangles,"  by  Mr.  R.  Tucker  ;  "A  note  on  stability,  with 
a  hydrodynamical  application,"  by  Mr.  T.  J.  I' a.  Brom- 
wiCH  ;  **  Remarks  on  notation  in  Lie's  theory  of  continuous 
groups,  and  on  Schur's  determination  of  a  continuous  group 
of  given  structure,  with  remarks  on  Mr.  J.  E.  Campbell's 
paper  (read  at  the  January  meeting),"  by  Mr.  H.  F. 
Baker;  *^Note  on  curves  similar  and  parallel  to  one 
another,"  by  Mr.  D.  B.  Mair. 

The  publication  of  the  works  of  Weierstrass,  which  the 
Prussian  academy  of  sciences  has  undertaken,  has  been  un- 
expectedly delayed,  and  little  progress  has  been  made  dur- 
ing the  past  year.  About  three-quarters  of  volume  IV. 
(Abelian  functions)  has  now  been  printed. 

The  first  number  (1901)  of  the  Annuaire  dee  matKhna- 
Hctensy  published  by  Messrs.  Carr6  and  Naud,  of  Paris,  is  in 
press,  and  will  soon  appear.  It  will  contain  about  7,000 
names  with  addresses,  a  list  of  the  principal  mathematical 
societies,  and  a  list  of  mathematical  periodicals.  Besides 
this,  the  volume  will  contain  certain  scientific  notices ; 
among  the  authors  of  these  notices  will  probably  be  Pro- 
fessors P.  Appell,  Gino  Loria,  D.  Hilbert,  F.  Klein,  C. 
Mi&RAY.  J.  Petersen,  and  P.  H.  Schoute.  The  preface  will 
be  by  Dr.  C  A.  Laisant,  editor  of  L^  Enaeignement  mcUhe- 
matiquey  to  whom  the  publication  of  the  volume  is  due. 

The  Prussian  academy  of  sciences  has  received  the  sum 
of  100.000  marks  from  the  city  of  Berlin.  The  money  was 
given  at  the  celebration  of  the  two  hundredth  anniversary 
of  the  academy,  and  the  interest  on  it  is  to  be  applied  at 
intervals  of  four  years  to  an  important  investigation  in  the 
field  of  the  natui*al  sciences.  The  first  award  is  to  be  made 
in  1904. 
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Cambbidge  University. — ^The  Adams  prize  for  1901  has 
been  awarded  to  H.  M.  Macdonald,  fellow  of  Clare,  for 
an  essay  on  *'  Electric  waves.''  The  subject  for  the  Adams 
prize  in  1903  is:  ^*The  bearing  on  mathematical  physics  of 
recent  progress  in  the  theory  of  the  representation  of  dis- 
continuous quantity  by  series,  with  special  consideration  of 
the  logical  limitations  of  the  processes  involved."  The 
prize  is  open  to  the  competition  of  all  who  have  received  a 
degree  from  the  university.  The  successful  candidate  will 
receive  about  £225.  Essays  are  to  be  sent  to  the  vice- 
chancellor  by  December  16,  1902. 

The  Naples  academy  of  mathematical  and  physical  sci- 
ence has  awarded  its  mathematical  prize  of  1,000  lire  for 
1899  to  Dr.  G.  Torelli,  professor  at  Palermo.  The  subject 
was  the  totality  of  prime  numbers.  The  theme  for  the  next 
award  is  the  theory  of  invariants  of  the  ternary  biquadratic, 
considered  preferably  in  relation  to  the  condition  for  split- 
ting into  lower  forms.  The  essays  may  be  written  in 
Italian,  French,  or  Latin,  and  must  be  sent  in,  distinguished 
by  a  motto,  before  March  31,  1902. 

The  royal  academy  of  sciences  of  Turin  reannounces  the 
conditions  made  public  January  1st,  1899,  for  its  Bressa 
prize.  The  competition  is  open  to  the  world  and  closes 
December  31st,  1902.  The  prize  will  be  conferred  on  the 
discoverer  of  the  most  useful  invention  or  the  author  of  the 
most  celebrated  work  in  the  mathematical  and  physical 
sciences,  not  excluding  geology,  history,  geography  and 
statistics.  The  value  of  the  prize  is  nine  thousand  six 
hundred  francs. 

The  Madrid  academy  of  sciences  calls  for  a  historical 
memoir  on  the  Spanish  mathematicians  of  the  sixteenth 
century  for  its  next  annual  prize  in  the  mathematical 
sciences.  Biographies  and  exhaustive  accounts  of  works 
both  published  and  unpublished  are  demanded. 

University  of  Oxford.  The  following  announcements 
are  those  for  the  Hilary  term  1901  in  the  mathematical 
sciences,  the  courses  consisting  in  general  of  two  lectures 
per  week  : —  By  Professor  W.  Esson  :  Synthetic  geometry 
of  conies  ;  Synthetic  geometry  of  cubics. — By  Professor  E. 
B.  Elliott  :  Elements  of  elliptic  functions  ;  Supplementary 
lectures  on  quantics. — By  Professor  H.  H.Turner:  Ele- 
mentary mathematical  astronomy.— By  Professor  A.  E.  H. 
Love  :  Dynamics ;  Fourier's  series  and  its  physical  ap- 
plications.— By  Mr.  A.  L.  Dixon:  Calculus  of  finite  dif- 
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ferences. — By  Mr.  J.  E.  Campbell  :  Algebra  of  quantics. 
—By  Mr.  P.  J.  Kirby  :  Solid  geometry.— By  Mr.  C.  H. 
Thompson  :  Dynamics  of  a  particle. — By  Mr.  E.  H. 
Hayes  :  Geometrical  optics. — By  Mr.  C.  E.  Haselfoot  : 
Physical  optics. — By  Mr.  H.  T.  Gerrans  :  Hydrodynamics. 
By  Mr.  J.  W.  Russell  :  Pure  geometry. — By  Mr.  C.  Leu- 
DE8DORF  :  Geometry  (Maxima  and  minima,  inversion,  etc.). 

University  of  Paris.  The  following  courses  in  the 
mathematical  sciences  are  announced  for  the  second 
semester  at  the  faculty  of  sciences,  the  semester  opening 
March  1st,  1901,  and  each  course  consisting  of  two  lectures 
per  week  : — By  Professor  '&,  Picard  :  Algebraic  functions 
and  the  transcendents  associated  with  them.  The  intro- 
ductory lecture  to  the  course  is  devoted  to  the  scientific 
work  of  Hermite ;  this  lecture  will  appear  in  the  current 
volume  of  the  Annates  de  Vflcole  Normale, — By  Professor 
E.  Gk)URSAT :  Differential  equations. — By  Professor  P. 
Appell  :  Continuation  of  the  course  of  the  first  semester 
in  mechanics. — By  Professor  J.  Boussinesq  :  Continuation 
of  the  course  of  the  preceding  semester  in  mathematical 
physics. — By  Professor  G.  Koenigs  :  Study  of  machines. 
— By  M.  C.  Bourlet,  replacing  Professor  L.  Raffy  :  Dif- 
ferential equations  and  their  applications  to  mechanics  and 
physics. — By  Professor  J.  Hadamard  and  M.  M.  Servant: 
Conferences  on  infinitesimal  calculus. — By  Professor  P. 
Puiseux  :  Conferences  on  mechanics  and  astronomy. — By 
Professor  J.  Hadamard  and  MM.  H.  Andoyer  and  E. 
Blutel  :  Conferences  on  the  subjects  for  the  agr^gation. 

The  several  German  universities  below  offer  during  the 
summer  semester  1901  courses  in  mathematics  as  follows  : 

University  of  Breslau. — By  Professor  J.  Rosanes  : 
Plane  analytic  geometry,  four  hours ;  Theory  of  deter- 
minants, two  hours  ;  Seminar,  one  hour. — By  Professor  R. 
Sturm  :  Theory  of  geometrical  relationship,  part  one,  three 
hours  ;  Higher  algebraic  curves,  three  hours  ;  Seminar 
on  descriptive  geometry,  two  hours. — By  Professor  J. 
Franz  :  The  problem  of  three  bodies,  two  hours  ;  Calculus 
of  finite  differences,  with  applications  to  special  pertur- 
bations of  the  h^veuly  bodies,  four  hours. — By  Dr.  F. 
London  :  Definite  integrals,  three  hours  ;  Mathematics  of 
insurance,  two  hours. 

Univkrsity  of  Erlangen. — By  Professor  P.  Gordan  : 
Theory  of  differential   equations,  four   hours  ;   Theory  of 
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invariants,  four  hours ;  Seminar,  three  hours. — By  'Pro- 
fessor M.  NoETHEK  ;  Differential  and  integral  calculus,  II, 
four  hours ;  Descriptive  geometry,  with  exercises,  two 
hours ;  Selected  chapters  in  mechanics,  two  hours. 

University  of  Freiburg. — By  Professor  J.  LtJROTH  • 
Theory  of  functions,  five  hours ;  Theoretical  astronomy, 
two  hours. — By  Professor  L.  Stickelberger  :  Integral  cal- 
culus, four  hours  ;  Higher  plane  curves,  three  hours  ;  Semi- 
nar.— By  Dr.  A.  Loewy  :  Algebraic  equations,  four  hours  ; 
Foundations  of  geometry,  two  hours. — By  Dr.  E.  Rebmann  : 
Elements  of  projective  geometry,  two  hours. 

University  of  Giessen. — By  Professor  M.  Pasch  :  Foun- 
dations of  geometry,  four  hours  ;  Elements  of  algebra,  two 
hours  ;  Mathematical  seminar,  one  hour. — By  Professor  E. 
Netto  :  Plane  analytic  geometry,  four  hours  ;  Introduction 
to  the  theory  of  functions,  two  hours  ;  Seminar,  one  hour. — 
By  Professor  R.  Haussner  :  Differential  geometry,  with 
exercises,  five  hours;  Technical  mechanics,  second  part, 
with  exercises,  four  and  one  half  hours. 

University  of  Greifswald. — By  Professor  W.  ThomA  : 
Mechanics  II,  four  hours  ;  Theory  of  potential,  four  hours  ; 
Seminar,  two  hours. — By  Professor  E.  Study  :  Analytic 
geometry  I,  four  hours ;  Introduction  to  synthetic  geom- 
try,  two  hours  ;  Select  chapters  in  the  theory  of  functions, 
one  hour  ;  Seminar,  one  hour. 

University  of  Heidelberg. — By  Professor  L.  Koenigs- 
bbrger  :  Infinitesimal  calculus,  four  hours  ;  Theory  of 
functions,  four  hours  ;  Seminar,  two  hours. — By  Professor 
M.  Cantor  :  Algebraic  analysis,  four  hours  ;  Arithmetic  and 
algebra,  three  hours. — By  Professor  K.  Koehler,  Analytic 
geometry,  three  hours. — By  Professor  G.  Landsberg  : 
Theory  of  determinants,  two  hours  ;  Algebraic  curves,  two 
hours. — By  Dr.  K.  Boehm  :  Introduction  to  the  theory  of 
continuous  transformation  groups,  with  applications  to 
geometry  and  diff*erential  equations,  one  or  two  hours ; 
Gauss's  memoir  on  general  theory  of  forces  attracting  or  re- 
pelling as  the  inverse  square  of  distance,  one  hour. 

University  of  Jena. — By  Professor  J.  Thomae  :  Differ- 
ential equations,  four  hours  ;  Plane  analytic  geometry,  four 
hours. — By  Professor  A.  Gutzmer  :  Differential  calculus, 
five  hours ;  Theory  of  potential,  four  hours ;  Seminar.— 
By  Professor  G.  Frege  :  The  foundations  of  arithmetic, 
four  hours  ;  Mathematical  evercises,  two  hours. 
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.  University  of  Kiel. — By  Professor  L.  Pochhamhbb  : 
Introduction  to  algebra  and  determinants,  four  hours ; 
Theory  of  elliptic  functions,  four  hours  ;  Seminar,  one  hour. 
— By  Professor  P.  Stackel  :  Infinitesimal  calculus  and  in- 
troduction to  analysis,  four  hours ;  Advanced  dynamics  of 
rigid  bodies,  four  hours  ;  History  of  mathematics  since  the 
Renaissance,  one  hour  ;  Seminar,  one  hour. 

University  of  Koenigsbero. — By  Professor  F.  Meyer  : 
Introduction  to  the  theory  of  numbers,  four  hours  ;  Seminar, 
one  hour. — By  Professor  A.  Schoenflies  :  Differential 
geometry  of  curves  and  surfaces,  four  hours  ;  Seminar,  one 
hour. — By  Professor  L.  SaalschI^tz  :  Differential  calculuSy 
four  hours,  with  seminar  one  hour  ;  Gauss's  trigonometric 
and  other  interesting  series,  two  hours. — By  Dr.  J.  Rabts  : 
Higher  geodesy,  two  hours  ;  Least  squares,  two  hours. — By 
Dr.  T.  Vahlen  :  Analytic  geometry  of  the  plane  and  of 
space,  four  hours,  with  exercises,  one  hour. — By  Dr.  E. 
MUller  :  Introduction  to  descriptive  geometry,  two  hours. 

University  of  Leipsic  :  By  Professor  C.  Neumann  : 
Theory  of  potential  and  spherical  harmonics,  four  hours  ; 
Seminar,  two  hours. — Professor  A.  Mayer  :  Courses  to  be 
announced  later. — By  Professor  O.  H5lder  :  Ordinary  dif- 
ferential equations,  four  hours ;  Scientifically  rigorous 
foundation  of  arithmetic,  one  hour  ;  Seminar,  one  hour. — 
By  Professor  F.  Engel  :  Analytic  geometry  of  the  plane 
and  of  space,  four  hours  ;  Differential  invariants  (con- 
tinued), one  hour ;  Projective  geometry  and  theory  of 
invariants  (continuation  of  projective  geometry),  two 
hours  ;  Seminar,  with  Dr.  G.  Kowalewski,  one  hour. — By 
Dr.  F.  Hausdorff  :  Differential  geometry,  four  hours ; 
Mengenlehre,  two  hours. — By  Dr.  G.  Kowalewski  ;  Al- 
gebraic analysis,  four  hours,  with  exercises,  one  hour ; 
Line  geometry,  two  hours ;  Seminar  on  differential  in- 
variants with  Professor  Engel,  one  hour. — ^By  Dr.  H. 
LiEBMANN :  Algebraic  equations,  two  hours ;  Synthetic 
geometry  of  conies,  two  hours  ;  Selected  chapters  in  the 
theory  of  numbers,  one  hour. 

University  of  Marburg. — By  Professor  F.  Schottky  : 
Infinitesimal  calculus,  four  hours  ;  Calculus  of  variations, 
two  hours  ;  Seminar,  four  hours. — By  Professor  E.  Hbbs  : 
Analytic  and  synthetic  treatment  of  plane  geometry,  four 
hours  ;  Integration  of  differential  equations,  three  hours  ; 
Selected  chapters  on  applied  mechanics,  two  hours  ;  Semi- 
nar, four  hours. — By  Dr.  F.  v.  Dalwigk  :  Introduction  to 
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mathematics  for  chemists,  three  hours,  with  exercises,  one 
hour ;  Collineation  and  perspective,  two  hours. 

University  of  Strassburg. — By  Professor  T.  Reye  :  Se- 
lected chapters  on  higher  synthetic  geometry,  three  hours  ; 
Theor}'  of  forces  which  attract  according  to  Newton -s  law, 
(theory  of  potential),  three  hours  ;  Seminar,  two  hours. — 
By  Professor  H.  VVeber  :  Theory  of  abelian  functions, 
four  hours  ;  Applications  of  elliptic  functions  to  mechanics 
and  physics,  two  hours;  Seminar,  two  hours. — By  Pro- 
fessor G.  Roth  :  Differential  and  integral  calculus,  three 
hours,  with  exercises,  two  hours  ;  Plane  analytic  geom- 
etry, three  hours. — By  Professor  A.  Krazer  :  Definite  in- 
tegrals, three  hours ;  Analytic  geometry  of  space,  three 
hours  ;  Theory  of  the  theta  functions,  two  hours  ;  Seminar, 
one  hour. — By  Dr.  E.  Timerding  :  Theory  of  surfaces,  two 
hours. — By  Dr.  J.  Wellstein  :  Descriptive  geometrj%  II, 
two  hours. 

University  of  TOBiNOEN.—By  Professor  A.  v.  Brill: 
Analytic  geometry  of  space,  three  hours  ;  Theory  of  curva- 
ture of  surfaces,  four  hours  ;  Seminar,  in  two  sections,  two 
hours. — By  Professor  H.  Stahl  :  Elementarj'  analysis, 
three  hours,  with  exercises,  one  hour ;  Higher  analysis,  I 
(differential  calculus),  four  hours,  with  exercises,  one  hour. 
— By  Professor  L.  Maurer  :  Synthetic  geometry,  two 
hours,  with  exercises,  one  hour;  Descriptive  geometry,  I,  two 
hours,  with  exercises,  two  hours. 

University  of  Wt^RZBURG. — By  Professor  F.  Prym  :  In- 
tegral calculus,  six  hours,  with  exercises,  two  hours ;  Semi- 
nar on  topics  in  the  theory  of  functions,  two  hours. — By 
Professor  A.  Voss:  Analytic  and  synthetic  geometry  of 
conies,  four  hours  ;  Analytic  mechanics,  four  hours  ;  Semi- 
nar on  topics  in  higher  mathematics,  two  hours. — By  Pro- 
fessor E.  Selling  :  Partial  differential  equations  of  mathe- 
matical physics,  four  hours  ;  Theory  of  planetary  motions, 
three  hours. 

University  of  Zurich. — By  Professor  H.  Burkhardt  : 
Algebraic  analysis,  four  hours;  Partial  differential  equations, 
four  hours;  Seminar,  two  hours. — By  Professor  A.  Weiler: 
Analytic  geometry,  II,  two  hours  ;  Descriptive  geometry, 
II,  two  hours  ;  Map  projection,  two  hours  ;  Synthetic  geom- 
etry, II,  two  hours. 

The  dedication  of  the  monument  to  Francesco  Bbiosohi 
took  place  on  December  13,  1900,  the  third  anniversary  of 
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his  death.  The  monument,  which  is  of  bronze,  haa  been 
placed  in  the  Royal  Technical  Institute  of  Milan.  It  is 
the  work  of  the  sculptor  L.  Secchi,  of  Milan,  and  was 
erected  with  a  part  of  the  money  collected  by  subscription 
from  the  friends,  admirers,  and  pupils  of  Brioschi.  At  the 
inauguration  addresses  were  made  by  Professors  G.  Colombo, 
P.  Blaserna,  G.  Celoria,  and  G.  Bardelli.  These  ad- 
dresses are  published  in  the  Anndli  di  Matematica  for  Jan- 
uary, 1901  (3d  series,  volume  V.,  page  141). 

Owing  to  the  state  of  his  health,  Professor  P.  G.  Tait  of 
the  chair  of  natural  philosophy  in  the  University  of  Edin- 
burgh, has  intimated  his  approaching  resignation,  after  a 
distinguished  service  of  over  forty  years. 

Dr.  J.  W.  L.  Glaisher  has  been  elected  president  of  the 
Royal  astronomical  society  of  Great  Britain  for  the  forth- 
coming year.  The  honorary  secretaries  are  Messrs.  F.  W. 
Dyson  and  E.  T.  Whittaker,  and  the  foreign  secretary  is, 
as  before,  Sir  William  Huggins.  The  gold  medal  of  the 
society  was  this  year  awarded  to  Professor  E.  C.  Pickering, 
of  Harvard  University. 

Professor  A.  Pringsheim  has  been  promoted  to  a  full 
professorship  in  the  University  of  Munich. 

Professor  M.  Cantor  has  been  chosen  corresponding 
member  of  the  Royal  institute  of  science,  letters,  and  art  of 
Venice. 

In  justice  to  Professor  C.  N.  Little,  whose  resignation 
from  the  faculty  of  the  Leland  Stanford  Jr.  University  was 
noted  in  the  preceding  number  of  the  Bulletin,  it  is  proper 
to  state  that  Professor  Little's  resignation  was  tendered 
voluntarily  as  an  expression  of  disapproval  of  the  adminis- 
trative policy  of  the  university. 

Professor  D.  E.  Smith,  principal  of  the  Brockport,  N.  Y., 
State  normal  school,  has  accepted  a  call  to  the  professorship 
of  mathematics  in  Teachers  College,  Columbia  University, 
and  will  enter  upon  the  duties  of  his  new  position  at  the  be- 
ginning of  the  next  academic  year. 

Miss  E.  F.  Pendleton,  instructor  in  mathematics  at  Wel- 
lesley  College,  has  been  elected  dean  of  the  collie.  Miss 
Helen  Merrill  has  been  promoted  to  an  associate  profes- 
sorship of  mathematics.  Miss  R.  H.  Vivian,  alumnse 
fellow  in  mathematics  at  the  University  of  Pennsylvania, 
has  been  appointed  instructor  in  mathematics  at  Wellesley. 
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Dr.  G.  a.  Miller,  of  Cornell  University,  has  been  ap- 
pointed to  an  assistant  professorship  of  mathematics  at  Le- 
land  Stanford  University. 

Dr.  O.  8chl5milch,  formerly  professor  of  mathematics 
at  the  Technical  School  at  Dresden,  died  on  February  7th, 
at  the  age  of  seventy-eight  years. 

Professor  Charles  McDonald,  died  at  Halifax,  N.  S. , 
on  March  10th,  after  a  service  of  over  thirty  years  in  Dal- 
housie  College. 

Db.  J.  M.  Bice  died  at  Northboro,  Mass.,  on  March  2d, 
aged  sixty-eight  years.  He  was  appointed  professor  of 
mathematics  at  the  Naval  academy  at  Annapolis  in  1870. 

Professor  G.  P.  Starkweather,  of  Yale  University, 
died  on  March  21st,  at  the  age  of  twenty-eight  years. 

The  library  of  the  late  Professor  E.  B.  Christoffel  is 
offered  for  sale  by  Gustav  Fock  of  Leipzig. 
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NON-OSCILLATORY    LINEAR    DIFFERENTIAL 
EQUATIONS  OF  THE  SECOND  ORDER. 

BY  PB0FES80B  MAXIME  b6cHEB. 

( Read  before  the  Amerioan  Mathematioal  Society  February  23,  1901. ) 
We  shall  be  concerned  with  the  differential  equation 

and  for  the  sake  of  simplicity  we  will  assume  that  the  co- 
efficients p  and  q  are,  throughout  the  finite  interval  a  =  x  =  b^ 
continuous  real  functions  of  the  real  variable  x.  We  shall 
find  it  convenient  to  lay  down  the  following  definition  : 

!Z%6  equation  (1)  is  said  to  be  oscillatory  or  non-oscillatory  in 
the  interval  a  =  x  =  b  according  as  it  does  or  does  not  have  at 
least  one  solution  {not  identically  zero)  which  vanishe-s  more  than 
once  in  this  interval. 

It  is  my  object  in  the  present  paper  to  deduce  certain  con- 
ditions (chiefly  sufficient  conditions)  that  the  equation  (1) 
should  be  non-oscillatory.  Such  conditions  have  been  ob- 
tained by  Picard  (Traits  d'analyse,  volume  III,  pp.  101- 
104);  but  the  method  which  I  use  is  not  only  entirely  dif- 
ferent and,  as  it  seems  to  me,  less  artificial  than  that  of 
Picard.  but  yields,  besides  all  of  Picard' s  results, others  which 
Picard' s  method  does  not  give. 

My  starting  point  is  the  special  case  j)  =  0  : 

(2)  S  +  «'=«- 

Equation  (2)  is  non- oscillatory  in  the  interval  a  =  x  =  b  if 
throughout  this  interval  q=  0. 

For  if  (2)  has  a  solution  y  which  vanishes  more  than  once 
in  the  interval  in  question,  let  x^  and  x^  be  two  successive 
roots  of  y.  We  may,  without  loss  of  generality,  assume 
y  >  0  when  Xj  <  a;  <  x„  as,  if  this  were  not  the  case,  we 
could  replace  y  by  y^^-^y.  We  have  then  y'(a;i)>0, 
y'(^j)  <  0 ;  but  by  the  law  of  the  mean 

y'C^,)  -  y'C^,)  =  (^.  -  ^Oy"(^-)     (^i  <  ^  <^,). 

Accordingly  y"  (^)  <  0.  This,  however,  is  impossible,  since 
by  equation  (2)     y"(^)  =  -  <7(e).y(^). 
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By  reducing  (1)  to  the  binomial  form  (2),  we  shall  get  a 
theorem  concerning  (1)  similar  to  the  one  just  proved  for 
(2).  This  reduction  is  most  commonly  performed  by  means 
of  a  change  of  dependent  variable  y.*  It  can,  however, 
equally  well  be  performed  by  changing  the  independent  va- 
riable X,  or,  more  generally,  by  changing  both  independent 
and  dependent  variable.  We  will  consider  at  once  this  gen- 
eral transformation 

(3)  t^fdx),     y=9(x)y. 

We  assume  here  that  /  and  <p  have  continuous  first  and 
second  derivatives  throughout  the  interval  a^x^b.  Fur- 
thermore, since  we  do  not  wish  the  solutions  of  the  trans- 
formed equation  to  become  infinite,  we  assume  that  ^  does 
not  vanish,  say  for  distinctness 

<p(,x)>0  (a^x^b). 

Finally,  since  we  wish  the  interval  a^x^b  to  correspond 
in  a  one  to  one  manner  to  an  interval  on  the  <-axis,  we  as- 
sume that /'  does  not  vanish  in  the  interval  a^x^b. 

A  peculiarity  of  this  transformation  which  makes  it  avail- 
able for  our  purposes  may  be  stated  as  follows : 

The  oscillatory  ornon-oscillatory  character  of  equation  (1)  w  in- 
variant  with  regard  to  transformations  (3). 

The  transformation  (3)  carries  (1)  over  into 

accents  denoting  differentiation  with  regard  to  x. 

Choosing  ^  at  pleasure,  subject  to  the  restrictions  above 
mentioned,  let  us  determine /so  that  the  second  term  of  (4) 
drops  out, 

(5)  /=  ^  jfV-'e"-^  ''^  dx  4-  ik'  (ik  +  0), 

where  c  is  any  point  of  the  interval  a-^x^b. 

It  is  important  to  notice  that  all  the  conditions  which/ 

was  to  fulfill  are  satisfied  by  this  function. 
Equation  (4)  now  reduces  to 


*9ee,  e.  g. ,  Forsytli's  Treatise  on  differential  equations,  p.  88.  I  note  in 
passinic  that  this  redaction  is  possible  only  if  the  coefficient  p  has  a  oon- 
tinaoas  lirst  derivative,  a  restriction  which  need  not  be  imposed  if  we  re- 
daoe  to  the  binomial  form  by  a  change  of  independent  variable. 
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(6) 


^  +  [y  ^'-^  '^(^  +  p^'  +  9s^)y  =  0. 


When  we  apply  to  this  equation  the  theorem  proved 
concerning  equation  (2),  we  see  that  equation  (6),  and  ac- 
cordingly also  equation  (1),  will  be  non-oscillatory  provided 
v"  +  P9'  +99^0.     That  is 

If  a  junction  f  exists  which^  together  with  its  first  and  second 
derivatives,  is  continuous  throughout  the  interval  a  =  x  =  b,  and 
which  satisfies  the  two  conditions 

(7)  9>0  (a^x^b)y 

(8)  ^''  +p<p'  +  qv=0  (a^x^6), 

then  (I)  is  non-oseiUatory  in  this  interval,^ 

By  assuming  for  ^  special  functions  we  can  obtain  useful 
and  easily  applied  criteria  for  proving  that  special  equa- 
tions of  the  form  (1)  are  non-oscillatory.  We  add  a  few 
such  criteria,  noting  to  the  left  the  function  f  used,  and  to 
the  right  the  special  conditions,  if  any,  which  must  be  sat- 
isfied if  the  formula  is  to  be  applied.  In  these  formulae 
m  and  a  denote  constants  to  which  we  may  assign  any  real 
values  we  please, 
(a)      ^  =  1,  9^0. 

(6)      <p  =  e^,  9  =  —  mp  —  m*. 

^mxp  —  m(m -f- 1)  ,^         . 

(c)       ,r=x-,  q^-^- -y  (0<a). 

id)      fp^sm  —  x,  q  =  —^-—  {b<m), 

^  ^      m  —  X 


*  By  letting  <;>  =  e  -^^        we  obtain  the  following  theorem  : 
1/  a  function  ?.  exists  which,  together  with  its  first  derivative,  it  continuous 
throughout  the  interval  a  ^  Jf  ^  6,  and  which  satv^fies  the  t-ondition 

then  (1)  is  non-oscillating  in  this  interval. 

Conversely,  the  theorem  of  the  text  follows  from  this  one  ;  so  that  the 
two  theorems  are  precisely  equivalent  to  each  other. 

Picard  ( 1.  c,  p.  102)  deduces  by  another  method  a  theorem  identical 
with  the  one  just  stated,  except  that  the  inequality  (8'')  is  replaced  by 

This  inequality  is  always  satisfied  when  (S'')  is  satisfied,  but  the  con- 
verse is  not  true.  It  is  only  when  p  =  0  that  Pioard's  result  is  as  gen- 
eral as  ours. 
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(e)      v>  =  m'-:.',  g^^J^±^^(- \m\<a<b  <\m\). 

(y)     f»=  sin  m(a;  — a),  9  =  m*  —  mp  ctnm(«  —  a) 

ia<Za<b  <a-h-\    (m>0). 

(^)*    ^=e  '"•^'^  9=m(l  —  m)p*  +  my  (provided  p 

has  a  continuous  derivative) . 
Formulae  of  this  sort  might  of  course  be  multiplied  in- 
definitely.    To  show  how  they  are  to  be  applied  let  us  con- 
sider the  simplest  case  of  Bessel's  equation 

(9)  y^+ly^  +  y=,0. 

Since  p  is  here  discontinuous  at  the  point  a;  =  0,  we  can 
consider  only  intervals  which  do  not  include,  or  even  reach 
up  to  this  point.  Since  the  equation  is  unchanged  by  re- 
placing a;  by  —  a;,  it  will  be  sufficient  to  consider  intervals  in 
which  X  is  positive. 

Formulae  (a),  (c),  (g)  yield  us  no  information  whatever 
with  regard  to  this  equation.  Formula  (6)  is  most  service- 
able here  if  we  let  m=  --  1.  It  then  shows  us  that  (9)  is 
non-oscillatory  in  the  interval  a=x=^,  where  a  is  any 
small  positive  quantity.  If  we  let  m  =  2  in  formulae  (d) 
and  (e),  they  each  show  us  that  (9)  is  non-oscillatory  in  the 
interval  a  =  x^b,  when  0  < a  <  6  < 2.  This  is  the  best 
result  these  two  formulae  can  be  made  to  yield  if  we  wish 
to  consider  an  interval  starting  from  a  point  arbitrarily 
near  the  point  x  =  0.  Of  the  seven  formulae  written  above, 
( /)  gives  the  best  result  when  applied  to  intervals  of  the 

sort  just  described,  since  when  we  let  m  =  i  ^2,  a  =  —  j^, 

it  shows  us  that  (9)  is  non-oscillatory  in  the  interval  a=x 
=  b  when 

0  <  a  <  6  <  -^  =  2.22. 

This  result,  as  we  shall  see  in  a  moment,  is  nearly  as  good 
as  any  method  could  give  us. 


*  The  special  case  m  —  1  of  this  formala  is  noteworthy  for  the  partica- 
larly  simple  result  (q'^p^)  which  it  yields  ;  while  the  special  case  m  ^^  J 
gives  as  the  resalt  we  shoald  have  obtained  by  reducing  ( 1)  to  the  bino- 
mial form  by  a  change  of  dependent  variable  only. 
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If  on  the  other  hand  we  wished  to  consider,  for  this  same 
equation  (9),  intervals  lying  at  a  great  distance  from  the 
origin,  none  of  the  formulae  above  yield  good  results,  the 
best  being  again  (/),  which  when  m  ==  1  shows  us  that  (9) 
is  non-oscillatory  in  any  interval  of  length  :r/2.  A  much 
better  result  may  be  obtained  by  letting 

^  =  ——  sinm(:r  —  a)       |«<a<6<a  +  -- i. 
This  function  leads  us  to  the  inequality 

which  just  fails  to  be  satisfied  for  large  values  of  x  when 
m  =  1.  We  thus  see  that  if  I  is  any  positive  constant  less 
than  r,  a  positive  constant  jJf  exists  such  that,  in  every  inter- 
val of  length  I  throughout  which  a;  >  if,  the  equation  (9)  is 
non-oscillatory.  That  the  function  we  have  just  used 
should  give  us  an  interval  which  is  nearly  twice  as  long  as 
that  given  by  formula  (/)  is  the  more  remarkable  because 
when  X  is  large  the«e  two  functions  ^  are,  throughout  an 
interval  of  length  r,  very  nearly  proportional  to  each 
other.  If  they  were  exactly  proportional  they  would  ob- 
viously lead  to  the  same  result. 

We  now  leave  these  illustrative  applications  to  equation 
(9). 

•  Although  we  originally  deduced  condition  (8)  and  its 
special  cases  as  an  extension,  to  the  general  equation  (1),  of 
the  condition  q  =  0  which  we  had  established  for  the  bino- 
mial equation  (2),  it  turns  out  that  some  of  these  conditions 
give  results  for  equation  (2)  which  go  beyond  the  result 
from  which  we  started.  Thus  if  we  apply  (/)  to  the  special 
case  /)  =  0  we  get  the  important  theorem 

If  throughout  an  interval  of  length  less  than  I 

the  equation  (2)  is  non-oscUlatory  in  this  interval,^ 

Up  to  this  point  we  have  obtained  merely  suflBcient  con- 
ditions that  a  differential  equation  should  be  non-oscillatory. 


*  Cf .  the  proof  here  given  of  this  familiar  theorem  of  Starm  with  that 
given  by  Pioard  (I.  c.  )• 
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A  condition  which  turns  out  to  be  also  necessary  is  obtained 
by  taking  as  the  function  ^  a  solution  of  (1): 

A  necessary  and  sufficient  condition  that  (1)  should  be  non-oscil' 
latory  in  the  interval  a=x  =  b  is  that  it  should  have  a  solution 
which  does  not  vanish  in  this  interval. 

That  this  is  a  sufficient  condition*  is  seen  at  once  from 
the  fact  that  either  this  solution  or  its  negative  satisfies  con- 
ditions (7)  and  (8).  To  prove  that  it  is  also  a  necessary 
condition,  assume  that  the  interval  o  =  a;  =  6  is  non-oscilla- 
tory, and  consider  the  two  solutions  y^  and  y,  of  (1)  which 
satisfy  the  conditions 

yi(a)  =  0,     y/(a)>0;    y,(6)  =  0,     y,'(6)<  0. 

Since  neither  of  these  solutions  can  vanish  again  in  the  in- 
terval, and  since  they  are  positive  in  the  neighborhood  of  a 
and  b  respectively,  they  must  be  positive  throughout  the  re- 
mainder of  the  interval.  Accordingly  y,  -f  y,  is  a  solution 
of  (1)  which  is  positive  throughout  the  whole  interval. 

From  the  theorem  just  proved  follows  immediately  this 
result : 

A  necessary  and  sufficient  condition  that  the  equation  (^1)  is  non- 
oscillatory  in  the  interval  a  =  x  =  b  is  that  the  solution  of  (1) 
which  vanishes  at  a  {or,  if  we  prefer,  at  b),  but  is  not  identically 
zero,  does  not  vanish  again  in  the  interval. 

This  theorem  gives  us  what  is  theoretically  a  perfect  test; 
we  have  merely  actually  to  compute  the  solution  of  ( 1 ) 
which  vanishes  at  a,  in  the  form  of  a  series  say,  and  to  see 
whether  or  not  this  solution  vanishes  again  in  the  interval: 
The  difficulties  involved  in  the  computation  may  of  course 
be  so  great  in  any  special  case  as  to  make  this  method  prac- 
tically useless. 

This  last  theorem  if  applied  to  (9)  shows  us  that  this 
equation  is  non-oscillatory  in  the  interval  a  =  a;  =  6,  where  a 
is  any  small  positive  quantity  and  6  is  the  smallest  positive 
root  of  the  Bessel  function  J^^x),  viz.  6  =  2.40"  .f 

The  condition  (8)  can  also  be  stated  in  the  following  form 
which  again  gives  us  a  necessary  as  well  as  a  sufficient  con- 
dition : 


*  This  also  follows  at  once  from  the  well  known  theorem  of  Sturm  : 
Between  Uco  auecessive  roots  of  a  solution  of  (1)  lies  one  and  only  one  root  of 
any  linearlt/  iwiependmt  solution;  and  conversely  this  theorem  follows 
from  the  theorem  of  the  text. 

t  This  is  actually  the  large^^t  value  that  oan  be  given  to  &,  since  every 
other  solution  of  ( 9))  has  a  root  smaller  than  this.  The  proof  of  this  fact 
is  complicated  by  the  presence  of  a  singular  point  of  (9)  at  a:  =0.  See, 
however,  Bulletin,  March,  1897,  p.  211. 


^ 
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Jf  r  is  a  real  function  of  x  which,  throughout  the  interval 
a  =  x  =  b,  is  continuous,  and  satisfies  the  condition  r  =  Oy  then  a 
necessary  and  sufficient  condition  that  (1)  be  non-osdUatory  in 
this  interval  is  that  the  non-homogeneous  equation 

have  a  solution  y  satisfying  the  relation 

y>0     (a^a:^6).* 

That  this  is  really  a  necessary  condition  is  seen  from  the 
fact  that  if  (1)  is  non-oscillatory  it  has  a  solution  positive 
throughout  the  interval,  and  by  adding  a  suflBciently  large 
positive  multiple  of  this  solution  of  (1)  to  an  arbitrarily 
chosen  solution  of  (10)  we  get  the  positive  solution  of  (10) 
.desired. 

Another  very  important  form  into  which  condition  (8) 
can  be  thrown  is  the  following  : 

The  function  q^  being  continuous  in  the  interval  a  =  x  =  b  and 
satisfying  the  condition 

the  eqiuUion  (1)  vnll  be  non-oscillatory  in  this  interval  if  the  equa- 
tion 

(11)  /+py'  +  9iy  =  o 

is  non-oscillatory  there. 

For  if  (11)  18  non-oscillatory  it  has  a  solution  ^  positive 
throughout  the  interval  a^x  =  b.  Substituting  f  in  the 
first  member  of  (1)  gives  us,  when  we  take  account  of  the 
fact  that  <p  satisfies  (11), 

9^"  +  |>/  +  9f  =  (q-'q^)<P=0  ia^x^b). 

Thus  <p  satisfies  conditions  (7)  and  (8),  and  therefore  (1) 
is  non-oscillatory,  t 

In  conclusion  I  will  mention  that  condition  (7)  may  be 
replaced  by  the  somewhat  less  restrictive  condition 

(7')  9>0  (a<x<6). 

*  This  theorem  may  also  be  proved  directly  and  the  other  theorems  of 
this  paper  deduced  from  it. 

t  This  theorem  may  be  proved  directly  by  means  of  the  methods  nsed 
by  Htnrm  ( LiouviUe^a  Journal^  vol.  1,  p.  106)  and  is  in  fact  a  special  case 
of  one  of  Storm's  theorems.  Prom  it  may  be  deduced  the  other  theorems 
of  this  paper. 
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i.  e.,  the  case  in  which  the  function  ^  vanishes  at  one  or 
both  ends  of  the  interval  need  not  be  excluded.  The  inter- 
val on  the  <-axis  would,  however,  then  extend  to  infinity  in 
one  or  both  directions,  and  the  fundamental  theorem  con- 
cerning equation  (2)  from  which  we  started  would  on 
longer  be  sufficient,  but  would  have  to  be  replaced  by  a 
theorem  which  states  that,  if  g  =  0,  no  solution  of  (2)  which 
vanishes  at  a  finite  point  can  approach  a  finite  limit  as  x 
becomes  either  positively  or  ncfi^atively  infinite,  and  that  no 
solution  of  (2)  can  approach  finite  limits  both  when  x  = 
+  00  and  when  a;  =  —  oo. 

The  extension  which  our  other  theorems  gain  by  the  use 
of  (7')  in  place  of  (7)  is  easily  seen.  In  using  functions  y> 
which  vanish  at  one  of  the  ends  of  the  interval  it  is  useful 
to  know  that  if  v*'  also  vanishes  then  <p  cannot  possibly  sat- 
isfy (8), — a  fact  whose  proof  we  also  omit. 

G(5ttingkn,  Germany, 
February  4, 1901. 


CONCERNING  REAL    AND   COMPLEX    CONTINU- 
OUS  GROUPS. 

BY  PR0FE880E   L.   E.   DICKSON. 

( Read  before  the  American  Mathematical  Society,  February  23,  1901. ) 

1.  This  paper  aims  to  illustrate  certain  differences  and 
certain  analogies  between  related  real  and  complex  continu- 
ous groups.  Lie's  theory  has  been  developed  chiefly  for  the 
latter  groups,  the  modifications  necessary  for  real  groups 
being  treated  quite  briefly. 

In  §§  2-4  are  exhibited  a  real  group  in  m  variables  and  a 
real  group  in  2m  variables,  each  of  m*  parameters,  such  that 
the  corresponding  complex  groups  are  of  like  structure. 
In  §§  5-8,  it  is  shown  f or  m  =  2  that  the  two  real  groups 
have  different  structures.  Of  the  three  proofs  given,  the 
first  two  are  analytic  and  involve  little  technical  knowledge 
of  group  theory,  while  the  third  group  is  geometric  and 
gives  a  better  insight  into  the  nature  of  the  question. 

In  §  10,  it  is  illustrated  for  the  case  m  =  2  how  the  gen- 
eral m-ary  linear  homogeneous  complex  continuous  group 
gives  rise  to  an  isomorphic  2w-ary  linear  homogeneous  real 
continuous  group.  Similarly,  the  complex  projective  groups 
lead  to  groups  of  birational  quadratic  transformations. 
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The  investigation  has  direct  contact  with  the  author's  de- 
termination *  of  the  structure  of  the  largest  group  in  the 

Gi^jj)'"]  leaving  invariant  c,c,  +  ^,^  H h  ^J^y  where  ^,is 

conjugate  to  c,  with  respect  to  the  OF[p^'] ;  also  with  the 
paper  by  Moore  f  on  the  universal  invariant  of  finite  groups 
of  linear  substitutions. 

2.  Consider  the  group  G^  of  all  substitutions 

S:         ^/  =  i«</^>  (i  =  l,..-,m), 

the  coeflBcients  and  variables  being  complex  numbers,  such 
that  S  leaves  formally  invariant  the  Hermitian  form 

The  conditions  upon  the  coefficients  are  seen  to  be 

(1)  2yy=l,    2y«=0  O',  A;=  l,-,m;i  +  *). 

It  follows  that  the  inverse  of  S  has  the  form 

S-':         ^/  =  2«/,  (i=l,-,m). 

The  group  6^  is  evidently  continuous.  To  obtain  the 
general  infinitesimal  transformation,  set  /'  =  —  1  and 

a«  =  1  +  (a,  +  lb,,)  dt,     a^  =  (a^  +  Ib^)  dt 

Substituting  these  values  in  the  relations  (1)  and  retaining 
only  the  first  power  of  dt,  we  find  that 

H-2a/«=l,     (a^+a^)  + 7(6^-6^)  =0 

The  conditions  upon  the  general  infinitesimal  transforma- 
tion 

(2)  o\^,  =  e/  -  .^  =  J^  (a^  +  Ib^)  dt  .  e, 
are  therefore  the  following 


*Math.  AnnaJeUy  vol.  52,  pp.  561-581. 
1 3fath,  Annalen,  vol.  50,  pp.  213-219. 
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(3)  a^  =  -a^,     6^  =  6^       (y,  A;=  1,  "•,  m). 

The  general  infinitesimal  transformation  of  O^  is  therefore 
a  linear  combination  with  real  constant  coefficients  of 

Here  B^'  was  obtained  from  (3)  by  setting  6^  =  6^  =  1  and 
the  remaining  constants  all  zero  ;  A^'  by  setting  a^  =  —  a,, 
=  1  and  the  remaining  coefficients  all  zero. 

The  number  of  linearly  independent  transformations  (4) 
is  evidently  m*.  If  complex  multipliers  were  allowed,  we 
could  derive  from  (4)  the  m^  transformations 

and  therefore  the  general  transformation  of  the  m-ary  lin- 
ear homogeneous  continuous  group. 

3.  We  obtain  a  continuous  group  i?,^  on  2m  real  variables 
with  real  coefficients  by  replacing  ^,  by  X^  +  I  Y^  for 
I  =  1,  — ,  m  and  separating  reals  and  pure  imaginaries.  Re- 
lation (2)  gives 

X/  +  Jr/  -  X.  -  lY,  =  I  { (a,X,  -  b,Y,) 

+  I(a^Y,+  b„X,)\8t. 

Hence  the  general  infinitesimal  transformation  of  B,^  is 

(5)      ^x=i(a^,-6,rp5<,   (jr,  =  i(6^,  +  a,r,) 

(i=l,-,m). 

Denote  by  B^  the  transformation  obtained  by  setting 
J^  =3  6^  =  1  and  the  remaining  coefficients  equal  to  zero;  by 
A^  that  obtained  by  setting  a^  =  —  a^^  =  1  and  the  remaining 
coefficients  equal  to  zero.     Employing  the  usual  abbrevia- 

tions p^  =g-^  >  ^<  =3  jF ,  we  have 

^H  —  ^i9i  —  ^i  Pv    ^if  =  ^jli  —  ^jPi  +  ^t  9j  —  ^iPjj 
^n  =  Y^i  +  ^jPi  -  Yi9j  -  ^iPr 

Since  B^  s  5^,  ^^^  =  —  A^,  there  are  exactly  m*  independent 
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transformations,  from  which  the  general  infinitesimal  trans- 
formation of  R^^  may  be  derived  as  a  linear  expression 
with  real  coefficients.     In  view  of  the  identity 

the  group  R^^  is  an  orthogonal  group.  As  a  check  it  may 
be  verified  that  the  transformations  -B^,  A^  leave  *  abso- 
lutely invariant. 

4.  The  following  commutator  (Klammerausdruck)  rela- 
tions are  readily  formed  : 

^^^  (ilX)=^^^     (VJ=^>»,     (B^,)^2B,^2B^ 

tori  J,  A;  =  1,  .  .,  m,  with  ijj  k  distinct.  If  both  subscripts  of 
one  symbol  be  different  from  the  subscripts  of  the  other, 
their  commutator  is  zero. 

It  is  readily  verified  that  the  transformations  J?y',  A^'  of 
§2  satisfy  the  commutator  relations  (6).  This  property 
would  be  expected  to  follow  from  the  connection  between 
G^  and  R^.  We  may  conclude  that  the  continuous  group 
with  complex  coefficients  which  is  generated  by  the  trans- 
formations B^f,  Afjis  isomorphic  with  the  continuous  com- 
plex group  generated  by  B^\  AiJ. 

Denote  by  J?y"  the  symbol  obtained  upon  dropping  the  fac- 
tor /  from  the  symbol  B^j.  In  the  domain  of  real  numbers, 
the  transformations  5^",  A^|  generate  the  continuous  group 
G^  of  all  real  linear  homogeneous  transformations  in  m 
variables.  The  symbols  B^',  A^  do  not  satisfy  the  commu- 
tator relations  (6).  It  is  shown  in  §§5-8  that  there  does 
not  exist  in  the  real  group  G/  (m=  2)  a  set  of  four  inde- 
pendent infinitesimal  transformations  which  satisfy  the 
commutator  relations  (6),  so  that  G^  and  R^  are  non- 
isomorphic  real  continuous  groups  of  four  parameters  each. 

6.  Fpr  w  =  2,  the  relations  (6)  are  the  following  : 

(^^„)=«-^,„     (E„^,,)  =  5,„     (^,^„)=2^„-2B„. 

The  first  derived  group  is  therefore  the  three-parameter 
group  generated  by  -4^„  ^„,  B^^  —  B^,  The  onl}'  (ausge- 
zeichnete;  transformation  whose  commutator  with  B^^^  B^, 
5„,  -4 J,  is  zero  is  seen  to  be  5,i  -f  B„,  aside  from  a  constant 
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factor.     Hence,  if  R^  be  isomorphic  with  G/,  B^^  -f  J?„  must 

correspond  with  Cj  -^'il  "f-  ^j  -^^  ^^^  t^©  above  three-parameter 

group  with  the  first  derived  group  of  (?,'.    To  normalize  R^, 
set 

The  above  commutator  relations  then  give 

(7)  (Z,Z,)  =  Z„     (Z^,)  =  ^„     (^,^.)  =  2i, 

(8)  (^.^.)  =  0,     (Z,Z,)  =  0,     (ZA)  =  0. 
The  first  derived  group  of  G,'  is  generated  by 

r  =  --^/      i._.9/_.  9/      7  =  1  ¥ 
'~''9--,'       '"'"dc,      ^'9,V       •"   '9,=,' 

subject  to  the  commutator  relations 

(9)  (F,F,)=-2F„     (F,F.)  =  -2F.,     (nF.)  =  -F.. 

To  establish  the  non-isomorphism  of  R^  and  (?,',  it  suffices 
to  prove  that  their  first  derived  groups  are  non-isomorphic 
when  considered  as  real  continuous  groups. 

6.  The  most  natural  method  of  proof  consists  in  showing 
that  it  is  impossible  to  determine  linear  combinations  of 
F,,   V^,  F,  with  real  constant  coefficients 

Z:  =  a,V,  +  6,  F,  +  e,V,  (i  =  1,  2,  3), 

of  determinant  J  s  ^aj)^c^  4=  ^>  which  satisfy  relations  (7). 
We  observe  that 

(Z/Z/)  =  -  2  V,{afi,^ b,a,)  +  F,(a,c,-  c,o,)-2  V,(b,e,-^c,b,). 
The  conditions  that  the  right  member  shall  equal  Z,'  are 

(10)  aj)^  —  6,a,  =  —  ^„   a^c,  —  c^a^  =  6„  ftjC,  —  Cj6,  =  —  Jc,. 

By  advancing  the  subscripts  of  a^,  6.,  c^,  we  obtain  the  con- 
ditions for  the  identities  (Z/Z/)  =  Z/,  (Z.'Z/)  =  Z; 

(11)  a,6,  —  6,a,  =  —  ^a^,  a^c^  —  c,a,  =  6„  63C3  —  c^  =  —  Jc„ 

(12)  a  J),  -  63a,  =  -  Kj  tts^i  -  CgOj  ==  6„  6,Ci  —  c,6^  =  —  Jc,. 
In  view  of  the  relations  (11)  and  (12), 

Applying  the  first  relation  (10),  Jaj=  a^J.  In  a  similar 
manner,  or  by  advancing  the  subscripts  (which  does  not 
alter  J),  we  find 


I 
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Since  a„  a„  a,  are  not  all  zero,  it  follows  that  J  =  J. 

Multiplying  equations  (12)  by  c^f—b^,a^  respectively 
and  adding  the  resulting  equations,  we  find 

(13)  j=-fe,«-a,c,. 
Employing  the  multipliers  c„  —  ftj,  aj,  we  find 

(14)  0  =  —  bfi,  —  ^^c^  —  ^jC,. 

In  a  similar  manner,  or  by  advancing  the  subscripts, 

(15)  J  =  -  6/  -  a,c,. 

By  (14)  and  the  second  equation  of  set  (10), 

Eliminating  OjCj  and  a^c^  by  (15)  and  (13),  and  setting  J  =  J, 

But  this  equation  is  impossible  for  real  values  of  the  6^. 

7.  A  second  proof  is  derived  from  the  following  investi- 
gation which  gives  certain  interesting  properties  of  the 
group  /'  generated  by  Zj,  Z^,  Z„  subject  to  the  relations  (7). 
Set 

Z,  =  ^,U,  +  ^,U,  +  ^,U,,     J  =  !^,/5^,/5,  +0. 

^.  =  r,C^j  +  TtU,  +  r.^»»  I  ri  r,  r* 

We  obtain  by  solution  the  most  general  set  of  independent 
infinitesimal  transformations  C7p  U^,  C/j,,  of  the  group  F.  We 
seek  the  commutator  relations  of  the  C/^.  Denote  by  a/  the 
first  minor  (without  prefixed  sign)  of  a<  in  J,  fi/  the  first 
minor  of  y5<,  r/  the  first  minor  of  yt.  Form  (Z^Z,)  and  equate 
the  result  to  Z, ;  expand  similarly  (Z^Z^)  =  Z„  (^j^,)  =  Z,. 
The  results  are 

Z,  =       a.'(  f7.C7.)  -  a,'(  C7,U;)  +  a,'(U,U,), 

Z,  =     r/(  t7.f7,)  -  r/(  c;,C7. )  +  r.'(  f/.t7,). 

The  determinant  of  the  coefficients  equals  J*,  being  equal 
to  the  determinant  of  the  first  minors  of  J.    Moreover, 

1  /J     /8  I 
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The  solution  of  the  above  relations  therefore  gives 

The  matrix  of  the  coefficients  on  the  right  is  the  trans- 
posed of  the  matrix  of  the  coefficients  of  the  Ui  in  the  ex- 
pressions for  the  Zi.    Eliminating  the  Zi,  we  have 


The  symmetry  of  the  matrix  of  coefficients  is  in  accord 
with  a  known  property  of  the  group.* 

In  order  that  the  transformations  Ui  should  satisfy  the 
same  commutator  relations  (9)  as  the  transformations  Fi  it 
is  necessary  that  ( I/,  [/,)  =  —  2  C7„  so  that  a^  +  ^^  +  ^i*  =  0. 
For  real  values  of  a^,  ^j,  y^^  this  requires  a^  =  /9j  =  ^'j  =  0, 
contrary  to  hypothesis.  Hence  the  real  group  F  of  the  Z, 
is  not  isomorphic  with  the  real  group  of  the  F^. 

To  obtain  the  most  general  set  of  three  infinitesimal 
transformations  Ui  of  F  which  satisfy  the  same  commutator 
relations  (7)  as  the  transformations  Z,  themselves, 

(  U,U,)  =  U„     (  U,U,)  =  U„     (  f7,C7,)  =  Cr„ 

it  is  necessary  and  sufficient  to  take  solutions  a^,  p^^  y^  of 

j^a^'  +  fi^*  +  r,\   ^  =  V  +  ^,'-+-r,S    J  =  a,*  +  i?,'-hr.'- 
^  =  «««8  +  ^A  +  nn- 

These  are  the  conditions  for  an  orthogonal  substitution, 
the  invariant  relation  being 

Z,'  +  Zi  +  Zi  =  J  ([7,*  +  IJi  +  [/,'). 

8.  To  give  a  third  proof,  based  upon  geometric  consider- 
ations, it  suffices  to  consider  the  adjoint  groups  of  the  three- 
parameter  groups  in  question.  The  adjoint  of  the  group  of 
the  Vi  is 

having  as  its  only  invariant  curve  the  real  conic 


*Lie-SohefFer8,  Vorlesangen  iiber  oontinaierliohe  Gmppen,  p.  567. 
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(16)  e,e,  +  e;  =  0. 

The  adjoint  group  of  the  group  of  the  Zi  is 

haying  as  its  only  invariant  the  imaginary  conic 

(17)  e,'  +  e;  +  e,»  =  0. 

Now  the  replacement  of  one  complete  set  of  independent 
infinitesimal  transformationsof  a  group  by  a  second  complete 
set  merely  gives  rise  to  a  linear  homogeneous  transformation 
upon  the  variables  ei  of  the  adjoint  group.  The  latter  will 
be  a  real  transformation  if  the  second  set  is  expressed  in 
terms  of  the  first  by  real  coefficients.  Since  the  equations 
(16)  and  (17)  can  not  be  transformed  into  each  other  by  a 
real  ternary  substitution,  it  follows  that  the  transformations 
Vi  are  not  expressible  as  real  linear  functions  of  the  Z^. 

The  method  of  reduction  of  three-parameter  non-int^able 
groups  to  a  normal  type  given  in  Lie-Schefifers,  Vorlesungen, 
pp.  566-568  is  immediately  applicable  only  to  complex 
groups.  For  real  groups  there  are  two  (and,  indeed,  only 
two*)  distinct  cases,  according  as  the  invariant  conic 
(necessarily  non-degenerate)  is  real  or  imaginary.  The  two 
methods  there  given  as  optional  for  complex  groups  are  to 
be  differentiated  for  real  groups  to  correspond  to  the  cases 
of  real  and  imaginary  conies,  yielding  respectively  the  nor- 
mal types  (I)  and  (F)  of  p.  568,  or  types  (9)  and  (7) 
respectively  of  this  paper. 

9.  The  real  four-parameter  groups  (?,'  and  R^  have  been 
proved  to  have  different  structures.  Applying  the  imaginary 
transformation  of  variables 

the  infinitesimal  transformations  JJ^,  i?„,  J5„,  J.,,  of  R^^  be- 
come 


K 

9/ 

6„s 

9/ 

'-4.-' 

9/ 

K 

'"l- 

9/ 

-X   ^l 

'9y, 

->.ti' 

«.. 

'<^ 

'''dx. 

^y^¥ 

-.2.- 

*  An  irredaoible  ternary  qoadratio  form  with  real  ooeffioients  is  re- 
ducible either  to  bie^-  +  e^  4-  e^^)  or  to  6(ei«  -f-  ^'  —  ^s*). 
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They  satisfy  the  commutator  relations 

Except  for  the  last  relation,  these  are  identical  with  the 
commutator  relations  of  J?„,  B^^,  B„,  J.„  (§5).     Betting 

we  have  the  commutator  relations 

(iF^Tr,)  =  -2ir„  (Tr,[r,)  =  2ir„  (w,w,)  =  2W,, 

These  relations  are  also  satisfied  by  the  transformations 

w.sxq  +  ypyW^^xp  —  yq,  w^  =  xq  —  yp,w,sxp  +  yg, 

which  generate  the  general  binary  group  (?,'.  By  an  inuigi' 
nary  transformation  of  variables,  R^  may  he  given  a  real  form  Aav- 
ing  the  same  structure  as  G^\ 

10.  Consider  the  group  6  of  all  binary  transformations 

upon  complex  variables  X,  Y  with  complex  coefficients  of 
determinant  unity.     Let  /*  =  —  1  and  set 

X  ^z  +  Ix,,  F=  y  +  /y„  «  =  a  +  Ja^,  i?  =^  6  +  /6„  etc. 

Then  5  corresponds  to  the  quaternary  transformation 


2: 


The  relation  a5  —  /S^  =  1  gives 

ad —  he  —  a^d^  -f  b^c^  =  1,     ad^  +  a^d  —  6c,  —  6,c  =  0. 
The  determinant  of  v  is  seen  to  equal 

(od  —  6c  —  a,(ij  +  6,c,)'  +  (arf^  +  a^rf  —  6c,  —  6,c)*  =  1. 

To  the  product  S^  S^  of  two  substitutions  of  the  form  Sf 
corresponds  the  product  SiSj  ^^  *^^  corresponding  substi- 
tutions V.     Hence  the  group   G  is   isomorphic  with  the 
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^1 
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Vi 

x'=\ 
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— o, 
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— c, 
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«i 

a 

c, 
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group  r  of  the  substitution  2«  B^*  2  reduces  to  the 
identity  only  when  S  is  the  identity.  Hence  the  isomorph- 
ism is  holoedric. 

By  the  usual  method,  the  general  infinitesimal  transforma- 
tion of  r  is  found  to  be  a  liuear  combination  of  the  follow- 
ing linearly  independent  transformations : 


3/ 

a/ 

3/ 

3/ 

9a; 

9*; 

9y 

9y. 

A 

X 

*i 

-y 

-yi 

A 

-*i 

X 

Vi 

-y 

£ 

0 

0 

X 

*i 

s. 

0 

0 

-*. 

X 

C 

y 

Vx 

0 

0 

c. 

-y. 

y 

0 

0 

The  real  group  r  therefore  possesses  no  invariant.  The 
non-vanishing  second  minors  of  the  matrix  of  coefficients 
are 

Psrc^  +  XjS      Q  =  j^  +  y,»,     E^xy  +  x,y,,     S^x^-^xy,. 

Upon  them  the  group  F  gives  rise  to  the  following  transfor- 
mations : 

df        df         a/         9/ 
dP        dQ        dE         dS 


A 

2P 

-2Q 

0 

0 

A 

0 

0 

-25 

2B 

B 

0 

2^ 

P 

0 

-B. 

0 

—  2S 

0 

-P 

C 

2R 

0 

Q 

0 

c, 

2S 

0 

0 

« 

The  determinants  of  the  fourth  order  of  this  matrix  are  all 
identically  zero.  To  obtain  the  homogeneous  invariants, 
we  annex  Euler's  homogeneous  operator 

The  determinant  of  the  coefficients  of  A,  A^,  B,  H  equals 
SPB(S'+ie—PQ).  The  determinant  of  A,  A,,  B„  ^equals 
—SPS(8*+IP  —  PQ)-  In  this  way  the  only  homogeneous 
invariant  is  seen  to  be 
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In  terms  of  the  initial  variables  a?,  x^,  y,  yj,  we  see  that  ^ 
vanishes  identically.    Also 

F=\x  +  Ix,'^\X\,     Q^\Y\, 

Y_B-IS      X_R+  IS 
X""       P     '     F"       Q      ' 

The  group  O  is  hemiedrically  isomorphic  [with  the  group 
of  linear  fractional  substitutions 

The  quaternary  group  on  P,   Q,  12,  5  is  isomorphic  with 
a  ternary  fractional  group  on  Q/P,  B/P,  8/ P.     But 


i=(i)'-(jr 


Eliminating  Q/P,  we  obtain  a  group  of  birational  quad- 
ratic transformations  in  the  plane.  It  may  evidently  be 
obtained  more  directly  from  the  transformations  (18). 

Thb  University  op  Chicaqo, 
January,  1901. 


ON  HOLOMORPHISMS  AND  PRIMITIVE  ROOTS. 

BY  DR.   G.   A.   MILLER. 

(Read  before  the  Amerioan  Mathematioal  Society,  February  23,  1901.) 

In  an  earlier  note  *  it  was  observed  that  every  holomor- 
phism  of  an  abelian  group  with  itself  can  be  obtained  by  es- 
tablishing an  isomorphism  between  the  abelian  group  and 
one  of  its  subgroups  (which  may  sometimes  be  the  entire 
group)  and  associating  the  product  of  corresponding  oper- 
ators with  the  original  operator  of  the  group.  The  present 
note  is  devoted  to  some  additional  developments  along  this 
line  and  especially  to  some  elementary  results  in  the  theory 
of  numbers  which  may  be  derived  by  this  method. 

Let  «,  represent  an  operator  of  order  p^  (p  being  any 
prime   number)  and  let  P,  the  group  generated  by  «i,  be 

♦Bulletin,  Vol.  6  (1900),  p.  337. 
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made  isomorphic  with  one  of  its  subgroups  of  order  p"*i, 
m,  <  m.  Each  operator  of  P  is  transformed,  by  some  oper- 
ator t  in  the  group  of  isomorphisms  of  P,  into  itself  multi- 
plied by  the  corresponding  operator  in  this  isomorphism. 
Assuming  that  e"^ «,  <  =  «a+  i«a»  we  have 

njn  —  l)"'  (n— r-f  1) 

It  is  easy  to  prove  that  the  order  of  the  product  of  the 
operators  which  are  multiplied  into  «»  is  equal  to  the  order 
of  «;^  J  whenever  p  is  odd.  In  case  n  is  prime  to  p  this  fol- 
lows directly  from  the  fact  that  each  of  the  factors  which 
precede  «^^i  is  of  a  lower  order  than  s^^^.  In  general,  let 
n  =  kpx,  k  being  prime  to  p.  The  exponent  of  Sa^p  is  divis- 
ible by  p^""^',  where  m'  is  the  exponent  of  the  highest  power 
of  p  that  is  contained  in  i?,  since  the  product  of  n  successive 
numbers  is  divisible  by  n  I .  As  the  order  of  ««+^  does  not 
exceed  the  order  of  («a+i)'^~\  the  order  of  the  power  of 
8a  ^p  which  occurs  in  the  above  formula  cannot  exceed 
(*tt+i)'^^^~'"~  .  Hence  it  is  less  than  the  order  of  sl+i 
whenever  /5>  1,  and  the  prodtict  of  all  the  factors  which  are 
multiplied  into  «a  i»  of  the  same  order  a«  «;^  j  when  p  w  odd. 

When  p  is  even  we  assume  that  m,  <  m  —  1.  With  the 
same  notation  as  above  it  is  clear  that  the  order  of  a.^^ 
does  not  exceed  the  order  of  («a+i)*'^^~'^  Hence  the  order 
of  the  power  of  «a  +  ^  in  the  formula  cannot  exceed 

As  m'  +  2  is  less  than  2/5  whenever  /5  >  1 ,  it  follows  that  in 
this  case  the  order  of  the  product  of  the  factors  which  are 
multiplied  into  «»  is  again  equal  to  8j^i.  Hence  t  is  always 
of  order  p''^  and  the  group  of  isomorphisms  of  P  contains  a  cyclic 
subgroup  of  order  p'"'^  whenp  is  odd  and  one  of  order  2"*"*  when 
p  is  even. 

The  group  of  isomorphisms  of  a  cyclic  group  is  abelian,* 
^nd  can  be  represented  as  a  r^ular  substitution  group 
whose  elements  correspond  to  the  operators  of  highest 
order  in  the  cyclic  group. f  Hence  the  group  of  isomorph- 
isms of  the  cyclic  group  of  order  j?"  is  of  order  p^~^(p  —  1 ). 
In  particular,  the  group  of  isomorphisms  /  of  the  cyclic 
group  of  order  2**  is  of  order  2*""*.  We  have  just  found 
that  /  contains  a  cyclic  subgroup  of  order  2'""',  formed 
by  all  its  operators  which  transform  into  itself  an  operator 
of  order  2'  (/>!)  in  P. 

*  Trans.  Amer.  Math.  Soc,  vol.  1  (1900),  p.  397. 

t  The  order  of  a  oyolio  group  19  said  io  have  primitive  roots  whenever 
ite  group  of  isomorphisms  is  cyclic. 
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The  group  /  contains  an  operator  «'  of  order  two  which 
transforms  each  operator  of  P  into  its  inverse.  As  «'  is  not 
contained  in  the  above  cyclic  subgroup  of  order  2'*~*,  which 
is  composed  of  all  the  operators  of  /  which  transform  an 
operator  of  order  four  in  P  into  itself,  it  and  this  subgroup 
must  generate  /. 

It  is  now  easy  to  determine  the  exponent  to  which  a  num- 
ber belongs  mod  2"*,  since  this  exponent  is  the  order  of  the 
corresponding  operator  in  /.  In  the  above  mentioned  cyclic 
subgroup  of  order  2*""*,  an  operator  of  order  2*  is  commuta- 
tive with  the  operators  of  order  2"'"'*  in  P,  but  not  with  those 
of  order  2~~*+  \  From  this  fact  and  the  fact  that  «'  trans- 
forms each  operator  of  P  into  its  inverse  it  follows  that  all 
the  numbers  which  belong  to  exponent  2*  (ifc  >1)  mod  2"  are 
of  the  form  db  {1 2"'~*  +  1)  where  I  is  any  one  of  the  ^^(2*) 
numbers  not  greater  than  2*  and  prime  to  2* ;  and  vice  versa. 
When  A;  =  1  we  have  to  add  2'*  —  1  to  the  numbers  obtained 
'  in  this  way.  Hence  the  numbers  which  belong  to  exponent 
2"*~^  are  =  3  or  5  mod  8.* 

From  what  is  proved  above  it  follows  that  the  group  of 
isomorphisms  Ji  of  P  contains  a  cyclic  subgroup  of  order 
p*  ~ ',  JO  being  any  odd  prime,  which  is  composed  of  all  the 
operators  of  Jj  commutative  with  each  of  the  operators  of 
order  p  in  P.  By  adding  to  this  subgroup  the  operators 
which  transform  transitively  these  p  —  1  operators  of  order 
p,  we  obtain  thep^^^p—  1)  operators  of  /.  The  group 
of  order  p  —  1  according  to  which  the  operators  of  order 
p  are  transformed  contains  no  more  than  d  operators  whose 
ordei"S  divide  d,  any  factor  of  p  —  1 ,  since  «'*  s  1  mod  p 
can  have  no  more  than  d  roots,  f  Hence  it  cannot  have 
two  subgroups  of  the  same  order  and  must  therefore  be 
cyclic.  Since  I^  is  abelian  its  operators  of  highest  order  are 
obtained  by  multiplying  the  operators  of  order  p  —  1  in  this 
cyclic  subgroup  by  the  operators  of  order  pT*""*  in  the  above 
mentioned  cyclic  subgroup  of  order  p"*~  *.  Hence  i,  is  cyclic 
and  the  primitive  roots  of  p*"  are  also  primitive  roots  of  p. J 
It  may  be  observed  that  the  above  furnishes  an  independent 
proof  of  the  existence  of  primitive  roots  of  p".  That  the  cyclic 
group  of  order  2p'"  has  the  same  group  of  isomorphisms  as 
the  cyclic  group  of  order  p"*  follows  directly  from  the  fact 
that  the  operator  of  order  t^vo  in  the  former  must  corres- 
pond to  itself  in  every  holomorphism  of  the  group  with  it- 
self.    Hence  2p'"  also  has  primitive  roots. 

*  Cf.  Mathews,  Theory  of  nnmbers,  1892,  p.  30. 
t  Ganss,  DiequisitioDes  Arithmeticce,  1801,  Art.  54. 
J  Ibid,  Art.  92. 
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The  holomorphiBms  mentioned  in  the  second  and  third 
paragraphs  show  that  all  numbers  of  the  form  ^p**-*  +  1, 
where  k  is  any  one  of  the  9(p*^)  natural  numbers  which  are 
not  greater  than  p"  and  prime  to  ;?*,  belong  to  the  exponent 
p*  ;  a  being  any  positive  integer  less  than  m  when  p  is  odd 
and  less  than  m  —  1  when  p  is  even.  In  the  preceding  para- 
graph it  is  proved  that  these  are  the  only  numbers  which  be- 
long to  an  exponent  which  is  a  power  of  an  odd  prime.  The 
product  of  all  the  numbers  which  belong  to  exponent^*"""*, 
and  the  ^(p  —  1 )  powers  of  a  number  which  is  not  a  primitive 
root  of  j?*",  but  belongs  to  exponent  p  —  1  mod;?,  will  clearly 
give  all  the  primitive  roots  of  p"*,  since  the  corresponding 
operators  in  I^  are  all  its  operators  of  order  p"*  ~  Hi^  ~"  1 )  •  T" 
particular  the  primitive  roots  of  3"*  are  the  products  of 
3*  —  1  and  the  numbers  of  the  form  SI  +  i,  I  being  any  one 
of  the  positive  integers  not  greater  than  3"*""^  and  prime  to 

3--^ 

The  necessary  and  sufficient  condition  that  an  operator  of 
/j  corresponds  to  a  primitive  root  of  ^*  is  that  its  order  is 
divisible  by  p  —  1  and  that  its  (^  —  l)th  power  corresponds 
to  a  holomorphism  of  P  with  itself  which  may  be  obtained 
by  establishing  a  p,  1  isomorphism  between  P  and  its  sub- 
group of  order  p^~^.  Hence  the  primUive  roots  o/  ^*  (a  >  1) 
are  also  the  primitive  roots  of  every  power  ofp.^  The  pth  power 
of  a  primitive  root  of  p  is  also  a  primitive  root  of  p,  but  the 
pth  power  of  a  primitive  root  of  ^*  is  not  a  primitive  root 
of  ^*  .  The  primitive  roots  of  p  are  therefore!|not  always 
primitive  roots  of  ^*.     In  fact,  we  observe  directly,  from  the 

p  —  1 
orders  of  the  operators  of  Jj,  that  just of  the  primitive 

roots  of  p  which  are  less  than  p*  are  also  primitive  roots  of  ^'". 
The  preceding  considerations  can  readily  be  applied  to  the 
general  cyclic  group  C  of  order  2«op,««^,*a  •••  pj^m  (p^,  p,,  ••,  p« 
being  odd  prime  numbers).  By  making  C  isomorphic  with 
its  subgroup  of  order  2*«pj*^'^,«»' '"  Pj^"^'  (where  V  <^  "o  ~"  ^  5 
«y'  <  «y »  r  =  I»  2,  •••  ,  m),  and  multiplying  the  corresponding 
operators,  we  obtain  a  holomorphism  of  Cwith  itself,  which 
corresponds  to  an  operator  of  order  2'^^'p^^^'p^^*  •••^««'  in  its 
group  of  isomorphisms.  Since  the  latter  group  is  the  direct 
productf  of  the  groups  of  isomorphisms  of  the  cyclic  groups 
of  orders  2"sp,«»,  p^"^*,  •••,  p^  and  since  the  group  of  isomor- 
phisms of  each  one  of  these  groups  involves  operators  of 
order  two  whenever  the  order  of  the  group  exceeds  two,  the 

*Lebe8gae,  LiovviUe^s  Journal^  vol.  19  (1854),  p.  344. 
t  Tram,  Amer,  Math,  8oe.,  vol.  1  (1900),  p.  396. 
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group  of  isomorphiBms  of  C  vA  cyclic  only  when  a^  =  0  or  1 
and  just  one  of  the  other  exponents  dififers  from  0,  or  when 
a^  =  1  or  2  and  all  the  other  exponents  are  0.* 

€k>BNBLL  UNIVKBSITY, 

February  f  1901. 


BESSEL  FUNCTIONS. 

EinleUung  in  die  Theorie  der  Besael^schen  Funktionen.  By 
Professor  J.  H.  Graf  and  Dr.  E.  Gubler.  Zweites 
Heft :  Funktionen  zweiter  Art.  Bern,  Wyss  and  Co.,  1900. 
The  first  part  of  this  work  appeared  in  1898  and  was  re- 
viewed in  the  Bulletin,  February,  1899,  pp.  253-8.  The 
general  arrangement  of  the  second  part  is  similar  to  that  of 
the  first,  the  authors  again  emphasizing  the  fact  that  the 
work  is  done  in  the  spirit  of  Schlafli^s  lectures,  the  manu- 
scripts of  which  were  in  their  hands,  though  many  problems 
are  extended  and  modernized.  This  fact  explains  the  ab- 
sence of  many  important  phases  of  the  theory  of  the  Bessel 
functions  which  one  might  expect  in  a  symmetric  treatise. 
Moreover,  the  authors  have  been  rather  overgenerous  in 
their  references  to  papers  originating  at  Bern,  omitting 
others  which  contained  proofs  of  fundamental  theorems  prior 
to  their  discovery  by  the  Bern  school,  although  probably  no 
plagiarism  could  be  charged.  Several  fundamental  theorems 
by  American  authors  have  received  no  recognition  in  the 
book. 

Here,  aa  in  Volume  I,  the  loop  integral  is  the  principal 
factor  in  the  investigation,  and  next  in  importance  is  the 
expansion  in  series.  The  differential  equation  is  less  fre- 
quently used.  The  procedure  is  rather  original,  and  fre- 
quently markedly  different  proofs  for  well-known  theorems 
are  given,  which  in  some  instances  have  led  to  detection  of 
error  in  papers  already  published. 

The  only  attempt  at  a  concrete  illustration  or  application 
is  the  expansion  of  a  few  functions  in  terms  of  Beeeel  func- 
tions, though  the  relations  which  exist  between  these  func- 
tions and  others  are  quite  fully  brought  out. 

The  second  part  begins  with  the  expansion  of in 

terms  of  Bessel  functions,  the  result  being 

*  Gaass,  DisqaisitioDes  Arithmetiose,  1801,  Ait,  92  . 
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[«  =  K«-0],    (l^l>|y|),    (iimJ\r=oo). 

The  part  under  the  integral  sign  is  denoted  hy20^(x), 
and  OJ^x)  is  called  the  Bessel  function  of  the  second  kind. 
This  terminology  is  unusual,  since  the  differential  equation 
for  •/.(«)  is  not  satisfied  by  0^{x),  but  in  other  respects 
0^(x)  is  quite  analogous  to  J^(x),  The  authors  suggest  the 
analogy  between  the  Bessel  functions  of  the  first  and  second 
kind  on  the  one  hand  and  spherical  harmonics  of  the  first 
and  second  kind,  as  defined  by  Neumann,  on  the  other. 

The  symbol  n  is  used  to  denote  an  int^ral  parameter ; 
the  form  of  the  infinite  series  for  0^{x)  is  then  derived, 
and  the  numerical  coefficients  calculated  forn=l  ton=ll. 
This  method  is  then  compared  with  that  of  Neumann  for 
obtaining  equation  (1).  O^(ic),  /„(«)  are  both  shown  to 
exist  in  a  Laurent  ring.  Any  continuous  and  differentiable 
function  can  be  expanded  in  but  one  way  in  terms  of  Bessel 
functions.!  The  discussion  of  integrals  of  products  of 
J,  0  closes  the  chapter. 

In  the  following  chapter  the  related  function  S^(x)  is  in- 
troduced : 

«.)./.-(,--tii-)i', 

The  expression  cos'^tt,  =  0  or  1,  n  =  1  mod  2,  0  mod  2 
causes  some  confusion,  both  in  this  and  later  chapters,  but 
the  difficulty  is  easily  removed  by  changing  a  limit  in  a 
summation.  The  numerical  calculation  of  S^(x)  is  given 
for  n  =  1  to  n  =  12.     S^(x)  is  always  a  polynomial  in  x~\ 

cos'  inn 


is  eliminated  and  S^(x)   expressed  as  a  (finite)  series  in 
terms  of  Oxix).     The  differential  equation  is  found  to  be 

a 

*  The  Dotation  J  of  the  work  reTiewed  is  here  replaced  by  Jo,  etc. 

t  In  my  review  of  Part  1, 1  oareleasly  attribated  this  theorem  to  Sohlo- 
miloh.  This  was  simply  an  error  of  my  own  ;  the  statement  was  not 
made  in  the  book,  but  SohIomilch*8  name  was  used  in  a  different  conof^- 
tion.  '    • 
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+  2n  cos*  JriTT  =  2a;  or  2n  as  n  =  0,  1  mod  2  ; 

that  for  0  is 

D  0^  +  0^  =  X  cos*  ini:  +  n  sin*  ^n^r, 

D  J^(x)  =  0  being  the  differential  equation  for  J„(x), 

The  chapter  closes  with  the  integration  of  this  differen- 
tial equation,  which  results  in  expressing  5^(x)  and  0^(x) 
in  terms  of  */»(«),  K^{x). 

Chapter  VIII  introduces  two  new  functions,  T^(x)j  Un^x), 
defined  by  series,  somewhat  analogous  to  the  partial  sum- 
mations of  J(x)  and  of  K(x).  They  are  next  expressed  as 
integrals, 

In  deriving  the  differential  equation  for  T^(^x),  cos*  ^ni:  in* 
trudes  again  and  the  authors  have  chosen  an  infeHcitous 
expression  for  removing  it.  In  fact,  taking  the  statement 
pp.  50-62  literally,  an  actual  error  would  be  made.  This  is 
about  the  only  difficult  part  to  follow  in  the  text. 

The  function  T  is  expressed  in  terms  of  Ja  and  also  as  a 
definite  integral — a  similar  discussion  follows  for  U.  K^  /, 
T,  S  are  shown  to  satisfy  the  relation 

(-iry-n  =  yn. 

At  the  end  of  the  chapter  the  relation  between  these  func- 
tions and  the  y  of  Neumann,  of  Hankel,  and  of  Weber  are 
given,  the  first  being  expressed  by  the  equation 

yn{x)  =  loga:.J.(a;)  -  ^S^{x)  +  \T^{x)  -  U,{x), 

and  the  others  are  also  given  in  detail.  The  functions  S^ 
T^y  Ur,,  are  called  Schlafli  functions. 

Chapter  X  deals  with  the  addition  theorem  ;  it  is  prefaced 
by  a  historical  introduction  which  concisely  gives  the  de- 
velopment of  the  problem.  The  method  of  proof  is  quite 
consequent :  it  consists  in  expressing  J„(a;  -|-  y)  as  a  definite 
(loop)  integral 

U  x  +  y)^  ^iS '"^'"''^'^^^  t'  =  *('  ~  *")^ ' 

^=    i    JKiy)t\ 
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An— 90 

By  simple  and  natural  transformations,  the  functions 
J^{x),     K^{x),     0^{x),     S^(x),     T^dx), 
are  shown  to  satisfy  the  same  addition  theorem,  namely, 

^n{x  +  y)  =    i_^Z^(x)J^(y)  ; 

similar  expressions  are  derived  for  the  argument  a;  —  y,  for 
parameter  n  and  —  n.  The  chapter  concludes  with  a  simi- 
lar discussion  of  the  product  of  two  Bessel  functions.  To 
me  this  chapter  appears  very  successful  in  its  consistent 
method  of  procedure. 

The  next  chapter  deals  with  the  expansion  into  a  con- 
tinued fraction  of  the  ratio  of  two  Bessel  functions  whose 
parameters  differ  by  unity  ;  it  is  preceded  by  a  sketch  of  the 
historical  development  of  the  problem,  a  feature  that  is 
repeated  in  every  subsequent  chapter.  Several  pages  are 
devoted  to  the  expansion  of  particular  functions. 

The  Schlafli  function  PJ'^^x)  is  shown  to  be  a  polynomial 
of  order  m  in  a:~\  It  is  developed  for  values  of  m  from  —  2 
to  8  in  terms  of  an  arbitrary  parameter  a  ;  then  a  recurring 
process  gives  the  value  of  the  function  for  other  negative 
values  of  the  integer  m.  The  chapter  closes  with  the  appli- 
cation to  some  particular  cases,  a  =  J,  a  =  —  |^,  lim  PJ***(x). 

Chapter  XII  treats  of  the  classic  problem  of  the  relation 
of  the  Bessel  function  to  the  hypergeometric  series.  The 
treatment  is  quite  original  and  direct,  the  method  being 
somewhat  independent  of  the  older  memoirs.  The  prob- 
lem is  to  determine  the  value  of  the  integral 

5=jr  J^(x)e-^'x'^'dx] 
the  result  is 
^^       r(a  +  c)        ^fa  +  c    a  +  c  +  1, 


2T(a-f  1)6- 


+e 


/a  +  c    a  +  e  +  1,  1\. 


the  conditions  for  convergence  are  carefully  discussed. 

An  interesting  case  is  discussed  wherein  6  =  db  t ;  the 
region  in  which  the  function  exists  and  the  transformed 
path  of  the  loop  integral  are  well  treated.  A  second  proof 
is  given,  depending  on  a  curvilinear  integral ;  some  new 
relations  between  F  functions  are  incidentally  found, 
among  them  being 
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^\         2         '       2      '^'       (l-2a;)»/ 
=  (1  —  2a;)*+T^i(l  —  xy-yF(^a,  1  —  a,  r,  «;). 

This  last  eqaatdon  is  then  developed  directly  by  means  of 
the  definite  int^ral ;  the  path  of  integration  is  varied  and 
the  modnli  of  periodicity  obtained  by  crossing  the  section 
are  then  discussed.  Here  again  the  special  power  of  the 
curvilinear  integral  is  exhibited,  in  the  use  of  which  the 
authors  have  shown  considerable  skill.  The  function  con- 
sidered is 

T ?— 

4(^-1)' 

and  the  curve  of  section  (Grenzscheide)  is  a  lima9on.  The 
chapter  closes  with  a  discussion  of  a  few  particular  cases, 
including  besides  some  well  known  results  a  few  new  ones 
r^arding  integrals  of  Bessel  functions. 

In  the  final  chapter  Weber's  discontinuous  integral 


I    Ji  {z)J^{ax)dx 


is  discussed  and  generalized  for  any  parameters  ;  this  is  done 
by  Dr.  Gubler.  The  method  employed  is  an  application  of 
the  principles  established  in  the  preceding  chapter,  with  the 
selection  of  an  appropriate  path  of  integration  for  each  cAse. 

A  short  appendix  is  added,  in  which  still  another  form  of 
the  integral  is  obtained,  and  another  section  reduces  the 
differential  equation  of  the  Bessel  function  of  the  first  kind 
to  a  Riccati  equation  ;  and  gives  the  form  of  the  solution  as 
a  function  of  two  independent  J{x)  functions. 

The  bibliography  which  introduces  each  chapter,  and  the 
list  of  sources  quoted  which  is  appended  to  each  part,  while 
not  always  complete  and  not  always  giving  the  original 
source,  still  form  a  valuable  part  of  the  book.  This  work 
and  the  treatise  of  Gray  and  Mathews  supplement  each 
other,  each  being  somewhat  one  sided  when  studied  alone. 

A  number  of  typographical  errors  already  found  are  cor- 
rected in  a  list  inserted  in  Part  II ;  but  a  good  many  more 
are  still  in  the  text,  though  few,  if  any,  would  prove  a 
source  of  annoyance  to  the  reader. 

Any  worker  in  Bessel  functions  will  find  the  work  a  help- 
ful text.  Virgil  Snyder. 

Cornell  University, 
March  9,  1901. 
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SHORTER  NOTICES. 

Lezioni  ndle    Teoria  dede  Superf/ne.     By  Gregorio   Ricci. 
Padova,  1898. 

This  lithographed  volume  of  about  400  pages  gives  the 
formal  development  and  application  to  the  theory  of  surfaces 
of  the  instrument  of  analysis  termed  Calcolo  differenziale  as- 
soluto  by  the  author.  The  method  leads  to  formulae,  and 
equations  always  presenting  themselves  under  the  same 
form  for  any  system  of  independent  variables,  and  the  diffi- 
culties which  are  incidental  and  formal  rather  than  intrinsic 
are  thus  to  some  extent  done  away  with,  and  the  research 
assumes  a  uniformity  absent  in  other  methods.  The  entire 
discussion  is  based  on  the  properties  of  differential  quadratic 
forms,  and  the  Introduction,  of  about  130  pages,  contains  a 
rather  complete  exposition  of  the  methods  of  the  calculus 
with  a  more  or  less  full  treatment  of  differential  quadratic 
forms  in  general  and  binary  forms  in  particular.  The 
novelty  and  generality  of  the  method  and  notation  require 
of  the  reader  not  a  little  effort ;  but,  these  difficulties  of  form 
once  overcome,  the  various  geometrical  applications  follow 
easily. 

Chapter  I  is  devoted  to  generalities  on  linear  homogeneous 
partial  differential  equations  of  the  first  order  and  to  com- 
plete systems.  Chapters  II  and  III  treat  differential  quad- 
ratic forms  and  develop  the  absolute  calculus  for  n  vari- 
ables. In  chapters  IV  and  V  these  forms  are  classified  and 
differential  invariants  are  formed,  while  chapter  VI  applies 
the  calculus  to  two  variables. 

Part  I,  comprising  the  second  third  of  the  book,  treats  sur- 
faces as  flexible  and  inextensible,  while  Part  II  is  taken  up 
with  the  theory  of  surfaces  considered  as  having  a  rigid  form 
in  space.  Chapter  IV  of  this  part  treats  special  classes  of 
surfaces,  while  chapter  VI  is  devoted  to  surfaces  of  the 
second  degree. 

The  treatise  is  by  no  means  a  complete  exposition  of  the 
whole  theory  of  surfaces,  such  subjects  as  infinitesmal  de- 
formations, pseudospherical  geometry,  and  triply  orthogonal 
systems  being  barely  mentioned  ;  but  the  idea  of  the  volume 
seems  to  be  to  give  some  notion  of  the  power  and  elegance 
of  the  absolute  calculus.  This  has  a  wider  application  than 
that  indicated  here,  many  questions  of  pure  mathematics 
and  of  mathematical  physics  being  advantageoOsly  treated 
by  it ;  and  those  accustomed  to  the  classic  method  and  nota- 
tion, as  found  in  Darboux  and  Biauchi  for  instance,  will 
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find  the  book  well  worth  reading  if  for  no  other  reason  than 
to  look  at  the  theory  from  another  and  entirely  different 
aspect. 

G.  O.  James. 

Lemons  sur  la  Theorie  des  Formes  et  la  Geometrie  analytique  supe- 
rieure.  Par  H.  Andoyer.  Volume  I.  Paris,  Gauthier- 
Villars,  1900.     8vo,  pp.  vi  +  508.     Price,  15  francs. 

It  would  be  asserting  too  much  to  say  that  M.  Andoyer's 
first  volume  fulfills  all  reasonable  expectations.  In  this  vol- 
ume only  binary  and  ternary  forms  are  treated,  the  quater- 
nary field  being  reserved  for  a  second,  which  is  announced 
as  already  in  press.  All  who  read  the  author's  introduction 
(lithographed)  a  few  years  ago  must  have  expected  to  find 
in  the  present  work  a  treatise  not  only  compendious  but 
also  elementary.  Compendious  it  certainly  is.  covering  a 
surprisingly  wide  range,  but  the  student  beginning  in  this 
subject  and  reading  it  alone  will  find  it  impenetrable.  It  is 
lucid,  it  is  concise,  but  it  is  extremely  condensed.  Therein 
lies,  however,  its  great  merit.  As  a  work  of  reference,  or 
as  a  syllabus  to  accompany  a  lecture  course,  it  will  super- 
sede anything  hitherto  published  in  the  same  field.  Its 
field  is  geometry — invariantive  geometry,  algebra  taking 
the  second  place.  Accordingly  one  cannot  yet  dispense 
with  Salmon,  Faa  di  Bruno,  and  Elliott.  Nor  is  it  intended 
to  precede  the  study  of  projective  geometry  of  curves ; 
rather  it  presupposes  a  large  amount  of  geometrical  knowl- 
edge, and  aims  to  recast  and  systematize  it.  To  quote 
from  the  preface  :  *'  Je  me  suis  propose,  en  I'terivant,  d' ex- 
poser  d'une  fayon  didactique  la  th6orie  des  formes  et  son 
interpretation  g^om^trique  g^n^rale.'' 

Binary  forms  are  treated  in  ten  chapters,  occupying  145 
pages.  After  two  excellent  but  too  compact  preliminary 
chapters,  linear  and  quadratic  forms  and  systems  of  forms 
are  fully  discussed,  together  with  formal  treatment  of  re- 
sultants and  discriminants.  Cubics,  quartics,  and  quintics 
with  their  full  covariant  systems  are  given,  the  last  only  in 
list  without  any  detail.  All  systematic  discussion  of  com- 
plete form  systems  is  excluded,  the  reader  being  referred  to 
Gordan  and  Hilbert.  Finally  forms  in  two  sets  of  variables 
are  taken  up,  otherwise  correspondences,  and  the  metric 
geometry  on  a  line.  The  chapter  most  novel  in  this  binary 
division  is  that  on  the  doubly  quadratic  form,  or  the  (2,  2) 
correspondence  on  a  line.  Of  course  the  problem  of  derived 
correspondences  (2,2)  and  the  conditions  for  the  occurrence 
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of  closed  systems  are  of  principal  importance  here,  and  I 
believe  that  no  algebraic  treatment  has  been  accessible  in 
textbooks  heretofore.  Andoyer  derives  the  explicit  funda- 
mental invariants  and  covariants,  the  recursive  formula  ex- 
pressing the  equation  of  the  (n  +  l)th  derivative  correspon- 
dence in  terms  of  the  nth  and  (n— l)th.and  so  ultimately  in 
rational  covariants  of  the  original  form.  The  results  here 
obtained  are  directly  applied  in  the  chapter  on  Poncelet's 
polygons,  in  the  ternary  division. 

Under  ternary  forms  occur  the  necessary  formal  gener- 
alities, short  chapters  on  homography  and  on  conies  (la  serie 
quadratique) ;  then  that  just  novr  alluded  to  upon  the  system 
of  two  conies,  a  welcome  addition  to  the  literature  of  the 
subject.  Invariant  conditions  for  closed  Poncelet  polygons 
of  3  and  of  4  sides  are  given  in  rational  functions  of  the 
four  fundamental  invariants,  and  the  apparatus  is  furnished 
for  calculating  similar  conditions  for  n  sides.  The  deriva- 
tion of  these  results  by  the  aid  of  the  elementary  invariants 
of  a  binary  biquadratic  form  is  a  decided  improvement 
upon  older  methods. 

Two  bilinear  forms  and  the  quadratic  correspondence  are 
handled  thoroughly,  with  a  view  to  the  quartic  curve. 
Cubic  and  trilinear  forms  have  a  fairly  full  treatment  (53 
pages).  The  quartic  curve  is  considered  as  the  envelope  of 
a  variable  conic  whose  parametric  point  describes  a  fixed 
conic  :  thus  the  bi tangents  and  quadruply  tangent  conies  are 
examined  by  the  method  of  Cayley  and  Salmon.  The  two 
concluding  chapters,  apparently  valuable,  are  concerned 
with  metric  geometry,  general  and  special,  t.  c,  with  a 
proper  quadric  and  a  degenerate  quadric  respectively  as  the 
absolute. 

The  thoroughly  systematic  execution  of  the  work  perhaps 
excuses  the  absence  of  any  index,  and  the  geometrical  purpose 
naturally  excludes  any  account  of  the  work  of  Hilbert  or  of 
Deruyts ;  but  a  work  of  this  magnitude,  not  professedly  a 
cyclopaedia,  ought  certainly  to  offer  some  perspectives  and 
some  outlook.  The  promise  of  a  general  bibliography  in 
Volume  II  is  hardly  a  substitute  for  the  minute  and  par- 
ticular citations  that  a  student  needs. — Enough  of  fault- 
finding !  It  is  refreshing  to  read  a  treatise  that  makes  per- 
fectly free  use  of  invariants  of  every  degree  of  intricacy, 
with  an  eye  solely  to  their  significance  and  no  concern  about 
their  explicit  formulation.  Let  us  notice  that  this  last 
product  of  the  nineteenth  century  on  plane  curve  theory 
stops  short  of  the  quintic. 

Henry  S.  White. 
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NOTES. 

The  second  (April)  number  of  Volume  II  of  the  IVarw- 
actions  of  the  Amebican  Mathematical  Society  contains  the 
following  papers :  **  Canonical  forms  of  quaternary  abelian 
substitutions  in  an  arbitrary  Galois  field/ '  by  L.  E.  Dickson  ; 
**  Certain  cases  in  which  the  vanishing  of  the  Wronskian  is 
a -sufficient  condition  for  linear  dependence/'  by  M.  B6cher  ; 
**An  elementary  proof  of  a  theorem  of  Sturm,"  by  M. 
BocHER  ;  •*  On  the  determination  of  surfaces  capable  of  con- 
formal  representation  upon  the  plane  in  such  a  manner  that 
geodetic  Hues  are  represented  by  algebraic  curves, '^  by  H. 

F.  Stecker  ;  "On  the  existence  of  a  minimum  of  the  in- 
tegral   I    *  F(x,  y,  j/^dx  when  x^  and  x^  are  conjugate  points, 

and  the  geodesies  on  an  ellipsoid  of  revolution  ;  a  revision 
of  a  theorem  of  Kneser*s,"  by  W.  F.  Osgood;  *'0n  the 
geometry  of  planes  in  a  parabolic  space  of  four  dimensions," 
by  I.  String  HAM. 

The  April  number  (second  series,  volume  2,  number  3)  of 
the  Annals  of  Mathematics  contains  the  following  papers:  *  *Suf- 
ficient  conditions  in  the  calculus  of  variations,"  by  W.  F. 
Osgood  ;  **  Lagrange's  equation  in  the  calculus  of  variations 
and  the  extension  of  a  theorem  of  Erdmann,"  by  J.  K. 
Whittemore  ;  ^'  On  some  points  in  the  theory  of  the  hyper- 
geometric  function,  expressed  as  a  double  circuit  integral," 
by  R.  M.  Hathaway  ;  **  A  theorem  in  continued  fractions," 
by  D.  N.  Lehmer  ;  **  Note  on  the  dual  of  a  focal  property  of 
the  inscribed  ellipse,"  by  R.  E.  Allardice  ;  **  A  simplified 
solution  of  the  cubic,"  by  Emory  McClintock. 

At  the  regular  meeting  of  the  London  mathematical  so- 
ciety held  on  March  14,  1901,  the  following  papers  were 
read  :  *  *  An  account  of  some  algebraical  identities  of  simple 
arithmetical  application,"  by  Professor  E.  B.  Elliott; 
**  Preliminary  notice  concerning  the  stability  of  motion," 
by  Professor  A.  E.  H.  Love;  *^0n  the  composition  of 
group  characteristicB,"  by  Professor  W.  Burnside  ;  ^*0n 
the  use  of  Cauchy^s  principal  values  in  the  double  limit 
problems  of  the  integral  calculus,"  by  Mr.  G  H.  Hardy. 

The  following  papers  were  read  at  the  meeting  of  the 
Edinburgh  mathematical  society  held  on  March  8,  1901 : 
**  Some  elementa^ry  theorems  regarding  surds,"  by  Professor 

G.  Chrybtal  ;  **  Note  on  the  application  of  complex  integra- 
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tion  to  the  equations  of  couduction  of  heat/'  by  Mr.  J. 

DOUGALL. 

The  first  fasciculus  of  volume  IV  of  the  Encyclopaedia 
of  the  mathematical  sciences  (see  BuUeiin,  volume  7,  page 
101)  is  to  appear  very  shortly.  It  will  contain  **  Vector 
analysis,"  by  Dr.  M.  Abraham  of  Gottingen,  and  Pro- 
fessor A.  E.  H.  Love's  two  articles  on  '*  Hydrodynamics." 

The  first  fasciculus  of  volume  9  of  the  Jakresberiekte  of 
the  German  mathematical  association  has  just  appeared. 
It  contains  an  announcement  that  volume  10  will  include  a 
report  by  Professor  H.  Burkhardt  entitled  :  **  Die  Ausbil- 
dung  der  Methode  der  Beihenentwickelungen  an  physikal- 
ischen  Problemen." 

The  Spanish  journal  El  Progreso  matematieo,  edited  by  D. 
Zoel  G.  de  Galdeano,  Saragossa,  ceased  publication  with 
the  number  for  last  December. 

The  first  two  numbers  of  a  new  Italian  monthly,  Le  McUe- 
moHche  pure  ed  applicate  have  appeared.  It  is  edited  by  Pro- 
fessor C.  Alasia  of  Oristano  with  the  cooperation  of  twenty 
Italian  and  foreign  mathematicians,  and  is  published  by  8. 
Lapi  in  CittA  di  Castello.  The  periodical  will  publish  notes 
and  memoirs  on  elementary  and  advanced  mathematics,  but 
preference  will  be  given  to  articles  on  applied  mathematics. 
The  first  number,  which  has  twenty-four  pages,  begins  with 
an  article  on  continued  fractions  by  the  late  Professor  C. 
Hbbmite.  Contributions  may  be  sent  to  the  American 
member  of  the  board  of  editors,  Professor  G.  B.  Halsted, 
Austin,  Texas. 

The  announcement  is  made  that  Professor  A.  von  Oet- 
TiNGEN  of  Leipsic  has  undertaken  to  edit  Volume  IV.  of 
Poggendorff's  Biographical  Dictionary,  which  is  to  cover  the 
period  1884-1900.  Authors  of  works  and  articles  in  math- 
ematics, physics,  astronomy,  meteorology,  chemistry,  min- 
eralogy, geology,  and  geography  have  been  asked  to  promote 
this  undertaking  by  sending  to  Professor  v.  Oettingen 
biographical  notices,  and  also  information  regarding  books 
and  articles  published  in  periodicals  which  are  not  very 
widely  known.  The  new  volume  will  appear  in  1902  or 
1903,  and  will  be  published  by  J.  A.  Barth,  of  Leipsic. 

Cambridge  University.  The  Smith's  prizes  have  been 
adjudged  to  G.  H.  Hardy,  fourth  wrangler  in  1898,  for 
his  essay  on  **  Definite  int^rals  of  discontinuous  functions, " 
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and  to  J.  H.  Jeans,  bracketed  second  wrangler  in  1898,  for 
his  essay  on  **  The  distribution  of  molecular  energy.''  P. 
V.  Bevan,  fourth  wrangler  in  1899,  received  an  honorable 
mention  for  his  essay  on  **  The  influence  of  metallic  media 
on  light  vibrations." 

The  University  of  Chicago. — ^The  following  advanced 
mathematical  courses,  four  hours  weekly,  are  to  be  offered 
during  the  four  quarters  («u,  a,  w,  sp)  of  the  year  banning 
June  19,  1901  :— By  Professor  E.  H.  Moore  :  Theory  of 
functions  of  a  real  variable,  with  seminar  (a,  w,  sp). — By 
Professor  O.  Bolza  :  Theory  of  functions  of  a  complex  vari- 
able («*);  Calculus  of  variations  (su);  Advanced  algebra 
(a,  w);  Abelian  functions,  with  seminar  (a,  w), — By  Asso- 
ciate Professor  H.  Maschke  :  Theory  of  functions  (o,  w) ; 
Theory  of  the  potential  («p);  Theory  of  invariants  (a); 
Twisted  curves  and  surfaces,  with  seminar  (u;,  sp). — By 
Assistant  Professor  H.  E.  Slaught  :  Differential  equations 
(su);  Advanced  integral  calculus  (a,  uj,  sp), — By  Assistant 
Professor  J.  W.  A.  Young  :  Pedagogy  of  mathematics  (»u); 
Solid  analytics  (sp), — By  Assistant  Professor  L.  E.  Dick- 
son: Pure  and  analytic  projective  geometry  («*);  Theory 
of  numbers,  with  introduction  to  congruence  groups  (sp). — 
By  Dr.  J.  A.  Boyd  :  Solid  analytics  and  determinants  (su). 
— By  Dr.  McDonald  :  Hyperelliptic  functions  (su). 

Columbia  University. — The  following  advanced  courses 
are  offered  during  the  academic  year  1901-1902  by  the  de- 
partments of  mathematics  and  mechanics,  each  course  ex- 
tending throughout  the  year  : — By  Professor  F.  N.  Cole  : 
Theory  of  groups,  three  hours. — By  Professor  T.  S.  Fiske  : 
Advanced  calculus,  three  hours ;  Functions  defined  by 
linear  differential  equations,  three  hours. — By  Professor  J. 
Maclay  :  Theory  of  functions  of  a  complex  variable,  three 
hours. — By  Professor  M.  I.  Pdpin  :  Electromagnetic  theory 
of  light,  two  hours  ;  BesseFs  functions  and  spherical  har- 
monics, one  hour. — By  Professor  R.  S.  Woodward  :  Ad- 
vanced theoretical  mechanics,  two  hours  ;  Theory  of  the 
potential  function,  two  hours. — By  Dr.  E.  Kasner  :  The- 
oretical mechanics,  three  hours. — By  Mr.  C.  J.  Keyser  : 
Modem  theories  of  geometry,  three  hours. — By  Mr.  H.  B. 
Mitchell  :  Differential  equations,  three  hours.  —By  Mr.  J. 
C.  Pfister  :  Theoretical  mechanics,  two  hours. 

The  mathematical  colloquium  is  held  fortnightly. 

Cornell  University. — Among  the  courses  announced 
for  the  summer  session,  July  5th  to  August  16th,  are  ele- 
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mentary  courses  in  algebra,  geometry,  trigonometry,  ana- 
lytic geometry,  and  infinitesimal  calculus,  given  by  Profes- 
sors Tanner,  Jones,  Wait,  and  Dr.  Murray,  and  the 
following  advanced  courses : — By  Professor  L.  A.  Wait  : 
Analytic  geometry,  based  on  Salmon's  conic  sections,  three 
hours ;  Differential  calculus,  based  on  the  treatises  of  Tod- 
hunter  and  Williamson,  two  hours. — By  Dr.  V.  Snyder  : 
Projective  geometry,  an  elementary  course  in  Cremona's 
Projective  geometry,  five  hours. — By  Dr.  D.  A.  Murray  : 
Differential  equations,  five  hours ;  Descriptive  astronomy, 
five  hours. — By  Dr.  G.  A.  Miller  :  Int^^al  calculus,  based 
on  the  treatises  of  Todhunter  and  Williamson,  five  hours  ; 
Introduction  to  the  theory  of  groups  and  the  theory  of 
numbers,  five  hours ;  History  of  mathematics,  five  hours. 
— By  Dr.  J.  V.  Westpall  :  Theory  of  functions  of  a  com- 
plex variable,  the  elements  of  the  theories  of  Cauchy,  Rie- 
mann,  and  Weierstrass,  three  hours. 

Harvard  University. — ^The  following  advanced  mathe- 
matical courses  are  offered  during  the  academic  year  1901- 
1902 : — By  Professor  J.  M.  Pierce  :  Quaternions  (first 
course) ;  Triangular  coordinates  and  algebraic  plane  curves, 
especially  cubics  ;  f  Application  of  quaternions  to  the  theory 
of  curves  and  surfaces ;  f  Selected  topics  in  quaternions. — 
By  Professors  W.  E.  Byerly  and  B.  O.  Peirce  :  Trigono- 
metric series,  spherical  harmonics,  and  potential  function. — 
By  Professor  W.  E.  Byerly  :  Calculus  (second  course) ; 
Dynamics  of  a  rigid  body. — By  Professor  W.  F.  Osgood  : 
t  Infinite  series  and  products  ;  Theory  of  functions  ( first 
course). — By  Professor  M.  B6cher  :  f  Algebra,  properties 
of  polynomials,  invariants ;  f  Introduction  to  partial  differ- 
ential equations ;  Functions  defined  by  linear  differential 
equations. — By  Dr.  C.  L.  Bouton  :  f  Theory  of  numbers  ; 
t  Elementary  differential  equations. — By  Mr.  J.  K.  WnrrrE- 
more  :  Modem  geometry  ;  Hydrostatics,  hydrokinetics. — 
By  Mr.  J.  L.  Coolidge  :  f  Theory  of  equations,  invariants  ; 
Non-euclidean  geometry. 

These  courses  will  involve  three  lectures  a  week  through- 
out the  year,  except  those  preceded  by  f,  which  involve 
about  half  this  number  of  lectures.  Professors  Byerly 
and  Osgood,  Dr.  Bouton,  and  Mr.  Coolidge  also  offer 
courses  in  reading  and  research  on  Picard's  Traits  d'ana- 
lyse.  Calculus  of  variations,  Theory  of  continuous  groups, 
and  Projective  geometry,  respectively. 
.  The  mathematical  conference  will  meet  twice  a  month. 

Yale  University. — The  following  courses  in  mathematics 
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are  announced  for  the  year  1901-1902  : — By  Professor  J.  E. 
Clark  :  f  Determinants,  with  applications  to  geometry  and 
the  theory  of  eh'mination,  two  hours ;  f  Differential  equa- 
tions, two  hours. — By  Professor  J.  W.  Gibbs  ;  f  Vector 
analysis,  three  hours;  f  Advanced  vector  analysis,  three 
hours ;  Electricity  and  magnetism,  one  hour ;  Thermo- 
dynamics and  properties  of  matter,  two  hours. — By  Pro- 
fessor W.  Beebe  :  Celestial  mechanics,  three  hours, — ^By 
Professor  J.  Pibrpont  :  t  Higher  algebra,  three  hours ;  Dif- 
ferential equations  and  function  theory,  three  hours;  Theory 
of  functions,  three  hours. — By  Professor  P.  F.  Smith  :  Ad- 
vanced differential  geometry,  two  hours  ;  f  Foundations  of 
geometry,  two  hours. — By  Professor  H.  A.  Bumstead  :  Prob- 
lems in  mathematical  physics,  two  hours. — By  Dr.  M.  R 
Porter  :  Advanced  calculus,  three  hours  ;  f  Selected  topics 
in  differential  equations,  three  hours. — By  Dr.  W.  A.  Gran- 
ville :  t  Differential  geometry,  three  hours. — By  Mr.  E.  B. 
WiLBON  :  t  Analytical  mechanics,  three  hours ;  f  Projective 
geometry,  three  hours. 

Courses  preceded  by  f  extend  through  only  one  half  of 
the  year. 

The  several  German  universities  below  offer  during  the 
summer  semester,  1901,  courses  in  mathematics  as  follows  : 

University  of  Berun. — By  Professor  L.  Fuchs  :  Appli- 
cations of  the  theory  of  elliptic  functions,  three  hours  ; 
Theory  of  linear  differential  equations,  four  hours. — By 
Professor  H.  A.  Schwarz  :  Int^ral  calculus,  four  hours ; 
Theory  of  analytic  functions,  I,  four  hours  ;  Gauss's  hyper- 
geometric  series,  two  hours ;  Mathematical  colloquium, 
two  hours. — By  Professor  G.  Frobenius  :  Theory  of  alge- 
braic equations,  II,  four  hours. — By  Professor  J.  Knob- 
lauch :  Theory  of  space  curves,  one  hour ;  Theory  of 
curved  surfaces,  four  hours  ;  Elliptic  functions,  four  hours. 
By  Professor  K.  Hensel  :  Analytic  geometry  of  plane  and 
space,  four  hours ;  Theory  of  probabilities,  two  hours  ; 
Geometry  of  numbers  and  its  application  ;  CoUoquium,  two 
hours. — By  Professor  R.  Helmert  :  Figure  of  the  earth, 
one  hour  ;  Map  projection,  one  hour. — By  Professor  R. 
Lehmaxn-Filh^s  :  Differential  Calculus,  four  hours,  with 
exercises,  one  hour. — By  Professor  G.  Hettner  :  Fourier's 
series  and  integrals,  two  hours. 

University  of  Bonn. — By  Professor  L.  Heffter  :  Infini- 
tesimal calculus,  four  hours,  with  exercises,  one  hour  ;  Des- 
criptive geometry,  two  hours,  with  exercises,  three  hours. — 
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By  Professor  R.  Lipschitz  :  Theory  of  numbers,  four  hours ; 
Seminar,  two  hours. — By  Professor  H.  Kortum  ;  Theory  of 
algebraic  equations,  four  hours  ;  Seminar,  two  hours. 

UNivERsriY  OF  Halle. — By  Professor  G.  Cantor  :  Theory 
of  numbers,  four  hours  ;  Definite  integrals  and  differential 
equations,  two  hours ;  Seminar,  two  hours. — By  Professor 
A.  Wangerin  :  Theory  of  potential  and  spherical  harmon- 
ics, five  hours  ;  Seminar,  two  hours. — By  Professor  V.  Ebeb- 
HARD  :  Theory  of  Determinants,  one  hour  :  Plane  analytic 
geometry,  three  hours. — By  Dr.  E.  Neubiann  :  Infinitesimal 
calculus,  I,  four  hours,  with  exercises,  one  hour. 

University  of  Innsbruck. — By  Professor  O.  Stolz  : 
Theory  of  double  integrals,  two  hours ;  Calculus  of  varia- 
tions, one  hour ;  Seminar  on  the  forgoing  subjects,  one 
hour  ;  Theory  of  functions  of  a  complex  variable  according 
to  Cauchy  and  Weierstrass  (continued),  with  seminar,  three 
hours. — By  Professor  W.  Wirtinger  :  Linear  partial  dif- 
ferential equations  (continued),  three  hours;  Euler's  and 
the  hypergeometric  integrals,  two  hours ;  Seminar,  two 
hours. — By  Dr.  K.  Zindler  :  Descriptive  geometry,  four 
hours ;  Applications  of  calculus  to  geometry  (continued), 
two  hours. 

University  of  Vienna. — By  Professor  J.  v.  Escherich  : 
Calculus  of  variations,  five  hours  ;  Mathematical  statistics, 
three  hours  ;  Proseminar,  one  hour  ;  Seminar,  two  hours. — 
By  Professor  L.  Gegenbauer  :  Theory  of  quadratic  forms, 
two  hours ;  Theory  of  numbers,  II,  three  hours  ;  Theory  of 
probabilities,  three  hours  ;  Proseminar.  one  hour ;  Seminar, 
two  hours. — By  Professor  F.  Mertens  :  Elements  of  infini- 
tesimal calculus  for  students  of  all  faculties,  II,  five  hours, 
with  exercises,  two  hours  ;  Proseminar,  one  hour  ;  Seminar, 
two  hours. — By  Professor  G.  Kohn  :  Synthetic  geometry 
(continued),  four  hours,  with  exercises,  one  hour. — By  Dr. 
V.  Sersa WY  :  Mathematics  of  insurance,  two  courses  of  three 
and  four  hours  respectively. — By  Dr.  A.  Tauber  :  Analytic 
geometry  of  space,  three  hours  ;  Mathematics  of  insurance, 
three  hours,  with  exercises,  two  hours.  —  By  Dr.  E. 
Blaschkb  :  Introduction  to  mathematical  statistics. — By 
Dr.  R.  D.  V.  Sterneck  :  On  the  number  of  prime  numbers 
between  given  limits,  one  hour. — By  Dr.  J.  A.  Gmeiner  : 
Quaternions,  with  applications  to  the  motion  of  points,  one 
hour. 

A  COURSE  of  six  lectures  on  ^'  British  mathematicians  of 
the  nineteenth  century ''  was  delivered  by  Dr.  Alexander 
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Macfarlane  at  Lehigh  University,  April  12-23.  The  life 
and  work  of  the  following  mathematicians  was  presented  : 
George  Peacock  (1791-1858),  Augustus De  Morgan  (1806- 
1871),  W.  R.  Hamilton  (1805-1865),  George  Boole  (1816- 
1864),  Arthur  Cayley  (1821-1895),  W.  K.  Clifford  (1845- 
1879). 

De.  J.  C.  Fields  has  recently  given  at  the  University  of 
Toronto  a  course  of  lectures  on  *'The  quadrature  of  the 
circle.'' 

Professor  J.  W.  Gibbs,  of  Yale  University,  has  been 
elected  an  honorary  member  of  the  London  physical 
society. 

Professor  G.  Humbert  of  the  Ecole  polytechnique  has 
been  elected  a  member  of  the  section  of  geometry  of  the 
Paris  academy  of  sciences  to  fill  the  vacancy  caused  by  the 
death  of  Hermite. 

Professor  Asaph  Hall,  U.  S.  Navy,  who  for  the  last 
five  years  has  been  lecturer  on  celestial  mechanics  at  Har- 
vard University,  has  resigned  his  position  there,  and  will 
spend  the  next  year  or  two  in  European  travel. 

It  is  reported  that  the  faculty  of  the  University  of  Munich 
has  nominated  Professors  D.  Hilbert,  A.  Brill,  and  A. 
Voss  to  fill  the  vacancy  caused  by  the  resignation  of  Pro- 
fesser  G.  Bauer. 

Dr.  E.  a.  Engler,  professor  of  mathematics  in  Wash- 
ington University,  St.  Louis,  Mo.,  has  been  elected  pres- 
ident of  the  Worcester  Polytechnic  Institute,  to  succeed  Dr. 
T.  C.  Mendenhall,  who  retires  on  account  of  ill-health. 

At  Columbia  University,  Dr.  Jambs  Maclay  has  been 
promoted  to  an  associate  professorship  of  mathematics,  and 
Mr.  J.  C.  Pfister  to  an  instructorship  in  mechanics.  Dr. 
G.  H.  Ling,  of  Wesleyan  University,  and  Mr.  William 
FiNDLAY,  of  the  University  of  Chicago,  have  been  appointed 
tutors  in  mathematics  in  Columbia  University. 

Mr.  H.  W.  Kuhn,  of  Cornell  University,  has  been  ap- 
pointed assistant  professor  of  mathematics  in  Ohio  State 
University^ 

Dr.  R.  E.  Moritz,  of  the  University  of  Nebraska,  has 
received  leave  of  absence  and  will  spend  a  year  in  study  in 
Gtermany. 

Professor  H.  A.  Rowland,  Johns  Hopkins  University, 
died  at  Baltimore,  April  16. 
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The  death  is  announced  of  De.  J.  T.  Duffield,  profes- 
sor of  mathematics  in  Princeton  University  since  1847. 

The  deaths  are  also  announced  of  M.  T.  Moutard,  an 
eminent  French  mathematician  and  engineer  and  honorary 
examiner  at  the  Ecole  polytechnique  ;  of  Dr.  P.  M.  Pok- 
ROwsKi,  professor  of  mathematics  at  Kiew ;  and  of  Dr.  F. 
Meldb,  professor  of  physics  and  director  of  the  mathemat- 
ical and  physical  institute  of  the  University  of  Marburg. 
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Collins  (J.  V.).  An  elemeDtary  exposition  of  Graasmann's  Anadeh- 
nnngslehre,  or  theory  of  extension.  Springfield,  Mo.,  Dixon,  1901, 
8vo.  2-)-46pp.  (Reprinted  from  the  American MiUhtmaiical  Monthly^ 
Vols.  6  and  7. ) 

KiBPBBT  ( L. ).  GrnndrisB der  Differential-  nnd  Integralrechnnng.  Teil  I: 
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Nichols  (  E.  W.  ).  Differential  pnd  integral  oalcnlns,  with  applications  ; 
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12mo.    405  pp.     Half -leather.  $2.00 
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elliptiqnes.  ( En  4  volumes. )  Vol.  4  :  Calcnl  integral,  partie  2e, 
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Wibnbb(H.  ).  Die  Einteilnng  der  ebenen  Knrven  nnd  Kegel  dritter 
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II.     ELEMENTARY  MATHEMATICS. 

Alasia  (C).  La  recente  geometria  del  triangolo.  Citt^  di  Castello, 
Lapi,  1900.     8vo.     16  -f  339  pp.  Fr.  3.00 
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Alasia  (C.  )•  RelAzioai  fra  gli  elementi  di  an  triangolo  piano ;  566 
fonnale  raooolte  ed  ordinate.  Citt&  di  Castello,  Lapi,  1900.  8to. 
35  pp. 

BsBOM ANN  ( F. ) .    See  RoeeM  akith. 

BoTDBK  (W.  C).  Primeros  paaos  en  digebra  ;  iradaddo  y  adaptado  al 
idioma  oastellano.  New  York,  Silver,  Burden,  &  Go.  [1900]. 
12mo.     194  pp.    Cloth.  |0.60 

Buck  (R.  C).  Manual  of  trigonometry ;  for  use,  more  eapedally,  of 
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Jklinek  (  L.  ).  Logarithmische  Tafeln  far  Gymnasien  und  Rcalschulen. 
4te  Auflage.  Samt  Anleiturg.  Wien,  Pidiler,  1900.  8vo.  4  + 157 
pp.    Cloth.  M.  1.50 
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K0HL  (I.  H.).  Grundrifls  der  Geometric  ;  ein  Leitfaden  far  den  Unter- 
rioht.    Teil    I :  Planimetrie.    2te  Auflage.     Dresden,   Kahtmann, 

1900.  8vo.     4  -h  95  pp.  M.  1.40 

Matbiculation  mathematics;  model  answers.  January,  1895,  to  January, 

1901.  London,  Clive,  1901.  12mo.    156pp.      (University  Tutorial 
Series.)  28. 

Mbtbal(A.  ).  La  trisezione  geometric^  dell'angolo,  con  traduzione 
franoese  della  parte  principale.  Roma,  Pistolesi,  1900.  8vo.  32  pp., 
1  plate. 
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pany [1901].     12mo.     2  -f  444  pp.     Half-leather.  $1.25 
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Heft  3:  Pensam  der  Obersekonda.  Breslau,  Hirt,  1901.  8vo. 
80  pp.     Boards.  M.  1.25 
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Rhbude  (F.  ).  Loeangen  zu  den  raatberaatischen  Absolutorialaufgaben 
der  bayerischen  Realschalen.  ( 1875-1900  incl. )  2te  Auflage.  Mtin- 
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Simon  (M.).  Euclid  und  die  sechs  planimetrisoben  Bucher.  Mit 
Benutzung  der  Teztauflgabe  tou  Heiberg.  Leipzig,  Teubner,  1901. 
8yo.  8 -hi 41  pp.  (Abbandlungen  zur  Gesohidite  der  matbemati* 
Bcben  WisBensobaften  mit  Einachluas  ihrer  Anwendungen  ;  bc^grundet 
yon  M.  Cantor.     (XL  Heft. )  M.  5  00 

Slichtbb  (C.  S.).  Four-place  logarithmic  tables  for  rapid  compu- 
tation.    New  York,  llaomillan,  1901.    Size  7XlliiQoli^*    Boards. 

$0.40 

Spooneb  (  H.  J. ).  Elements  of  geometrical  drawing  ;  text-book  on  prac- 
tical plane  geometry,  including  an  introduction  to  solid  geometry. 
Written  to  include  requirements  of  syllabus  of  the  Board  of  Edu- 
cation in  geometrical  drawing  and  for  use  of  students  preparing  for 
military  entrance  examinations.  London,  Longmans,  1901.  12mo. 
338  pp.    Cloth.  3s.  6d. 

Vine  (Q.  T.).  Theory  notes  on  algebra  and  mensuration.  London, 
Simpkin,  1901.     8vo.     270  pp.  2s.  6d. 

Wells  (W.).  Plane  trigonometry.  Boston,  Heath,  1900.  16mo.  100 
pp.     Half-leather.  $0.75 

HI.    APPLIED  MATHEMATICS. 

Ball  (R.  S.).  Elements  of  astronomy.  London  and  New  York,  Mac- 
millan,  1900.     16mo.     8 +183  pp.    Cloth.  $0.80 

C anin  (  O.  ) .    See  Domkb  (  F.  ) . 

DoMKE  ( F. ) .  Nautische,  astronomische  und  logarithmische  Tafeln  nebst 
Erklarung  und  Gebrauohsanweisung  fiir  die  konigl.  preussisohen 
Navigations-Schulen.  lOte  Auflage.  Neu  bearbeitet  von  O.  Canin. 
Berlin,  Decker,  1900.    8vo.    23 +  360  pp.  M.  9.50 

Emgh  (A.^.  An  application  of  elliptic  functions  to  Peaucellier's  link- 
work  ( inversor  ).  (  Annala  of  Mathematics,  2nd  series,  Vol.  2. )  4to. 
4  pp. 

Eessler  (J.).  Grundziige  der  Mechanik.  Eurzgefasstes  Lehrbnch  in 
elementarer  Darstellung.  Teil  I :  Statik  fester  Korper.  Hildburg- 
hansen,  Pezoldt,  1901.  8vo.  8+136  pp.  (Technische  Lehrhefte, 
Abteilung  B  :  Maschinenbau,  Heft  10.)  M   3.50 


Digitized  by  VjOOQIC 


372  NBw  PUBLICATIONS.  [May, 

Matriculation  meobanios,  model  anBweni.  London  Uniyersity  papen 
fromJnne,  1890,  to  Jnne,  1698.  London,  Clive,  1901.  12mo.  120  pp. 
( University  Tutorial  Series. )  2b. 

MouLAN  (P.)*  Gonrs  de  m^oaniqne  ^Itoentaire,  k  Pusage  des  ^ooles 
indostrielles,  comprenant :  notions  pr^liminaires ;  cin6matiqae ; 
statiqae  ;  resistance  anx  monyements ;  forces  centrales,  etc.  I^iris, 
B^ranger,  1901.    Svo.    128  pp. 

8CHL0TKE  (J.).  Lehrbnoh  der  darstellenden  Oeometrie.  Teil  I :  Spe- 
cielle  darstellende  Gtoometrie.  4te  Anflage.  Dresden,  Euhtmann, 
1900.    8vo.    4 +167  pp.  M.  aeO 


Digitized  by  VjOOQIC 


PUBLICATIONS 


OF  THK 


American  Mathematical  Society 


Transactions  of  the  American  Mathematical 
Society. 


EDITED  BY 


Eliakih  Hastings  Moobe,  Ernest  William  Brown, 
Thomas  Scott  Fiske. 


Published  quarterly  by  the  Society  with  the  oooperation  of 

Habyabd  University,  Northwestern  University, 

Yale  Univebsity,  Cornell  University, 

Princeton  University,  The  Univebsity  of  California, 

Columbia  University,  Bryn  Mawr  College, 

Haverford  College,  The  University  of  Chicago. 

The  Traiisaetions  is  devoted  primarily  to  research  in  pure 
and  applied  mathematics,  and  is  the  official  organ  of  the 
Society  for  the  publication  of  important  original  papers  read 
before  it.     The  first  number  appeared  in  January,  1900. 

Subscription  price  for  the  annual  volume  of  not  less  than 
four  hundred  quarto  pages  is  five  dollars,  twenty  shillings, 
twenty  marks  or  twenty-five  francs.  A  reduction  of  26% 
is  made  to  members  of  the  Society.  Subscriptions  and  pay- 
ments should  be  sent  to  the  American  Mathematical 
Society,  501  Weet  116th  Street,  New  York,  N.  Y. 


Digitized  by  VjOOQIC 


PUBLICATIONS 


OF  THE 


American  Mathematical  Society 


Published  Papers.    Vol.  I. 

Mathematical  Papbbs  Read  at  the  International 
Mathematical  Congress  Held  in  Connection 
WITH  THE  World's  Columbian  Expo- 
sition, Chicago,  1893. 


EDITED  BY  THE  COMMITTEE  OF  THE  CONORESS: 

E.  Hastings  Moore,      Oskar  Bolza,      Heinrich  Masohkb, 
Henry  S.  White. 


Containing  papers  by  Bolza,  Burkhardt,  Capelli,  Cole, 
Dyck,  Echols,  Eddy,  Fricke,  Halsted,  Heffter,  Hermite, 
Hilbert,  Hnrwitz,  Klein,  Krause,  Lemoine,  Lerch,  Mac- 
farlane,  Martin,  Maschke,  Meyer,  Minkowski,  Moore,  Netto, 
Noether,  D'Ocagne,  Paladini,  de  Perott,  Pervouehine,  Pin- 
cherle,  Pringsheim,  Sawin,  Schlegel,  Schoenflies,  String- 
bam,  Study,  Taber,  Weber,  Weyr. 


Published  for  the  Society  by  The  Macmillan  Company, 
1896.  8vo,  pp.  411.  Price,  $4.00;  to  members  of  the 
Society,  $3.00. 


Digitized  by  VjOOQIC 


PUBLICATIONS 


OF  THE 


American  Mathematical  Society 


Bulletin  of  the  American  Mathematical 
Society. 

A   HiSTOEICAX   AND   CeITIOAL   RbVIEW   OP  MATHE- 
MATICAL  SOIENOB. 

Old  Series  :  Bulletin  of  the  New  York  Mathematical  Society. 
Vols.  I-III  (1891-1894). 

New  Series  :  Bulletin  of  the  American  Mathematical  Society. 
Vols.  I-VII  (1894-1901). 


The  Bulletin  contains  a  large  number  of  critical  re- 
views of  mathematical  treatises  and  text-books,  a  complete 
monthly  list  of  new  mathematical  publications,  notes  on 
current  events  in  the  mathematical  world,  addresses  before 
mathematical  societies,  reports  on  prepress  in  various 
branches  of  the  science,  and  many  shorter  original  articles. 

Published  for  the  Society  by  The  Maomillan  Company, 
66  Fifth  Ave.,  New  York,  to  whom  subscriptions  and  orders 
should  be  addressed.  Price  per  volume,  $5.00 ;  single 
numbers,  60  cents.  Very  few  complete  sete  of  the  Bulletin 
remain  in  stock.  Members  of  the  Society  are  entitled  to 
receive  back  volumes  to  complete  their  sets  at  $4.00  per 
volume ;  single  numbers,  when  the  supply  permits,  at  30 
cents.  A  member  connected  with  an  educational  institu- 
tion may  order  a  copy  for  its  library  at  $2.60  per  volume. 


Digitized  by  VjOOQIC 


New  Mathematical  Books 

Published  by  THE  MACMILLAN  COMPANY. 

Theory  of  Differential  Equations. 

By  Andrew  Russell  Fobsyth,  SaD.  (Camp. ),  Hon.  So.D.(Dabl.)y 
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There  are  Three  Vols,  in  all.    Part  I.  and  Part  II.  in  Two  Vols. 

Raylelsrh's  Scientific  Papers. 

By  John  William  Strutt,  Baron  Rayleigh,  D.Sc.,  F.R.S.  Honor- 
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4to.    Cloth.    Price,  SS.OO  net. 
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By  P.  A.  Lambebt,  Assistant  Professor  of  Mathematics,  Lehigh  Uni- 
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in  the  University  of  Tasmania.     Cambridge  University  Press. 
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An  Elementary  Text- Book.    With  an  Introduction  to  lie's  Theory 
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Adjunct  Professor  of  Pure  Mathematics,  University  of  Virginia. 

ISmo.    Cloth,    pp.  xrlll  +  2^5.    Price,  Sl.SS  net 
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"  (  can  see  that  it  is  an  important  contribution  to  the  art  of  teaching  num> 
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The  Mental  Arithmetic  based  on  the  same  principles  as  the  above  completes 
the  series,  and  completes  the  Method.  As  compared  with  written  arithmetic 
alone,  mental  arithmetic  systematically  taught  will  produce  at  least  twice  the 
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niuuicated  at  once  to  the  Secretary  of  the  Ainpriciin  Mathem.'itical  S"^  •' '-  '''' 
West  116th  Street,  New  York. 

Subscriptions  to  the  Bulletin,  orders  for  liack  numbers,  and  inquiries 
in  regard  to  non-delivery  of  current  nnmbers  should  be  addressed  to  The  Mac- 
mil  hm  Company,  41  North  Queen  St.,  I^ucaster,  Pa.,  or  66  Fifth  Avenn 
York. 

The  initiation  fees  and  annual  dues  of  members  of  the  American  Mathe- 
matical Society  are  piiyable  to  the  Treasurer  of  the  American  Mathemaiioal  8o-t 
ciety,  501  West  116th  Street,  New  York. 

Articles  for  insertion  in  the  Bulletin  shoukl  be  addressed  to  the 

Bulletin  ok  tue  American  Mathematical  Societv, 

501  West  116th  Street,  Ne^v  York  City. 

The  followinj;  dates  have  been  fixed  for  the  meetings  ot  the  Society  : 

A.  M,  A.  M. 

Sat.,  Oct.  26,  1901,  11:00  Sat,   Feb.  22,  19U2,  11:00 

Fri.,  Dec.  27,      '*        *'  "     April  26,     "         " 

The  Eighth  Summer  Meeting  and  Colloquium  of  the  Society  will  be  held 
mil  University^  Ithaca,  N,  1'.,  beginning  Augt*8t%lQf  1901, 
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THE  APRIL  MEETING  OF  THE  AMERICAN 
MATHEMATICAL  SOCIETY. 

A  BEGULAB  meeting  of  the  American  Mathematical 
Society  was  held  in  New  York  City  on  Saturday,  April  27, 
1901.  Thirty-four  persons  were  present  at  the  two  sessions, 
including  the  following  thirty-one  members  of  the  So- 
ciety : 

Mr.  Joseph  Allen,  Dr.  J.  E.  Clarke,  Professor  F.  N.  Cole, 
Dr.  W.  S.  Dennett,  Professor  T.  S.  Fiske,  Mr.  A.  S.  Gale, 
Dr.  G.  B.  Germann,  Mr.  F.  A.  Giffen,  Dr.  W.  A.  Granville, 
Miss  Ida  Griffiths,  Professor  James  Harkness,  Dr.  Edward 
Kasner,  Mr.  C.  J.  Keyser,  Professor  Pomeroy  Ladue,  Dr. 
G.  H.  Ling,  Dr.  Emory  McClintock,  Dr.  James  Maclay,  Dr. 
G.  A.  Miller,  Professor  Frank  Morley,  Professor  W.  F.  Os- 
good, Miss  Ida  Schottenfels,  Professor  C.  A.  Scott,  Dr.  Vir- 
gil Snyder,  Dr.  H.  F.  Stecker,  Professor  J.  H.  Tanner, 
Professor  H.  D.  Thompson,  Professor  E.  B.  Van  Vleck, 
Professor  J.  M.  Van  Vleck,  Professor  L.  A.  Wait,  Miss  E. 
C.  Williams,  Professor  R.  S.  Woodward. 

Vice-President  Thomas  S.  Fiske  occupied  the  chair.  The 
Council  announced  the  election  of  the  following  persons  to 
membership  in  the  Society  :  Mr.  C.  W.  McG.  Black,  Har- 
vard University,  Cambridge,  Mass.;  Dr.  S.  E.  Slocum, 
University  of  Cincinnati,  Cincinnati,  Ohio.  Two  applica- 
tions for  membership  were  received. 

To  relieve  the  increasing  burden  of  administration,  the 
office  of  Assistant  Secretary  was  created,  and  filled  by  the 
appointment  of  Dr.  Edward  Kasner,  to  serve  until  February, 
1902. 

The  library  of  the  Society,  which  at  present  consists 
mainly  of  some  five  hundred  unbound  volumes  of  journals 
received  as  exchanges,  is  about  to  be  deposited  in  the  library 
of  Columbia  University,  under  an  agreement  by  which  the 
University  undertakes  to  bind,  catalogue,  and  care  for  the 
books  now  on  hand  and  all  future  additions,  and  to  make 
them  easily  accessible  to  the  members  of  the  Society.  Ar- 
rangements will  be  made  by  which  the  books  may  be  tem- 
porarily loaned  to  members  living  at  a  distance.  The  li- 
brary is  to  be  kept  as  a  separate  collection,  duplicating  as 
far  as  may  be  the  general  University  library,  and  aiming  to 
become  as  complete  as  possible  in  itself.  The  title  to  the 
books  remains  in  the  Society,  which  reserves  the  right  to 
withdraw  them  under  agreed  conditions. 
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The  following  papers  were  read  at  this  meeting  : 

(1)  Dr.  W.  A.  Granville  :  '*  Invariants  of  some  m-gons 
under  certain  projective  Lie  groups  in  the  plane." 

(2)  Dr.  Edward  Kasner:  **The  algebraic  potential 
surfaces." 

(3)  Professor  F.  Morley  :  **  On  the  real  foci  of  algebraic 
curves." 

(4)  Mr.  George  Peirce:  **  A  curious  approximate  con- 
struction for  IT, ' ' 

(5)  Professor  E.  W.  Hyde  :  "  On  a  surface  of  the  sixth 
order,  which  is  touched  by  all  screws  belonging  to  a  three- 
conditioned  system." 

(6)  Professor  L.  E.  Dickson:  **The  hyper-orthogonal 
groups." 

(7)  Professor  E.  W.  Brown:  **0n  least  action  and 
minimal  surfaces." 

(8)  Professor  W.  H.  Metzler  :  **  On  certain  aggregates 
of  determinant  minors." 

(9)  Professor  E.  B.  Van  Vleck  :  "  On  the  convergence  of 
continued  fractions  with  complex  elements  ;  supplementary 
note." 

(10)  Professor  W.  F.  Osgood  :  "  On  a  fundamental  prop- 
erty of  a  minimum  in  the  calculus  of  variations  and  the 
proof  of  a  theorem  of  Weierstrass." 

(11)  Professor  E.  O.  Lovett  :  **  The  geometry  of  quad- 
rics." 

(12)  Professor  E.  O.  Lovett:  *^The  differential  geom- 
etry of  n-dimensional  space." 

(13)  Dr.  G.  A.  Miller:  '*0n  the  groups  generated  by 
two  operators." 

(14)  Dr.  Edward  Kasner:  "  The  relations  between  the 
angles  of  any  number  of  lines  in  n-space." 

(15)  Dr.  L.  P.  Eisenhart:  **  Isothermal  conjugate  sys- 
tems of  lines  on  surfaces." 

(16)  Dr.  E.  J.  Wilczynski  :  **  Geometry  of  a  simulta- 
neous system  of  two  linear  homogeneous  differential  equa- 
tions of  the  second  order. ' ' 

(17)  Dr.  H.  F.  Blichfeldt:  **  A  new  determination  of 
the  primitive  continuous  groups  in  two  variables." 

Mr.  Peirce' s  paper  was  communicated  to  the  Society  by 
Professor  E.  W.  Brown.  In  the  absence  of  the  authors, 
the  papers  of  Mr.  Peirce,  Professor  Hyde,  Professor  Dickson, 
Professor  Brown,  Profeesor  Metzler,  Professor  Lovett,  Dr. 
Eisenhart,  Dr.  Wilczynski,  and  Dr.  Blichfeldt  were  read  by 
title.  The  papers  of  Mr.  Peirce  and  Dr.  Miller  will  appear 
in  the  Bulletin.  Abstracts  of  the  other  papers  are  given 
below. 
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Dr.  Granville  finds  the  invariant  functions  of  certain  con- 
figurations under  the  substitutions  of  some  of  the  important 
subgroups  of  the  geoeral  projective  group  in  the  plane. 
Problems  of  this  sort  are  among  the  most  important  and  in- 
teresting in  Lie's  theory  of  continuous  groups.  First  an 
outline  is  given  of  the  theory  followed  in  solving  the  prob- 
lems. Then  the  invariant  functions  of  a  quadrangle  under 
the  substitutions  of  the  group 


1^^  yPi  arg,  yq,  x'p  +  xyq,  xyp  +  fqj 

are  found.  The  results  do  not  agree  with  those  found  by 
Professor  Lovett  in  the  Annals  of  Mathematics j  volume  12, 
where  the  same  problem  is  proposed.  The  remaining 
four  problems  solved  are  of  the  same  nature. 

The  surfaces  considered  by  Dr.  Kasner  in  his  first  paper 
are  obtained  by  equating  the  rational  integral  potential 
functions  (p(x,  y,  z)  to  zero  ;  their  analytic  property  is  ex- 
pressed by  the  equation 

It  is  shown  that  the  surfaces  may  be  defined  geometrically 
by  their  relation  to  the  imaginary  circle  at  infinity  :  the  sur- 
faces are  apolar  to  this  circle  when  the  latter  is  considered  as 
a  degenerate  surface  of  the  second  class.  The  potential  sur- 
faces of  the  second  order  are  rectangular  hyperboloids,  i,  e, , 
their  asymptotic  cones  contain  triples  of  mutually  orthogonal 
generators.  The  polar  quadrics  of  any  potential  surface  are 
rectangular  hyperboloids  ;  conversely,  a  surface  is  potential 
when  all  its  polar  quadi-ics  are  rectangular  hyperboloids. 
Potential  cylinders  and  cones  are  considered  in  detail.  The 
results  are  finally  extended  to  n-dimensional  space. 

The  point  of  Professor  Morley's  note  was  that,  given  any 
line  equation  of  an  algebraic  curve 

where  c^  is  the  distance  from  a  fixed  point  a,  to  the  moving 
line,  the  real  foci  are  given  by  writing  in  the  terms  of  high- 
est order  x  —  a^  for  c^,  where  a:  —  a^  is  the  stroke  from  a  fixed 
point  to  a  focus.  Some  applications  of  this  simple  rule  were 
given. 
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Any  three  screws  determine  a  system  of  screws  in  space 
consisting  of  the  •*  totality  of  the  generators  of  one  system 
of  a  skew  conicoid  which  changes  in  accordance  with  the 
variation  of  a  parameter  involved  in  its  equation/'  Profes- 
sor Hyde  assumes  a  particular  arrangement  of  the  deter- 
mining screws,  viz. ;  they  are  mutually  perpendicular,  and 
have  a  common  point.  The  envelope  of  the  before-men- 
tioned skew  conicoid  is  found,  which  will  be  touched  by  all 
the  screws  of  the  system.  It  is  a  surface  of  the  sixth  order 
whose  constants  are  functions  of  the  differences  of  the  pitches 
of  the  determining  screws^and  is  shown  to  be  reducible 
to  a  comparatively  simple  form  in  which  only  two  of  these 
differences  appear.  The  peculiarities  of  the  surface  are  dis- 
cussed, and  three  diagrams  given,  illustrating  the  different 
forms  which  it  may  assume. 

In  a  paper  published  in  the  Mathematisdie  Annalen^  vol- 
ume 52,  pp.  561-681,  Professor  Dickson  showed  that  the 
structures  of  the  groups  defined  by  invariants 

in  any  Galois  field  depend  upon  the  structure  of  the  group 
with  the  invariant 

in  the  Gi^[p^'] .  The  latter  group  is  called  the  hyperortho- 
gonal  group  H^  since  it  includes  the  orthogonal  group  as  a 
subgroup.  It  may  be  represented  as  a  transitive  substitu- 
tion group  on  N^  symbols 

^.f,  +  -  +  ^A, 

where  A,,  •••,  X^  are  any  marks,  not  all  zero,  satisfying 

Xf'-^^  +  -  +  V'"^'  =  c  =  constant. 
For  any  c  4=  0,  we  have 

iV;  =  p'^^^i)  —  (—  l)*"j)'^r-i) ; 

while,  for  c^O,  N^  has  the  value 

«"-=[?""-(- 1)"]  [i''-"  -  (- 1)-']  • 

The  substitutions  of  H  which  multiply  every  index  by  the 
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same  constant  form  an  invariant  subgroup  of  H.  The 
quotient-group  HOim,  p^)  is  a  simple  group  except  when 
m  =  2,  J?*  =  2  ;  m  =  2,  J?'  =  3  ;  m=  3,  J?* «  2.  Except  when 
m  =  2,  J?*  =  2,  the  quotient  group  may  be  represented  ss  a 
transitive  substitution  group  on  JV].-?- (p* -f  1)  letters  for 
c  +  0,  as  well  as  upon  <*'^  -J-  ( J>**  —  1)  letters  for  c  =  0.  The 
latter  number  is  the  smaller  except  for  j?*  =  2,  m  even, 
m  >  2,  when  the  former  number  is  K^*"*"*  —  2"^*).  For 
m  =  2,  the  smaller  number  is  j?'  +  1,  a  result  in  accord  with 
the  known  isomorphism  of  J?0(2,  p^)  with  the  linear  frac- 
tional group  in  the  CrjP[ j?'] . 

The  paper  makes  a  detailed  study  of  the  characteristic 
equations  of  hyperorthogonal  substitutions.  If  x  be  one 
root,  then  is  x-^'  also  a  root.  Inversely,  given  an  equation 
having  this  property,  we  can  determine  a  hyperorthogonal 
substitution  having  it  as  its  characteristic  equation.  Such 
an  equation  is  never  irreducible  in  the  GjP[  J>**]  if  m  4=  3  ;  it 
never  decompose  into  linear  factors  and  a  single  irreducible 
factor  of  d^ree  +  3.  If  //z)  be  one  irreducible  factor, 
there  exists  a  complementary  irreducible  factor 

''I /.(«-'"•)}•' 

of  equal  degree  t  Thus,  for  m  =  4,  if  x'  —  ax  +  y9  be  an  ir- 
reducible factor,  then  is  also 

where  fi  necessarily  belongs  to  the  included  GF  [;>•] .  The 
greater  part  of  the  paper  is  devoted  to  the  reduction  of  hy- 
perorthogonal substitutions  to  canonical  forms  within  the 
group  and  to  their  distribution  into  complete  sets  of  conju- 
gate substitutions.  The  results  are  exhaustive  for  the  case 
m  =  3.  For  example,  when  p*  =  3,  m  =  3,  the  group  Hib  a 
simple  group  of  order  6048,  containing  exactly  14  non- con- 
jugate tvpes  of  substitutions  whose  periods  are  1,  2,  3,  4, 
6,  7,  8,  i2. 

Professor  Brown  showed  that  the  problem  of  the  motion 
of  a  particle  in  a  plane  is  reducible  to  the  discovery  of  a 
certain  cylindrical  surface  whose  area  between  two  generat- 
ing lines  is  a  minimum.  A  similar  result  is  also  shown  for 
the  case  of  a  particle  whose  motion  is  referred  to  axes  moving 
in  the  plane  with  uniform  velocity. 

In  1888  (Proceedings  of  the  Royal  Society  of  Edinburgh,  pp. 
99-105)  Dr.  T.  Muir  showed  that  a  linear  relation  exists 
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between  certain  minors  of  a  centro-symmetric  determinant 
similar  to  Kronecker^s  relation  between  the  minors  of  an 
axi-symmetric  determinant ;  and  in  1900  (same  journal,  pp. 
142-154)  he  gave  two  theorems  connecting  the  minors  of 
any  determinant,  the  first  of  which  reduces  to  Kronecker's 
relation  on  imposing  the  conditions  for  axi-symmetry,  and 
the  second  of  which  reduces  to  his  1888  relation  on  impos- 
ing the  conditions  for  centro-symmetry.  Professor  Metzler 
extends  these  two  theorems  given  by  Dr.  Muir  so  as  to  in- 
clude his  as  special  cases  and  gives  a  whole  series  of  types 
of  linear  relations  between  the  minors  of  a  centro-symmetric 
determinant,  Muir's  being  one  type  of  the  series.  The 
paper  also  gives  the  number  of  relations  of  each  type. 

Professor  Van  Vleck  presented  a  note  supplementary  to  his 
paper  read  at  the  February  meeting.  The  note  wiU  be  em- 
bodied in  the  paper,  which  will  appear  in  the  Transactions. 

Professor  Osgood's  paper,  which  will  appear  in  the  Trans- 
actions y  is  in  abstract  as  follows  :    The  int^ral 

I=PF(x,y,y')dx 

or,  in  the  parametric  form, 

is  said  to  be  made  a  minimum  by  the  functions  a;  =  ^(0, 
y  -ss  ip(t)  corresponding  to  the  curve  C,  if  its  value  J  corre- 
sponding to  this  curve  is  less  than  its  value  I  corresponding 
to  any  other  curve  C  lying  in  a  neighborhood  Tot  C  and 
satisfying  the  boundary  conditions  of  the  problem.  Weier- 
strass  has  given  a  sufficient  condition  for  a  minimum.  The 
question,  however,  presents  itself  :  Assuming  that  Weier- 
strass's  sufficient  condition  is  fulfilled,  so  that  no  curve  C, 
distinct  from  C,  of  the  class  of  curves  admitted  to  consider- 
ation will  give  the  integral  /  so  small  a  value  as  J,  may 
there  not  still  be  a  set  of  curves  belonging  to  this  class, 
Ci,  C,,  —  which  do  not  cluster  about  C  as  their  limit,  and 
which  have  the  property  that,  if  Jj,  J„  •••  denote  respec- 
tively the  values  of  the  integral  I  formed  for  these  curves, 

lim  A=  J? 


Digitized  by  VjOOQIC 


1901.]  THE   APRIL   MEETING   OF   THE  SOCIETY.  379 

This  question  is  answered  in  the  negative.  It  is  shown 
that,  if  C  denotes  an  arbitrarily  small  neighborhood  of  C 
lying  wholly  within  T,  the  lower  limit  of  /  formed  for  all 
the  curves  C  of  the  class  in  question  that  do  not  lie  wholly 
within  ff  is  greater  than  J"  by  a  positive  quantity  e,  vary- 
ing for  different  regions  S,  but  constant  for  any  given  re- 
gion ;  so  that 

J  =  J  +  e,         when  C  does  not  lie  wholly  in  K. 

By  means  of  this  result  it  is  possible  to  extend  the  class 
of  curves  C  with  reference  to  which  the  integral  I  possesses 
the  minimum  property  and  thus  establish  the  existence  of  a 
more  general  minimum.  Making  the  generalized  definition 
of  the  length  of  a  curve  his  point  of  departure,  Weier- 
strass  inscribed  in  an  arbitrary  curve  C  that  satisfies  the 
boundary  conditions, is  continuous,  and  lies  within  T,  a  poly- 
gon and  formed  the  sum 

If  S  converges  toward  one  and  the  same  limit,  no  matter 
how  the  vertices  of  the  polygon  be  chosen,  provided  merely 
that  all  its  sides  converge  toward  0,  this  limit  is  taken  as 
the  generalized  limit  |  and  the  class  of  curves  admitted 
to  consideration  is  enlarged  so  as  to  include  C.  Weier- 
strass  states  the  theorem  that  |  >  J  if  C  is  distinct  from 
C  This  theorem  is  proven  in  the  present  paper  and  it  is 
furthermore  shown  that 

I  =  J  +  e        when  C  does  not  lie  wholly  in  C. 

The  theory  of  the  group  of  euclidean  motions  yields  the 
notions  of  ordinary  n-dimensional  geometry.  In  his  first 
paper  Professor  Lovett  shows  that  it  can  also  be  made  to 
yield  the  elements  of  this  geometry.  The  group  is  extended 
relative  to  the  coefficients  of  the  equation  of  the  general 
quadric.  An  application  of  Euler's  theorem  facilitates  the 
construction  of  the  invariants.  In  particular  it  appears 
that  the  squares  of  the  semi-axes  of  the  quadric 

n  n 

are  given  by  the  equation 

i;+i  +  ^irjj^,x'  +  l,x^  =  0, 
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where 

Every  sparce  of  h  dimensions  within  the  n-dimensional 
sparce  has  its  own  differential  geometry.  To  determine  its 
elements,  analogous  to  those  of  Gauss  for  the  differential 
geometry  of  surfaces  in  ordinary  space,  it  is  only  necessary 
to  construct  the  nth  extension  of  the  group  of  euclidean 
motions  relative  to  k  independent  parameters  which  are 
assumed  to  be  invariant  under  the  transformations  of  the 
group. 

Professor  Lovett's  second  paper  effects  these  extensions 
for  the  values  1  and  n  —  1  of  ky  and  constructs  the  corres- 
ponding differential  invariants.  In  particular,  it  appears 
that  the  following  relations  are  the  generalizations  for  four 
dimensional  space  of  the  three  well-known  relations  of 
Gauss,  Mainardi,  and  Codazzi  among  the  Gaussian  funda- 
mental quantities  of  the  first  and  second  order  : 

2  .  12„  -  11„  -  22,,  =  ^„     2  .  23,  -  22„  -  33„  =  s^„ 

2-31„-33„-ll„=s^„ 

12„-13,  =  ^„     13„-12,=  s^„     13„-12,,=  sP„ 

12,-22,  =  v\,     23,-33,  =  s^„     22,  -  23,  =  s^„ 

11,-12,  =  ^,,     12,-23,  =  v^„     ll,-31,=  v^., 

123-31,  =  ^,,     33, -31,  =  ^3, 


where 


^i\^iv  -^«>  "y  -^i»-il    =  ^i 


o 


in  which  M^  is  the  determinant  formed  by  suppressing  the 
ith  column  of  the  matrix 


ii^>«,' V 


and  the  f>'s  and  v^'s  are  functions  of  the  first  and  second 
order  differential  invariants  whose  forms  are  easily  con- 
structed. The  theory  of  this  group  gives  the  whole  theory 
of  ik-parametric  displacements  in  a  space  of  n-dimensions,  as 
a  future  note  will  show. 
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Dr.  Kasner's  second  paper  shows  that,  in  space  of  n 
dimensions,  the  angles  of  any  number  of  lines  less  than 
n  +  1  are  all  independent ;  while  the  ^(n  +1)  angles  of 
n+  1  lines  L^,  Zr„  •••,  L^+i  are  connected  by  the  single  rela- 
tion 


1  (1,2)     (l,n+l) 

(2,1)  1         (2,n+l) 


(n+1,  1)   (n-hl.2) 1 


=  0, 


where  (t,i)  denotes  the  cosine  of  the  angle  i^,  Lj.  The 
relations  for  any  number  of  lines  are  of  the  same  type. 
For  ordinary  space  this  gives  the  known  relation  between 
the  sides  and  diagonals  of  a  spherical  quadrilateral,  and  the 
relation  between  the  dihedral  angles  of  a  tetrahedron. 

Dr.  Eisenhart's  paper  is,  in  abstract,  as  follows :  An  ex- 
tension of  the  term  isothermal-conjugate  system  of  lines,  as 
given  by  Bianchi  to  those  systems  on  a  surface  of  positive 
curvature  for  which  as  parametric  curves  the  second  funda- 
mental form  reduces  to  X(du*+  rft/*),  is  made  to  those  conju- 
gate systems  on  surfaces  of  negative  curvature  for  which 
this  form  reduces  to  ^(rfw'—  dv^),  where  A  is  a  function  of  t* 
and  V,  Results  are  found  for  these  systems  very  similar  to 
those  given  by  Bianchi  for  the  former  case.  A  general 
study  is  made  of  these  lines  on  both  kinds  of  surfaces  ;  the 
detertnination  of  these  systems  on  surfaces  of  positive  cur- 
vature is  effected  by  methods  similar  to  those  used  by 
Bianchi  in  the  study  of  isothermal  orthogonal  systems. 
A  geometrical  interpretation  of  isothermal-conjugate  sys- 
tems leads  to  the  theorem  that  the  surfaces  obtained  by 
reciprocal  radii  vectores  from  surfaces  whose  lines  of  curva- 
ture are  isothermal-conjugate  are  of  the  same  kind.  The 
greater  part  of  the  paper  is  devoted  to  a  study  of  surfaces 
whose  lines  of  curvature  are  isothermal-con jngate,  and  it  is 
shown  that  the  general  problem  of  determining  such  sur- 
faces depends  upon  the  integration  of  a  differential  equation 
of  the  fourth  order,  very  similar  to  the  equation  found  by 
Darboux  in  his  study  of  isothermic  surfaces.  It  is  noted 
that  the  surfaces  whose  lines  of  curvature  are  at  the  same 
time  isothermal  and  isothei*mal-con jugate  have  an  isother- 
mal spherical  representation,  and  from  this  is  deduced  the 
theorem  that  the  sphere  and  minimal  surfaces  are  the  only 
surfaces  of  constant  mean  curvature  whose  lines  of  curva- 
ture are  isothermal-conjugate ;  also  that  the  quadric  sur- 
faces have  isothermal-conjugate  lines  of  curvature. 
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It  is  shown  that  the  plane,  sphere,  cyclides  of  Dupin,  and 
surfaces  of  revolution  are  the  only  surfaces  which  together 
with  their  parallels  have  an  isothermal  conjugate  system  of 
lines  of  curvature  ;  and  that  the  surfaces  of  constant  total 
curvature,  the  surfaces  of  revolution,  and  the  surfaces 
whose  radii  satisfy  two  definite  equations  of  condition 
(not  given  here)  are  the  only  Weingarten  surfaces  pos- 
sessing the  above  property.  Associated  with  a  surface 
with  isothermal-conjugate  systems  of  lines  of  curvature  is 
a  second  surface  with  isothermal  lines  of  curvature,  cor- 
responding to  the  former  by  parallelism  of  tangent  planes  ; 
it  can  be  found  by  quadratures.  In  particular,  when  the 
first  surface  is  of  constant  total  curvature,  the  second  is 
of  constant  mean  curvature  and  parallel  to  the  former. 
The  paper  closes  with  a  discussion  of  surfaces  with  plane 
lines  of  curvature  in  both  systems  which  at  the  same 
time  are  isothermal-conjugate.  Solutions  of  this  problem 
are  furnished  by  surfaces  of  revolution,  certain  moulded 
surfaces,  cyclides  of  Dupin,  minimal  surfaces  of  Bonnet  and 
Enneper,  and  other  surfaces  whose  equations  are  given. 

In  a  paper  recently  published  in  the  Transactions,  Dr. 
Wilczynski  has  initiated  a  theory  of  invanants  of  a  system 
of  linear  differential  equations.  In  the  present  paper,  the 
author  considers  a  remarkable  relation  between  this  theoiy 
and  line  geometry.  If  (y,)  and  (z^)  (i=  1,  2,  3,  4)  form  a 
fundamental  system  of  simultaneous  solutions  of  the  system 
of  differential  equations 

r.y.  y"  +  Put/  +  Pi/  +  9uy  +  9»^  =  0, 

and  y^  and  z,  be  interpreted  as  the  homogeneous  coordinates 
of  two  points  in  space,  it  is  seen  that  (1)  defines  two  curves 
C^  and  C,  as  its  int^ral  curves.  The  points  (y,)  and  (z,.)  of 
these  curves,  which  correspond  to  the  same  value  of  the 
independent  variable  x,  are  joined  by  a  straight  line  L^^,  and 
these  straight  lines  generate  a  ruled  surface  S,  called  the 
integrating  ruled  surface  of  system  (1),  which,  it  is  shown, 
can  never  be  a  developable  surface. 

The  most  general  transformations  which  convert  (1)  into 
another  system  of  the  same  kind  are 

(2)  a? =/(e),    y  =  fl'?  +  i5,-,    2  ==  n  +  ^^ 

where  /,  «,  /9,  ^,  d  are  arbitrary  functions  of  ^.  It  is  noted 
that  these  transformations  leave  invariant  the  ruled  surface 
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8,  merely  converting  the  two  integral  curves  into  any  other 
two  curves  on  this  surface.  Invariant  relations,  it  is  shown, 
give  projective  properties  of  the  integrating  ruled  surface. 
The  differential  equation  of  the  sixth  order,  satisfied  by  the 
line  coordinates  of  a  generator  of  the  ruled  surface,  is  set 
up  in  a  normal  form.  Then  the  necessary  and  sufficient 
conditions  are  discussed  under  which  the  generators  of  the 
ruled  surface  belong  to  a  linear  complex,  either  general  or 
special,  to  a  linear  congruence  with  distinct  or  coincident 
directrices,  and  finally  the  conditions  under  which  they  form 
a  surface  of  the  second  order.  The  reduction  of  the  system 
to  the  semi-canonical  form  is  found  to  be  equivalent  with 
the  geometrical  problem  of  finding  the  curved  asymptotic 
lines  on  the  surface,  and  a  new  proof  of  Serret's  theorem 
about  such  lines  is  given. 

The  primitive  continuous  group  of  point  transformations 
in  two  variables  can,  by  a  proper  choice  of  the  variables,  be 
transformed  into  projective  groups  of  the  plane,  a  result  Lie 
obtains  after  determining  the  canonical  forms  of  the  primi- 
tive groups.  This  fact  can,  however,  be  established  from 
the  general  properties  of  such  groups,  and  it  is  shown  in  Dr. 
Blichfeldt's  paper,  which  will  appear  in  the  TransactvonSj 
that  this  point  of  view  gives  rise  to  a  new  determination  of 
these  primitive  groups. 

Edward  Kasner, 
Assistant  Secretary. 
Columbia  UwiVKBsrrY. 


THE  APRIL  MEETING  OF  THE   CHICAGO 
SECTION. 

A  REGULAR  meeting  of  the  Chicago  Section  of  the  Ameri- 
can Mathematical  Society  was  held  at  the  University  of 
Chicago  on  Saturday,  April  6, 1901.  The  following  members 
were  present : 

Professor  W.  W.  Beman,  Professor  Oskar  Bolza,  Profes- 
sor D.  F.  Campbell,  Professor  E.  W.  Davis,  Professor 
Thomas  F.  Holgate,  Professor  E.  H.  Moore,  Dr.  F.  R. 
Moulton,  Miss  Ida  M.  Schottenfels,  Professor  H.  E.  Slaught, 
Mr.  Burke  Smith. 

The  President  of  the  Society,  Professor  E.  H.  Moore,  oc- 
cupied the  chair.  The  following  papers  were  presented  and 
read: 
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(1)  Dr.  F.  R.  MouLTON  :  "  On  the  validity  of  the  method 
of  computing  absolute  perturbations." 

(2)  Professor  George  C.  Chatburn  :  **  A  theorem  in  ar- 
rangements.'' 

(3)  Professor  E.  W.  Davis:  **  A  definition  of  mathe- 
matical probability.'' 

(4)  Ih*.  Jacob  Westlund:  **Note  on  multiply  perfect 
numbers." 

(5)  Professor  F.  Mertens  :  ^*Zur  linearen  Transforma- 
tion der  ^-Reihen." 

(6)  Dr.  J.  H.  McDonald  :  **  The  reduction  of  hyperel- 
liptic  integrals  of  genus  two  to  elliptic  int^rals,  by  a  trans- 
formation of  order  four." 

(7)  Professor  L.  E.  Dickson  :  **  Representation  of  linear 
groups  as  transitive  substitution  groups." 

(8)  Dr.  G.  A.  Miller  :  **  Determination  of  all  the  groups 
of  order  p"*  which  contain  the  abelian  group  of  the  type 
(m  —  2,  1),  j>  being  any  prime  number." 

(9)  Mr.  Robert  E.  Moritz  :  *^A  generalization  of  the 
differentiation  process." 

(10)  Mr.  Robert  E.  Moritz  :  **  On  ratients^  with  an  ex- 
tension of  the  ordinary  calculus." 

Professor  Chatburn 's  paper  and  the  two  papei's  by  Mr. 
Moritz  were  presented  to  the  Society  through  Professor 
Davis,  and  in  the  absence  of  the  authors  were  read  by  him  ; 
Professor  Mertens's  paper  was  presented  through  Professor 
Moore ;  in  the  absence  of  Dr.  Westlund  his  paper  was  read 
by  the  Secretary.  Dr.  McDonald  was  introduced  to  the 
Section  by  Professor  Bolza.  Abstracts  of  the  papers 
follow. 

It  is  generally  understood,  and  indeed  it  is  usually  stated 
in  works  on  celestial  mechanics,*  that  the  methods  used  by 
astronomers  are  only  approximate,  or  else  that  the  conver- 
gence of  the  series  employed  is  assumed.  The  former  means 
to  a  mathematician  that  the  functions  from  which  the  per- 
turbations are  computed  do  not  represent  the  actual  pertur- 
bations with  rigor  ;  the  latter  leaves  the  validity  of  the  whole 
process  in  doubt.  In  Dr.  Moulton's  paper  it  is  asked 
whether  the  power  series  in  the  masses  used  in  computing 
the  perturbations  are  convergent,  and  whether  they  rigor- 
ously represent  these  perturbations.  It  is  answered  that, 
under  certain  conditions  which  are  fulfilled  in  case  of  the 
major  planets,  the  series  in  the  masses,  in  actual  use  by  as- 

*  Dziobek's  Planeten-Bewegnng,  p.  167  ;  Tisserand's  M^oaniqae  ce- 
leste, voL  1,  pp.  190  and  193-4  ;    Brown's  Lunar  theory,  prefiioe,  p.  vi. 
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tronomerS;  are  absolutely  convergent  for  all  values  of  the 
time  not  greater  in  numerical  value  than  a  fixed  limit  which 
can  be  determined,  and  that  these  series  represent  the  per- 
turbations exactly.  This  limit  within  which  the  series  are 
certainly  convergent  is  doubtless  much  smaller  than  the 
true  radius  of  convergence.  The  results  are  equally  true 
in  Laplace's  method  of  computing  the  absolute  perturba- 
tions of  the  coordinates,  and  in  Lagrange's  method  of  the 
variation  of  parameters. 

The  method  of  proof  is  an  adaptation  of  Cauchy's  calcul 
des  limites,*  which  has  been  used  with  great  success  in  the 
well  known  works  of  Fuchs,  Frobenius,  Weierstrass,  Poin- 
car6,  and  many  others,  in  the  theory  of  differential  equa- 
tions. The  particular  modification  used  here  is  the  same 
extension  as  that  employed  by  Poincar6  in  his  memoir  in 
the  Acta  Mathematical  volume  XIII.  Indeed,  Poincar6's  re- 
sults are  closely  related  to  those  attained  here  ;  but,  having 
another  object  in  view,  his  investigation  does  not  regard 
the  validity  of  the  precise  method  used  by  astronomers. 

The  second  part  of  the  paper  is  devoted  to  a  discussion  of 
the  geometrical  and  physical  meaning  of  the  terms  of  the 
various  orders  with  respect  to  each  mass  separately.  It  is 
shown  that  there  is  a  perfect  correspondence  between  the 
terms  of  the  power  series  and  the  successive  corrections  to 
the  elliptic  orbits  which,  from  a  general  mathematical  point 
of  view,  seem  to  lead  most  naturally  toward  the  true  orbit. 
The  conclusions  are  that  the  methods  used  by  astronomers 
are,  under  certain  limitations,  perfectly  valid,  and  that 
''  successive  approximations  "  means  successive  approxima- 
tions toward  the  true  numerical  values  by  means  of  series 
which  represent  the  functions  exactly. 

Professor  Chatbum's  theorem  in  arrangements  gives  a 
method  by  which  c  things  (say  cards  numbered  consecu- 
tively) can  be  divided  into  groups,  and  then  rearranged 
group  by  group,  redivided  and  rearranged  for  n  or  more 
times,  so  that  the  final  position  of  any  one  of  the  things 
shall  be  that  given  by  the  terms  of  an  arithmetical  progres- 
sion in  which  unity  is  the  first  term,  c  the  last  term,  and  p 
the  number  of  terms. 

Professor  Davis  offered  the  following  definition  for  math- 
ematical probability  :  the  direct  probability  that  the  occasion 
A  shall  lead  to  the  event  B  is  the  value  toward  which  tends 

*  Comptfs  rtndust  vol.  14. 
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the  ratio  of  the  number  of  A's  that  are  followed  by  B,  to 
the  total  number  of  A's,  as  these  recur  without  limit.  He 
also  stated  a  corresponding  definition  for  inverse  probability. 

Defining  a  multiply  perfect  number  as  one  which  is  an 
exact  divisor  of  the  sum  of  all  its  divisors,  the  multiplicity 
being  the  quotient,  Dr.  Westlund  shows  in  his  note  that 
the  only  numbers  of  multiplicity  3  of  the  form  m  = 
J?,"*  Pj"'  j),  where  p,,  p^,  p^  are  three  distinct  primes,  are  the 
two  numbers  2*  •  3  •  5  and  2*  •  3  •  7. 

Professor  Mertens  makes  a  direct  and  el^ant  determina- 
tion of  the  twenty-fourth  root  of  unity,  fundamental  in  the 
theory  of  the  linear  transformations  of  the  ^-series.  His 
paper  will  be  published  in  the  Transactions, 

The  reduction  of  hyperelliptic  integrals  of  genus  two  to 
elliptic  integrals  is  effected  by  a  special  involution  of  order 
four  containing  a  form  which  is  the  square  of  a  quadratic. 
From  the  general  Weierstrass-Picard  theorem  it  is  known 
that  if  there  exists  one  reducible  int^ral,  there  exists  also 
a  second  having  the  same  irrationality  and  reducible  by  a 
transformation  of  the  same  order.  The  problem  treated  in 
Dr.  McDonald's  paper  is :  Given  one  integral,  to  find  the 
other.  It  is  first  shown  that  the  special  involution  of  order 
four  may  be  uniquely  determined  by  a  cubic  and  a  quad- 
ratic form.  Among  the  co variants  of  this  system  of  cubic 
and  quadratic  there  exists  another  cubic  and  quadratic  hav- 
ing with  the  first  mutual  relations  analogous  to,  but  more  per- 
fect than,  the  relations  between  a  single  cubic  form  and  its 
cubic  covariant.  The  involution  which  is  determined  by  this 
second  cubic  and  quadratic  is  one  which  will  deduce  a  second 
hyperelliptic  integral  having  the  same  irrationality  as  the 
first  but  a  different  numerator,  which  must  be  the  one  indi- 
cated by  the  Weierstrass-Picard  theorem.  The  relations 
between  the  two  numerators  of  reducible  integrals  and  the 
corresponding  involutions  are  a  generalization  of  those 
found  by  Professor  Bolza  for  the  reduction  of  order  three, 
and  which  also  exist  for  the  reduction  of  order  two. 

In  Professor  Dickson's  paper,  which  is  to  be  published 
in  the  American  Journal  of  Mathematics,  it  is  pointed  out  that 
the  group  of  all  linear  homogeneous  substitutions  Sonm  in- 
dices with  coefficients  in  the  GF  [p"]  may  be  represented 
as  a  transitive  substitution  group  on  p""  —  1  letters  ;  the 
simple  group  defined  by  taking  the  substitutions  S  frao- 
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tionally  may  be  represented  as  a  doubly  transitive  substitu- 
tion group  on  (jj**  —  1)  /(/>"  —  1)  letters.  In  the  former 
ease  we  may  employ  as  the  j?""  —  1  letters  the  totality  of 
functions  X  =  X^^^  +  XJ^  -f  — |-  A^^^,  in  which  the  X^  run  in- 
dependently through  the  series  of  marks  of  the  field,  the 
case  Aj  =  A,  =  —  =  A^  =  0  being  excluded. 

For  a  subgroup  defined  by  an  invariant  s^'(^„  ••,  ^^),  the 
above  representation  leads  to  an  intransitive  substitution 
group.  To  illustrate  the  method  of  obtaining  a  transitive 
representation,  consider  the  orthogonal  group.  If  an  or- 
thogonal substitution  replaces  c,  by  cw  =  a^^^  -f  —  +  aj^^ 
then  aj*  -f  —  +  aj  =  1 ;  inversely,  for  any  such  set  of  marks 
a„  the  orthogonal  group  contains  a  substitution  replacing  ^j 
by  w.  Under  an  orthogonal  substitution  the  above  functions 
X  are  permuted  in  such  a  way  that  the  totality  of  functions 
X  in  which  X*  -f  X*  +  •••  -f  XJ  is  a  constant  mark  c  are  per- 
muted transitively.  Except  when  v^aS=  3,  the  case  c  =  0 
leads  to  a  representation  upon  fewer  letters  than  any  case 
c  4"  0.  For  c= 0,  we  combine  the  p"~  *  functions  A,  in  which 
the  ratios  X^:  X^:-* :  X^  are  fixed,  into  one  symbol  ^X$.  We 
obtain  for  m  >  2  a  transitive  representation  of  the  orthogo- 
nal quotient  group.  According  as  m  is  odd  or  even,  this 
minimum  number  of  letters  is  (p*^"-**  —  l)/(j?"  —  1)  or 

(pnm/^  -  e)(^"(-^»>  +  e)/(p"  -  1) 

For  m  =  3,  the  number  is  p"-|-l,  in  accord  with  the 
known  isomorphism  of  the  orthogonal  quotient  group  with 
the  linear  fractional  group  in  one  variable. 

These  methods  are  then  applied  to  the  representation  of 
every  linear  group  defined  by  a  quadratic  invariant.  The 
first  hypoabelian  group  on  2m  indices  in  the  GF[2"]  is 
represented  as  a  transitive  substitution  group  on  either  of 
the  following  numbers  of  letters  : 

(2-— l)(2"^'*-^>  +  l)/(2'»—  1),  (2"-— l)2-<—^ 

the  second  number  being  larger  than  the  first  if  n  >  1  and 
smaller  if  n  =  1.  For  the  case  n  =  1,  the  small  number  is 
2*"*"^  —  2"*"*,  in  accord  with  Jordan's  proof  of  the  isomor- 
phism of  the  first  hypoabelian  group  with  the  groups 
studied  by  Steiner  in  dealing  with  problems  of  contact  of 
curves  of  the  m**  order  The  second  hypoabelian  group 
is  represented  as  a  transitive  substitution  group  on 
(2"-  4-  1)(2'*^'"-*^  -  l)/(2'»  -  1)  letters. 
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In  a  paper  to  be  presented  to  the  Mafheinatische  Aiinaleriy 
the  method  is  applied  to  the  hyperorthogonal  groups  with  the 

m 

invariant  Vc^c^. 
1=1 

Dr.  Miller's  paper  deals  in  the  first  place  with  the  group  of 
isomorphisms  of  the  abelian  group  H  of  t3pe  (wi  —  2,  1). 
This  study  is  facilitated  by  the  use  of  two  theorems  (j)roved 
in  the  introduction),  viz.:  The  only  operators  that  trans- 
form each  subgroup  of  an  abelian  group  into  itself  are  those 
which  transform  each  operator  of  the  group  into  the  same 
power,  and  the  number  of  invariant  operators  in  the  group 
of  isomorphisms  of  an  abelian  group  is  equal  to  the  number 
of  natural  numbers  which  do  not  exceed  the  highest  order 
of  operators  of  the  group  and  are  prime  to  this  order. 

The  group  of  isomorphisms  of  H  contains  p^  —  I  operators 
of  order  |>  (when  p  is  odd)  forming,  with  identity,  the  non- 
abelian  group  of  order  p^.  When  p  =  2  there  are  1 5  opera- 
tors of  order  2  in  the  group  of  isomorphisms  of  H.  These 
generate  a  group  of  order  32  containing  16  operators^of  order 
four.  When  p  >  3  there  are  seven  non-abelian  groups  of 
order  p"*  which  contain  the  abelian  group  of  type  (rn  —  2,  1 )  ; 
when  p  =  3  there  are  eight  such  groups  and  the  number  of 
these  groups  is  seventeen  when  p  ==  2.  The  paper  will  be 
published  in  the  Transactions, 

Mr.  Moritz's  first  paper,  which  will  be  published  in  the 
American  Jouriud  of  Mathematics,  is  an  extension  of  the  ideas 
presented  in  a  paper  by  the  same  author,  of  which  an  ab- 
stract is  found  on  page  185,  volume  <5,  of  the  Bulletin. 
Starting  with  an  abstract  conception  of  an  indeterminate,  he 
arrives  at  the  conclusion  that  the  process  of  differentiation 
does  not  occupy  tlie  unique  position  which  it  is  commonly 
supposed  to  occupy,  but  that  there  are  other  limiting  proc- 

esses.     The  eti  nation  lim  log^  ^  ^    —  "  defines    such    a 

^y      ^*  F{x)         gx 

process,  to  which  the  term  quotientiation  is  applied,  ^  being 

gx 

the  quotiential  coefficient  of  y=F(x)  with  respect  to  x. 
The  laws  of  this  process  are  examined  and  the  various  rules 
for  its  application  developed.  It  is  suggested  that  a  quo- 
tiential in  which  quotientiation  takes  the  place  of  differen- 
tiation in  the  ordinary  calculus,  is  not  only  conceivable, 
but  might  be  applied,  though  with  less  ease  than  the  differ- 
ential calculus,  to  the  investigation  and  interpretation  of 
natural  phenomena. 
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A  further  attempt  at  setting  up  other  forms  fails  appar- 
ently, owing  to  the  unsymmetric  nature  of  the  process  o*. 
If  however  a**«  *  is  looked  upon  as  derived  by  successive  mul- 
tiplication of  a,  just  as  a  X  6  is  obtained  by  successive  addi- 
tions of  a,  the  difficulty  vanishes  completely.  In  fact,  using 
De  Morgan's  form  of  the  algebraic  processes  in  which  the  pro- 
cess of  the  nth  order  is  defined  by  log^  (log*  a  +  log"  6),  its 
inverse  by  log^  (log"  o— log"  6),  where  n  maybe  negative  as 
well  as  positive,  and  where  the  Oth  and  1st  process  are  respec- 
tively identical  with  the  ordinary  addition  and  multiplication 
process,  the  writer  finds  that  for  every  pair  of  consecutive 
processes  there  exists  a  limiting  process,  which  when 
applied  to  any  function  y  =  F(x)  gives  rise  to  a  function 

^  —  log^  l-fT-  z:^],  where  n  is  the  lower  order  of  the 

processes  involved,  ^v"^  is  called  the  ratient  in  the  nth  process 
a^x 

of  y  with  respect  to  x.     Since  n  may  be  negative  as  well  as 

positive,  the  chain  of  ratients  can  be  extended  in  either 

direction  without  limit,  the  zero  ratients  being  the  ordinary 

differential  coefficients.     It  is  shown  how  any  ratient  may 

be  expressed  in  terms  of  the  ratient  of  any  higher  or 

lower  order  process.     Successive  ratients  assume  the  form 

dX  {dlo^xY 

Mr.  Moritz's  second  paper  is  based  upon  the  definition  of 
De  Morgan^s  processes,  and  that  of  ratients  as  developed 
by  the  author  in  his  paper  on  '*  Generalization  of  the  dif- 
ferentiation process.''  A  formula  is  developed  for  the  ra- 
tient in  the  nth  process  of  two  or  more  functions  combined 
by  the  mth  process,  from  which  the  differentiation  formulae 
for  a  product  of  functions,  powers  of  functions,  or  generally 
of  functions  combined  by  the  process  of  any  order,  positive 
or  negative,  follow  among  others  as  simple  corollaries.  It 
is  then  shown  that  the  fundamental  theorems  regarding  the 
differentiation  of  a  sum  or  a  product  hold  for  ratients  in 
general  when  sums  and  products  are  replaced  respectively 
by  operands  in  the  nth  and  (n  -f-  l)th  processes. 

The  number  system  for  the  nth  process  is  examined  and 
it  is  found  that  every  De  Morgan  process  possesses  a  distinc- 
tive number  system  whose  properties  are  identical  with  those 
of  the  ordinary  number  system.  To  the  imaginary  i  in  the 
ordinary  algebra  correspond  new  imaginaries,  to  the  trans- 
cendentals  ?r  and  e  correspond  new  transcendentals.    In  fact 
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the  transcendentals  corresponding  to  tt  and  e  in  the  nth  pro- 
cess are  algebraic  numbers  borrowed  from  the  (n  —  l)th 
and(n  +  l)th  processes  respectively.  The  totality  of  num- 
bers may  thus  be  conceived  as  arranged  in  an  infinite 
number  of  strata,  the  ordinary  algebraic  numbers  forming 
a  single  stratum. 

With  the  extension  of  the  differentiation  process,  and  the 
stratification  of  the  number  body,  all  the  results  of  the  or- 
dinary calculus,  for  example  Taylor^ s  theorem,  can  be  ex- 
pressed in  terms  of  any  two  consecutive  processes. 

Thomas  F.  Holgate, 
Secretary  of  the  Section, 

EvANSTON,  III. 


THE   VALUE  OF  j^'  (log  2  cos  <p)''rd<p. 

BY  PBOFESSOB  F.   MOBLBY. 

( Read  before  the  Amerioan  Mathematioal  Society,  April  29,  1899. ) 

The  integral  in  question,  in  which  m  is  any  positive  in- 
teger, and  n  is  any  even  positive  integer  or  zero,  is  given  in 
effect,  for  the  cases  m  =  1,  n  =  0,  in  Williamson's  Integral 
Calculus,  §118  of  the  second  edition,  being  taken  from  a 
paper  by  H.  G.  (presumably  Harvey  Goodwin,  Bishop  of 
Carlisle)  in  volume  3  of  the  Quarterly  Journal  of  Mathematics, 
Further  it  is  given  in  effect,  for  the  case  m  =  2,  ?i  ==  0,  in 
Wolstenholme's  Problems,  p.  332  of  the  second  edition. 
It  seems  worth  while  to  show  how  it  can  be  expressed  in 

general,  in  terms  of  the  constants  «,  =  2  l/^'»  which  may  be 

regarded  as  known. 

We  know  that  when  p  and  q  are  real 

.  ,  pq  ,;>(;> -1)9(9-1)  ,     __ZXi±i>±l)_ 

■^l.l"^        1.2.1.2         "^         /Xi+p)^(i +9)' 

when  p  +  5^  >  —  1  (Forsyth,  Differential  equations,  p.  197). 
But  the  left  member  is  the  constant  term  in  the  product  of 
the  series 

and 

(l  +  l/a;)'=l  +  9/x  +  -. 
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We  suppose  p  and  q  positive,  so  that  both  series  are  abso- 
lutely convergent  when  \x\  =  1.  We  may  then  multiply 
the  series  and  get  a  Laurent  series  for 

(1  +  xya  +  1/xy. 

Hence 

2iiLJ^  +  ^)  (1  + 1/^)  -  =  r(r+^r(Y+jy 

The  path  of  integration  shall  be  from  —  1  positively  round 
the  circle ;  the  point  —  1  being  a  branch  point  of  the  in- 
tegral, but  not  an  infinity. 

Writing  x  =  exp  2tV,  the  integral  becomes 

1  /•'/* 

-  I       (2  cos  sp)*^'  exp  i(p  —  q)9d^. 

p  +  q^2a,     p-g  =  2/9; 

1    C'^ 

-  I       exp}2a  log  (2  cos  ^)  +  2i^tp\d<p 

m  +  2a)   

Both  sides  can  be  developed  in  the  form 
the  left  directly  by  the  exponential  theorem,  giving 

^- "  =  ;^  C  <^^^«  2  cos  vrwdv, 

while  the  right,  obtained  from  the  formula 

log  r(i  +  n)  =  -  r^  -hi(  -  r  Jof, 


Let 
then 


IS 


exp  [|(  -  y';\i2ay-(a  +  /Sy  -  (a  -  /9)'j]. 


Hence  the  result :  The  integral 
2 


-  \\log  2  COB  <py<p*d<p 

"^  Jo 


where  m  is  any  positive  integer,  n  any  positive  even  in- 
teger or  0,  is 


Digitized  by  VjOOQIC 


392 


ALGEBRAIC  POTENTIAL  CURVES. 


[June, 


(  —  )"''  om^n  X  *^®  coefficient  of  a"^  in 

exp  [i  (  -  y'-^  \  (2ay  -  (a  +  ^y  -  (a  -^)'{  ]. 

This  generating  function  is,  to  a  few  terms, 

exp  [«,(a«-^)-2a«3(««-i9^) 
+  K(7«*-6a>y5«-/9*)-2a«,(3a*-2a^^-^)+  ] 


or 


S'  -  «. 


/5* 


2        '        ^"^    •   ^^*^''''     •        2 
-  2(V,  +  3«0a*  +  4(V,  +  S,)a'^  -  2(V,  -  S,)a^  +- 

Thus,  in  tabular  form,  a  few  values  for 
are: 


I       (log  2  cos  ipy^<p^dfp 

•/o 


n  = 

0 

2 

4 

1 
2 
3 
4 
5 

1 
0 

-  ¥(  V.  +  3«s) 

KV  +  K) 
-  f  (v.  + »») 

-  I(v.  - ».) 

ON  THE  ALGEBRAIC  POTENTIAL  CURVES. 

BY  DR.    EDWARD   KA8NER. 

(Read  before  the  Amerioan  Mathematical  Society,  February  23,  1901.) 

The  object  of  this  paper  is  to  derive  the  characteristic 
geometric  properties  of  a  class  of  curves  which  are  of  in- 

*  The  row  for  which  m  =  0  is  of  course  merely  a  verification,  leading 
to  the  known  valnes 

«2  =  7r2/6,     «,^^T*/90. 
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terest  in  connectioii  with  the  theory  of  equations  and  of  the 
potential  function.  Analytically,  these  curves  are  obtained 
by  equating  to  zero  the  rational  integral  solutions  9>(a;,  y) 
of  Laplace's  equation 

or,  what  is  equivalent,  the  real  (or  imaginary)  parts  of  the 
rational  integral  functions  of  a;  +  iy.  Various  geometric 
properties  are  given  in  Briot  and  Bouquet's  Th6orie  des 
fonctions  elliptiques  (book  IV,  chapter  II),  but  none  are 
completely  characteristic. 

§  1.   Apolarity  with  Reaped  to  a  Point  Pair. 

A  curve 

^  s  a/  =  0, 

is  said  to  be  apolar  *  to  a  conic 

Q  =  2P«ti,u,  s  u/  =  0, 

when  every  polar  conic  of  the  curve  is  circumscribed  about 
an  infinite  number  of  triangles  self-conjugate  with  respect 
to  the  conic  Q;  i.  e.,  when  the  bilinear  covariant 

vanishes  identically. 
Let  the  conic  degenerate  into  a  pair  of  points  A,  By 

il  =  Wa  =  0,     5  =  w^  =  0, 
so  that 

Q  =z  UaUfi ; 
then 

which  is  the  apolar  covariant  of  the  forms 

Ua     and    upaj*"^ , 
or  of 

Ufi     and     Uaa^~^ , 

It  is  easy  to  show,  however,  that  a  point  and  a  curve  can 
be  apolar  only  when  the  curve  consists  of  a  set  of  straight 
lines  passing  through  the  point,  so  that 

*Reye,  Crelle^  toI.  79  (1874),  p.  159.  For  a  convenient  summary  of 
the  theory  of  apolar  relations  see  Schlesinger,  Math,  Annalen^  vol.  22 
(1883),  pp.  520-523. 


Digitized  by  VjOOQIC 


394  ALGEBRAIC   POTENTIAL   CURVES.  [June, 

Theorem  I.  If  a  curve  of  the  nth  order  is  apolar  to  a  point 
pair  (eonsidered  as  a  degenerate  conic),  thefird  polar  (^and  there- 
fore any  of  the  polara)  of  either  of  the  points  wvth  resped  to  the 
curve  consists  of  a  set  of  lines  passing  through  the  other  point ;  the 
converse  is  also  true. 

Letting  n  =»  2,  it  follows  that  a  conic  is  apolar  to  a  point 
pair  when  the  two  points  are  conjugate  with  respect  to  the 
conic.     From  the  definition  of  apolarity  we  have  then 

Theorem  II.  If  a  curve  is  apolar  to  a  point  pair,  the  latter 
is  self-conjugate  with  respect  to  ail  the  polar  conies  of  the  carve ; 
conversely,  etc. 

Since  from  Theorem  I  both  the  first  polar  and  the  polar 
conic  of  either  point  have  nodes,  we  have 

Theorem  III.  If  a  curve  is  apolar  to  a  point  pair,  both  the 
Hessian  and  the  Steinerian  of  the  curve  pass  through  the  point 
pair ;  furthermore,  these  points  correspond  in  the  sense  defined  by 
Clebsch.* 

§2.  Polar  Properties  of  Potential  Curves. 

Instead  of  an  arbitrary  point  pair,  consider  now  the  pair 
of  circular  points  at  infinity  J,  J.  The  equation  of  this 
point  pair  in  rectangular  line  coordinates  may  be  written 

w«  +  v«  =  0  ; 

so  that,  expressed  in  rectangular  point  coordinates,  the  co- 
variant  S  of  the  preceding  section  becomes 

dx^'^dy'' 

The  vanishing  of  this  expression,  however,  denotes  that  the 
curve  9>  =  0  is  a  potential  curve.     Therefore, 

Theorem  IV.  Any  potential  curve  is  apolar  to  the  funda- 
mental conic  of  euclidean  geometry  consisting  of  the  circular 
points  at  infinity;  conversely,  any  curve  which  is  apolar  to  this 
fundamental  conic  is  a  potential  curve.f 

From  Theorem  I  we  have  then 

Theorem  V.  All  the  polar  curves  of  a  circular  point  with 
respect  to  a  potential  curve  degenerate  into  sets  of  straight  lines 
passing  through  the  other  circular  point ;  conversely,  etc. 

♦Clebsoh,  "Ueber  einige  von  Steiner  behandelte  Kurven,"  CrtUe, 
vol.  64,  p.  288.    The  oonveree  of  the  above  theorem  ia  not  tme. 

t  Cf.  Clifford,  '*  On  the  oanonioal  form  of  spherioal  harmonios, "  Works, 
p.  234,  for  a  statement  oonoerning  '*  nodal  cnrves ''  on  a  sphere,  whioh 
appears  to  have  some  oonnection  with  the  above. 
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A  conic  is  a  potential  curve  when  the  circular  points  /,  J 
are  conjugate  with  respect  to  it ;  this  implies  that  the  conic 
intersects  the  line  at  infinity  in  points  which  are  harmonic 
with  respect  to  I  and  J,  i.  e. ,  that  the  asymptotes  of  the 
conic  are  rectangular.  From  Theorem  II,  we  have  then  a 
statement  of  the  characteristic  property  of  potential  curves 
which  has  the  advantage  of  dealing  only  with  real  elements, 
as  follows : 

Theorem  VI.  A  curve  is  a  potential  curve  when,  and  only 
when,  the  polar  conies  of  all  points  with  respect  to  the  curve  are 
rectangular  hyperbolas. 

From  Theorem  III  we  have  a  property,  which  is  how- 
ever not  characteristic,  i.  e,,  not  restricted  to  the  potential 
curves : 

Theorem  VII.  The  Hessian  and  the  Steinerian  curves  of  a 
potential  curve  pass  through  the  circular  points  J,  J;  furthermore, 
these  points  correspond  in  the  sense  defined  by  Clebsch, 

Since  the  polar  conies  of  a  polar  curve  are  the  polar  conies 
of  the  original  curve,  we  have 

Theorem  VIII.  AU  the  polar  curves  of  a  potential  curve  are 
themselves  potential  curves. 

§  3.  Focal  Properties  of  Potentud  Curves. 

Consider  any  rational  integral  function  of  the  nth  order 
in  z 

(2;  f{x  +  iy)  s  ^(x,  y)  +  vP{x,  y), 

together  with  the  conjugate  expression 

(3)  /(a;  _  iy)  =  ^(x,  y)  -  i4'{x,  y)  ; 

the  equation  of  the  potential  curve  ^  =  0  may  be  writ- 
ten in  the  form 

(4)  /(^  +  iy)+/(a:-iy)  =  0. 

The  two  terms  of  the  left  hand  member  of  this  equation, 
equated  separately  to  zero,  represent  sets  of  minimal  lines, 
the  first  representing  n  lines  through  /,  and  the  second  n 
lines  through  J.  Furthermore,  equation  (4)  is  unchanged 
when/  (z)  is  replaced  by /(z)  -f  iX,  where  A  is  an  arbitrary 
real  constant.     We  have  then 

Theorem  IX.  The  linear  system  of  curves  of  the  nth  order 
determined  by  2n  miminal  lines  (n  through  each  of  the  circular 
points)  is  composed  of  potential  curves  ;  conversely^  any  potential 
curve  may  be  obtained  as  a  member  of  an  infinite  number  of  such 
linear  systems. 
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This  theorem  may  be  restated  by  using  the  fact  that  a 
curve  of  the  nth  class  has  n'  foci,  namely  the  intersections 
of  the  n  minimal  tangents  of  one  system  with  the  n  minimal 
tangents  of  the  other  system,  as  follows  : 

Theorem  X.  Any  curve  of  the  nth  order  passing  through  the 
n*  foci  of  a  curve  of  the  nth  class  is  a  potential  curve  ;  conversely , 
all  potential  curves  may  be  obtained  in  this  way — each  potential 
curve  passes  through  the  foci  of  an  infinite  number  of  systems  of 
confocal  curves  of  the  nth  class.^ 

Thus  for  n  =  2,  we  have  that  all  the  conies  which  pass 
through  the  two  real  and  the  two  imaginary  foci  of  a  conic 
are  rectangular  hyperbolas. 

The  potential  curves  s^  =  0,  v''  =  0,  obtained  in  the  de- 
composition of  a  function  of  a:  +  iy,  may  be  termed  conjugate^ 
potential  curves,  since  the  functions  ^  and  v^  are  conjugate. 
From  (2)  and  (3)  we  have 

2ii/'  ^f(x  —  iy)  —fix  —  iy)  ; 

therefore  the  curves  belong  to  a  linear  system  of  the  kind 
considered  above.  Furthermore  they  intersect  orthogonally.  J 

Theorem  XI.  Conjugate  potential  curves  of  the  nth  order 
intersect  orthogonally  in  the  foci  of  a  system  of  confocal  curves  of 
the  nth  class;  conversely j  two  curves  of  the  nth  order  whu^  inter- 
sect orthogonally  in  the  foci  of  a  curve  of  the  nth  class  are  conju- 
gate  potential  curves. 

The  properties  stated  in  Theorems  IV  and  X  being  de- 
finitive for  the  same  class  of  curves,  it  follows  that  these 
properties  are  equivalent.  From  this  equivalence  we  may 
pass  to  a  more  general  result  relating  to  the  apolarity  of  a 
curve  and  a  point  pair  ;  it  is  necessary  merely  to  project  the 
circular  points  into  an  arbitrary  pair  of  points,  the  potential 
curves  transforming  into  curves  which  are  apolar  to  this 
pair.  Therefore,  if  through  each  of  two  points  Ay  B,  n 
straight  lines  are  drawn,  any  curve  of  the  nth  order  passing 
through  the  n*  points  so  determined  is  apolar  to  the  pair 
AjB  ;  moreover  this  construction  yields  all  the  apolar  curves. 
This  result  may  be  restated  : 

Theorem  XII.  A  curve  of  the  nth  order  is  apolar  to  a  pair 
of  points,  Ay  B  when,  and  only  when,  it  is  possible  to  find  upon 

*  The  number  of  parameters  in  such  a  oonfooal  system  is  \n{n — 1 ) ;  so 
that  the  number  of  onrves  from  ^hich  any  potential  curve  may  be  de- 
rived as  a  focal  curve  is  oo*^"''"  ""*"  ^^ 

t  The  term  oonjugate,  of  course,  here  refers  to  the  properties  of  the 
functions  0,  Vs  and  is  not  synonymous  with  the  term  apolar. 

X  Briot  et  Bouquet,  p.  223. 
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the  curve  n'  points  lying  by  n^s  upon  n  lines  through  A  and  at  the 
same  time  upon  n  lines  through  B,^ 

§  4.    The  Asymptotes. 

Briot  and  Bouquet  prove  f  that  the  n  asymptotes  of  a 
potential  curve  of  the  nth  order  are  real,  concurrent,  and 
disposed  symmetrically  about  their  common  point,  the  angle 
between  consecutive  asymptotes  being  2-/n.  This  prop- 
erty, however,  imposes  only  2n  —  3  independent  condi- 
tions, while  the  number  imposed  by  the  equation  J  Ay'  =  0 
is  in^n  —  1)  ;  so  that  in  general  (i.  e.,  if  n  >  3)  the  above 
relation  between  the  asymptotes  is  not  peculiar  to  the  po- 
tential curves,  and  Briot  and  Bouquet's  theorem  cannot  be 
converted.  As  to  the  case  n  =  2  §,  it  ha«  been  shown  in  §  2 
that  the  potential  conies  are  the  rectangular  hyperbolas,  so 
that  the  relation  between  the  asymptotes  is  characteristic. 
The  same  is  true  in  the  case  n  =  3,  as  may  be  shown  by 
taking  a  coordinate  system  with  its  origin  at  the  point  of 
concurrence  of  the  asymptotes  and  its  axis  of  abscissas  co- 
inciding with  one  of  the  asymptotes,  and  verifying  the  con- 
dition A  ^  =  0.  Therefore,  the  potential  cubics  may  be  defined 
as  those  cubics  which  have  three  real  concurrent  asymptotes  intersect- 
ing at  angles  of  120^. 

In  all  cases  the  point  of  concurrence  0  of  the  asymptotes  is  a 
center  of  the  curve,  L  c,  if  any  line  is  drawn  through  0,  the 
sum  of  the  distances  measured  from  0  of  the  points  of  inter- 
section lying  on  one  side  of  0  is  the  same  as  the  corres- 
ponding sum  for  the  points  on  the  other  side.  This  follows 
from  the  fact  that  when  the  origin  of  co5rdinates  is  taken 
at  0,  all  the  terms  of  order  n  —  1  disappear.  || 

From  the  potential  curves  we  may  pass  by  projection  to 
the  curves  which  are  apolar  to  any  point  pair  J.,  B.  The 
asymptotes  of  the  potential  curve  are  transformed  into  a  set 
of  concurrent  lines  tangent  to  the  new  curve  at  the  points 
Pj,  P,,  •••»  Pn  where  the  line  joining^,  B  cuts  the  curve.  From 
the  equality  of  the  angles  between  consecutive  asymptotes, 
the  anharmonic  ratios 

*  When  one  snch  set  of  n*  points  exists  there  is  necessarily  an  infinite 
number  of  sets. 

t  L.  c,  p.  227. 

X  The  number  of  parameters  in  the  potential  carve  of  the  nth  order  is 
2ii  so  that  of  all  the  carves  of  the  nth  order  which  pass  through  2n  as- 
signed points  one  and  only  one  is  potential. 

I  The  case  n  =  1  is  trivial  nince  all  straight  lines  are  potential  carves. 

II  Briot  et  Boaqaet,  p.  22«  ;  Halnion-Fiedler,  Hohcre  Knrven,  2d  ed. 
p.  145. 
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(ABP.F,),    (ABF,P,),    -,     (ABP,P,) 

are  equal,  and  therefore  the  set  of  points  Pj,  •-,  P^  is  apolar 
to  the  pair  A^  B, 

Theorem  XIII.  If  a  curve  is  apolar  to  a  point  pair,  the  line 
through  the  pair  intersects  the  curve  in  a  set  of  points  apolar  to 
the  pair,  and  the  tangents  to  the  curve  at  these  points  are  con- 
current. 

The  converse  is  true  only  for  conies  and  cubics. 

§  4.    Connection  with  the  Theory  of  Equations, 

Consider  the  general  equation  of  the  nth  degree  in  one 
unknown 

(6)  f(z)  ^A^  +  A^tT-'  +  ...  +  ^^  =  0  (^,  =  6,  +  i4^,)  J 
with  the  n  roots 

Za  =  Xa  +  iya  (a  =  1,  2,  -,  n)  . 

The  conjugate  equation 

fdz)  s  V  +  A^'  +  -  +  J,«  0        (3»=  ft*-  ^.), 
then  has  the  roots 

(7)  Za=Xa  —  iya  (a  =  1,  2,  ••.,  tl). 

The  complete  solution  of  equation  (6)  is  equivalent  directly 
to  the  real  solution  of  the  system 

(8)  ip(x,  y)  =  0,         V'(x,  y)  =  0, 

where  <p  and  ip  are  the  real  and  imaginary  parts  of  f{x  +  iy). 
A  problem  which  then  presents  itself,  namely,  the  complete 
solution  of  this  system,  is  virtually  answered  in  Theorem 
X  :  the  solutions,  by  (6),  are  obtained  by  solving  the  linear 
equations 

x  +  iy^Za,     x  —  iy^zp  (a,  /9  =  1,  2,  •••,  n). 

Theorem  XIV.  The  complete  solution  of  the  auxiliary  sys- 
tem (8)  connected  wUh  the  equation  (6)  is 

Za  -h  Zfi  ^a  —  Zp  /  o  I       o  \ 

Xap  =     -^  ,     Vap^-  2i  ("^^  i^  =  1,  2,  ...,  n). 

The  n  real  solutions  Xa  ,  ya  are  obtained  by  letting  ^  =  a  ; 
the  remaining  solutions  may  be  expressed  in  terms  of  these 
as  follows : 
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o: « = ^- +^  + 1  y--yg    t/ « -  ^*  +  y^  - 1  ""• "  ''^ 

Xa^=       2       +*       2       '     y^"       2  2' 

As  is  well  known,  the  n  quantities 

R{Za)  (a=l,  2,  ...,n), 

where  i^  denotes  any  rational  function,  satisfy  an  equation 
of  the  nth  degree 

whose  coefficients  are  rational  in  A^j  ^„  •  • ,  A^,  This, 
however,  no  longer  holds  when  we  consider,  instead  of 
rational  functions  of  the  roots,  rational  functions  of  the 
real  and  imaginary  parts  of  the  roots ;  but  if  we  consider 
the  n'  quantities 

they  will  satisfy  an  equation  of  the  n'  degree  with  coefficients 
which  are  rational  in  terms  of  the  coefficients  of  <p  and 
4'i  L  e.,  in  terms  of  \^  —  ,  6^,  c^,  •  • ,  c^.     Therefore, 
Theorem  XV.     The  n  quantities 

R(^v  yi)»   ^(«i,  yt)j-,  -B(^n»  yJ» 

are  the  real  roots  of  an  equation  of  degree  n*  with  coeffidents 
which  are  rational  in  terms  of  the  real  andjmaginary  parts  of  the 
coefficients  in  (1)  ;  the  remaining  roots  of  the  equation  being 

This  result  may  easily  be  extended  to  functions  of  any 
number  of  roots  -R(xj,  y^,  «„  y„  •.),  and  Theorem  XIV 
may  be  extended  to  any  system  of  simultaneous  equations. 

Columbia  University, 
February  25,  1901. 


ALTERNATING  CURRENT  PHENOMENA. 

Alternating  Current  Phenomena.     By  C.  P.  Steinmetz.     New 
York,  Office    of  the  Electrical   World.     Third  Edition, 
1900.     Pp.  XX  +  525. 
Toelectncal  engineers  Mr.  Steinmetz' s  book  is  immediately 

conspicuous  by  reason  of  two  distinguishing  characteristics  : 
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the  first  is  the  employment  of  a  definite  mathematical 
method  of  presentation,  consistently  maintained  through- 
out the  course  of  the  work,  and  the  second  the  employment 
of  this  method  in  the  analysis  of  practically  every  problem 
in  the  application  of  alternating  currents  of  electricity.  A 
glance  over  the  literature  of  applied  electricity  reveals  no 
other  work  which  stands  forth  so  prominently  in  either  of 
these  characteristics,  and  the  value  of  a  treatment  embrac- 
ing them  both  can  only  be  rightly  estimated  by  those  who 
have  worked  out  their  basic  conceptions  of  alternating  cur- 
rent phenomena  and  their  applications  from  the  conglomer- 
ate mass  of  trigonometry,  differential  equations,  and  inac- 
curate diagrams  presented  by  earlier  writers,  and,  found 
how  inadequate  it  is  for  the  solution  of  the  problems  con- 
fronting the  engineer  of  today. 

It  is  the  first  of  these  characteristics,  namely  the  method 
of  treatment  that  is  the  more  interesting  to  mathematicians, 
and  it  is  the  purpose  of  this  article  to  review  the  application 
of  this  method  ;  a  critical  discussion  of  the  complete  work 
from  the  standpoint  of  the  electncal  engineer  is  not  aimed 
at,  and  so  all  reference  is  omitted  to  much  of  the  matter  that 
is  most  valuable  but  hardly  of  interest  in  this  place.  Briefly 
stated,  the  method  is  the  use  of  the  algebra  of  the  complex 
number  in  combination  with  a  reference  to  polar  coordi- 
nates of  the  alternating  or  periodic  functions  of  current  and 
electromotive  force.  A  short  consideration  of  a  simple 
electric  circuit  carrying  an  alternating  current  will  facilitate 
a  review  of  the  use  to  which  this  method  has  been  put. 

Threading  or  looping  with  a  circuit  carrying  a  current, 
there  is  a  number  of  lines  of  magnetic  force  due  to  the  pas- 
sage of  the  current  around  the  circuit ;  and  this  number 
rises,  falls,  and  reverses  with  the  varying  values  of  the  cur- 
rent ;  the  induction  or  total  number  of  these  lines  is  thus 
also  a  periodically  varying  function  **in  phase''  with  the 
current.  Due  to  this  alternating  field  of  force  there  is  in- 
duced in  the  circuit  an  alternating  electromotive  force,  which 
is  shown  by  the  law  of  Lenz  to  have  its  maximum  one-quar- 
ter of  the  time  of  one  complete  period  later  than  the  inducing 
field,  and  so  90°  later  than  that  of  the  current,  360°  rep- 
resenting a  complete  period  ;  this  is  the  counter  electro- 
motive force  of  self-induction.  Due  to  the  resistance  of  the 
conductor  there  is  a  consumption  of  electromotive  force 
when  the  current  flows,  proportional  to  the  current  at  each 
instant  and  so  alternating  and  in  phase  with  the  current ; 
this  may  be  considered  a  counter  electromotive  force,  180° 
away  from  the  current.     If  there  is  a  condenser  or  electrical 
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capacity  in  the  circuit  there  is  a  third  electromotive  force 
which  may  be  shown  to  have  its  phase  90°  in  advance  of  the 
current.  It  is  the  presence  of  these  several  angularly  sepa- 
rated electromotive  forces  which  causes  the  apparent  failure 
of  Ohm's  law  in  the  case  of  alternating  current  circuits.  The 
impressed  electromotive  force  necessary  to  cause  the  current 
to  flow  must  overcome  these  sevei'al  electromotive  forces, 
i.  e.j  must  have  components  angularly  separated,  and  so  in 
general  will  not  be  in  phase  with  the  current.  It  is  to  be 
noted  that  the  difference  in  phase  between  current  and 
counter  electromotive  force  is  either  0°  or  plus  or  minus 
90°. 

The  fundamental  principles  suggested  in  the  foregoing 
paragraph  are  assumed  in  the  opening  chapter  of  Mr.  Stein- 
metz's  book,  as  is  also  the  form  of  the  expression  giv- 
ing the  value  of  the  ** impedance''  or  ratio  of  impressed 
E.M.F.  to  current.  This  expression  for  the  impedance  is 
2  s=  v^r*  -i-  x',  r  being  the  resistance  or  ratio  of  the  in-phase 
component  of  the  E.M.F.  to  the  total  current,  and  z  the 
**  reactance  "  or  ratio  of  the  out-of-phase  component  of  the 
E.M.F.  to  the  total  current ;  since  as  indicated  above  there 
are  two  out-of-phase  E.M.F. 's,  one  90*  in  advance  of,  the 
other  lagging  90°  behind  the  current,  x  will  take  its  value 
from  the  difference  between  the  two  E.M.F.'s  due  to  self- 
induction  and  capacity,  since  they  differ  in  phase  by  180°  or 
are  opposed  to  each  other.  The  values  of  x  for  self-induc- 
tion and  for  capacity  are  calculated  in  terms  of  the  fre- 
quency or  number  of  periods  per  second  and  the  constants 
of  the  circuit. 

Passing  now  to  chapter  IV,  the  alternating  or  sinusoidal 
wave,  represented  by  time  as  abscissa  and  instantaneous 
value  as  ordinate,  is  referred  to  polar  coordinates,  giving 
the  circle  as  the  curve ;  and  for  each  complete  period  the 
circle  is  traversed  twice,  negative  values  of  the  function 
being  taken  when  a  reverse  direction  must  be  taken  by  the 
radius  vector  in  order  to  intersect  the  curve.  Thus  the  in- 
tercept on  any  radius  vector  gives  the  instantaneous  value 
of  the  wave  at  the  time  represented  by  the  amplitude  of  the 
vector.  Since  any  particular  value  determines  the  wave, 
the  step  is  then  made  of  letting  the  diameter  of  the  charac- 
teristic circle  represent  the  wave,  by  its  length  the  inten- 
sity and  by  its  amplitude  the  phase ;  thus  on  the  same 
diagram  any  number  of  E.M.F.'s  and  currents  in  a  circuit 
differing  in  intensity  and  in  phase  may  be  represented  by 
radii  vectors  of  different  lengths  and  amplitudes.  The  author 
here  tacitly  assumes  that  the  current  has  at  any  instant 
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the  same  value  throughout  the  whole  length  of  the  circuit, 
i,  e, ,  that  the  phase  of  the  current  wave  does  not  change 
from  point  to  point ;  cases  in  which  this  is  unwarranted 
are  considered  in  chapter  XIII.  The  possibility  of  combin- 
ing or  resolving  vectors  of  the  same  nature  by  the  parallel- 
ogram law  is  then  shown  by  considering  combined  instan- 
taneous values  on  any  chosen  radius  vector ;  thus  the 
resultant  of  two  electromotive  forces,  for  instance,  is  rep- 
resented by  the  diagonal  of  the  parallelogram  formed  on  the 
two  radii  representing  their  intensities  and  phases.  The 
graphical  method  here  clearly  developed  gives  perhaps  the 
clearest  insight  possible  into  the  mutual  relations  of  the 
several  alternating  sine  waves  entering  into  any  problem. 

Owing  to  the  widely  differing  magnitudes  of  the  alternat- 
ing waves  to  be  represented  in  the  same  diagram,  the  graph- 
ical method  is  not  well  suited  for  numerical  calculation, 
and  in  chapter  V  the  author  extends  the  graphical  treat- 
ment into  the  symbolic  method,  which,  instead  of  denoting 
the  vector  representing  the  sine  wave  by  the  polar  coordi- 
nates of  intensity  I  and  amplitude  w^  uses  the  rectangular 
coordinates  a  =  J  cos  «>  and  b  =  I  sin  w,  thus  avoiding  the 
use  of  trigonometric  functions  in  the  combination  or  resolu- 
tion of  waves.  Extending  the  relations  of  the  parallelogram 
law  :  *^  Sine  waves  are  combined  or  resolved  by  adding  or 
subtracting  their  rectangular  components.'*  To  distinguish 
between  the  two  components,  the  symbol  j  is  put  before  the 
vertical  component,  I  ^==  a  +jb,  meaning  that  a  is  the  hori- 
zontal and  b  the  vertical  component  of  the  wave  /  and 
that  they  are  combined  in  the  wave  of  resultant  intensity 
i  =  \/a*  -|-  6' ;  similarly  a  —jb  is  a  wave  with  a  as  horizon- 
tal and  —  6  as  vertical  component.  The  next  step  brings  in 
the  full  significance  of  the  method  ;  multiplying  the  symbolic 
expression  a  +  ^6  by  —  1  evidently  gives  —  a  —jb,  or  a  wave 
of  equal  intensity  but  differing  in  phase  by  180°;  a  wave  of 
equal  intensity  but  lagging  in  phase  by  90°  (clockwise 
rotation )  is  evidently  represented  by  ja  —  b;  this  expres- 
sion may  be  derived  by  multiplying  the  expression  a  +  jb 
by  j  if  upon  the  *' hitherto  meaningless  symbol  y  the 
condition  be  imposed  /  =  —  1 ;  and  similarly  multiplying 
by  —j  advances  the  wave  through  90°  or  one  quarter 
of  a  period.  The  symbol  ^  is  thus  seen  to  be  the  imaginary 
unit,  and  the  sine  wave  is  represented  by  the  complex  quan- 
tity of  the  type  a+jb;  the  letter  j  is  used  instead  of  the 
usual  i\  since  the  latter  so  commonly  in  electrical  litera- 
ture denotes  the  current.  **As  the  imaginary  unit  7  has 
no  meaning  in  the  sj^stem  of  ordinary  numbere,  this  defi- 
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nition  of  y=  \/—l  does  not  contntdict  its  original  intro- 
duction as  a  meaningless  symbol. ''     Thus  a+jb  means  a 

wave  of  intensity  i  =  ^a*  +  6'  and  of  phase  to  =  tan~j  -  ;  it 

may  also  be  represented  by  i(eosw  +ysin«i)  and  also  by 
u^*.  A  further  extension  of  method  now  gives:  *'Sine 
waves  may  be  combined  or  resolved  by  adding  or  subtract- 
ing their  complex  algebraic  expressions.  '^  The  complex  ex- 
pression for  the  impedance  is  then  developed  and  may  here 
serve  as  a  simple  instance  of  the  use  of  the  method.  A  cur- 
rent /  =  I  +  ji'  flows  in  a  circuit  of  resistance  r  and  react- 
ance X  ]  the  E.M.F.  consumed  by  resistance  is  in  phase 
with  the  current  and  Is  rJ=  rt  -i-jri':  this  E.M.F.  must  be 
supplied  by  the  impressed  E.M.F.,  as  must  also  be  an  E.M.F. 
necessary  to  overcome  the  counter  E.M.F.  due  to  the  re- 
actance X  ;  this  E.M.F.,  if  it  be  due  to  self  induction,  lags 
90°  behind  the  current  and  is  therefore  represented  by 
ixl^jxi  —  xi'  (if  ;rbe  due  to  capacity,  by  —jxI^^xV  —jad); 
the  component  of  the  impressed  E.M.F.  to  overcome  this 
is  evidently  —jxl=  —jxi  +  xi';  and  the  E.M.F.  to  over- 
come both  resistance  r,  and  reactance  a:  is  jEJ  =  (r—jx)  I; 
or,  the  ratio  of  electromotive  force  to  current,  t.  e.,  the  im- 
pedance, has  for  its  complex  expression  Z=  r—jx.  The 
relation  J5J=  ZI,  the  complex  values  of  the  three  quantities 
being  used,  may  be  handled  in  any  of  its  three  forms,  giving 
a  simple  complex  expression  for  any  one  of  the  quantities 
in  terms  of  the  components  of  the  other  two,  since  the  im- 
aginary may  be  easily  eliminated  from  a  denominator,  and 
thus  the  real  and  imaginary  components  separated. 

From  the  foregoing,  it  is  seen  that  the  total  impedance 
of  a  circuit,  consisting  of  any  number  of  portions  differing  as 
to  r  and  Xj  and  connected  in  series,  may  be  obtained  by  add- 
ing the  complex  expressions  for  the  impedance  of  the  several 
portions.  The  total  impedance  being  known,  the  E.M.F. 
necessary  to  supply  any  given  value  of  the  current  to  such 
a  circuit  may  at  once  be  had,  together  with  its  phase  relation 
to  the  current.  This  is  the  general  nature  of  one  class  of 
problems.  If,  however,  the  circuit  has  several  branches,  or 
if  several  currents  are  supplied  by  the  same  E.  M.  F. ,  the  total 
impedance  of  the  circuit  is  not  a  simple  expression,  just  as  the 
resistance  of  a  number  of  branches  connected  in  parallel  is 
not  a  simple  expression  in  the  resistances  of  the  several 
branches.  In  the  latter  case,  however,  the  joint  conducting 
power,  i.  e.j  the  reciprocal  of  the  resistance,  is  the  sum  of 
the  **  conductances ' '  of  the  several  branches.  So  for  par- 
allel connected  branches  the  author  derives  in  chapter  VII 
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a  method  for  combining,  by  the  addition  of  complex  quan- 
tities, the  effects  of  the  several  impedances  of  a  branched 
circuit.  The  total  current  supplied  by  the  impressed  E. 
M.F.  is  the  sum  of  the  currents  in  the  several  branches, 
attention  being  paid  to  their  phase  relations,  i,  e.,  the  com- 
plex expressions  of  the  currents  are  to  be  added.  To  sim- 
plify this,  Ohm's  law,  which  now  holds  if  complex  expres- 
sions are  used,  is  put  in  the  form  /=  EY,  where  Y,  being 
the  reciprocal  of  Z,  is  a  complex  quantity,  and  the  values  of 
/  for  the  several  branches  are  now  readily  added.  Fis  called 
the  admittance,  and  the  total  admittance  of  a  branched  cir- 
cuit is  the  sum  of  the  complex  expressions  of  the  individual 
admittances.  F,  being  complex,  is  of  the  form  g  +jb.  We 
have 

V  I    -1.       1  1  r  +  jz 

^      *'        Z      r  —jx      'T  -\-  sr 
Therefore 


I'^prp^    »°«i    ^  =  ^' 


SO  that  the  expressions  for  Y  and  Z  for  any  branch  or  com- 
bination of  branches  are  readily  derived  one  from  the  other. 

Chapters  VIII  and  IX  give  a  complete  investigation  of 
the  various  types  of  series  and  parallel  circuits,  of  the 
effects  upon  regulation  and  phase  difference  of  the  relative 
values  of  r,  x,  g,  and  6  ;  and  results  heretofore  obtained  only 
in  very  complicated  form  are  reduced  to  simple  algebraic 
expressions.  A  single  simple  case  will  suffice  here,  but  no 
electrical  engineer  should  fail  thoroughly  to  digest  the  con- 
tents of  these  two  chapters. 

A  reactance  x^  is  inserted  in  series  with  a  load  circuit  of 
impedance  Z^r—jx,  and  an  E.M.F.  E  impressed  upon 
the  whole.  The  total  impedance  is  Z  —  jx^  or  r  —  j(x  +  x^)  ; 
the  current  is 


r  —  jix  +  x^y 

■  %/r'  +ix  +  x,y      s/z"  +  2xx,  +  V' 
the  E.M.F.  on  the  receiver  or  load  circuit  is 


with  the  absolute  value 


p^  jy^    K(r  —jx) „     I       r"  +  1^ 

r  -j{x  +  xj  -  -^o  Vr'  +  {X  +  x,y 


%/«»  +  2xx,  + 
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Grenerally  in  such  a  case  the  value  of  E,  as  compared  with  E^, 
is  of  prime  importance,  and  the  above  expression  gives  means 
of  controlling  ^  by  a  proper  variation  of  x^;  thus  E=^  E^H 
a^o  =  —  2a; ;  if  ic^  <  —  2a;  it  raises,  if  x^  >  —  2a;  it  lowers  the 
voltage;  if  x  and  x^  have  the  same  sign  E  is  always  less  than 
jEJ,.  It  is  to  be  remembered  that  a  positive  value  of  x  is  given 
by  self-induction,  a  negative  value  by  capacity.  The  differ- 
ence in  phase  between  current  and  E.M.F.  is  gotten,  as  in- 
dicated above,  from  the  expression  for  the  impedance ;  here 

X 

the  difference  in  phase  in  the  load  circuit  is  «*  =  tan"*  - ;  and 

r 

X  "4"  X 

in  the  supply  or  generator  circuit  «>'  =  tan"' 5. 

r 

Chapter  XII  is  new  in  the  third  edition  ;  in  it  the  author 
attempts  to  extend  the  symbolic  method  to  quantities  of 
double  frequency,  such  as  the  power.  At  any  instant  the 
flow  of  power  in  an  alternating  current  circuit  is  the  product 
of  the  instantaneous  values  of  current  and  E.M.F.  If  two 
sine  waves,  e.  gr.,  one  of  current  and  one  of  E.M.F.  differing 
in  phase,  be  drawn  in  rectangular  coordinates,  and  if  also  a 
curve  representing  the  product  of  their  instantaneous  values 
be  drawn,  it  is  found  that  while  either  the  current  or  E.M.F. 
has  passed  through  half  a  period,  the  curve  of  products,  or 
the  power  wave,  has  passed  through  a  complete  period  ;  that 
is,  the  power  has  double  the  frequency  of  the  current  and 
E.M.F.,  and  so  may  not  be  represented  on  the  same  vector 
diagram  with  them.  The  area  of  positive  values  in  the 
power  curve  represents  power  given  into  the  medium  by  the 
circuit,  that  of  negative  values  power  returned  to  the  circuit 
from  the  medium,  this  power  having  been  stored  there  in  the 
forms  of  a  magnetic  field  and  an  electrostatic  strain ;  the 
difference  is  the  true  expenditure  of  power.  The  pro- 
duct of  the  complex  expressions  for  current  and  E.M.F., 
(6'  +  ie")(i'  +  ii")=(e'^*'-e'V')  +  y(e'V  +  6Y0,  does  not 
represent  the  power,  since  it  is  an  expression  of  the  same 
frequency  as  the  current  and  E.M.F.;  suppose,  however, 
since  the  power  is  of  double  frequency,  the  phase  angle  be 
doubled  in  the  above  expression  ;  i.  e.,  instead  of  /  =  —  1, 
corresponding  to  a  rotation  through  180°,  we  now  have 
/  =  +1,  or  360°  rotation,  and  multiplication  by  j  merely 
reverses  the  sign  or  rotates  through  180°.  The  product 
then  becomes  (e't'  -|-  e"t")  -hiCe"!' —  e'i"),  the  first  term 
of  which  is  the  real  power  EI  cos  w,  and  the  second  the 
author  calls  the  *  'wattless  power,' '  or  EI  sin  (o.  The  chapter 
is  interesting  in  explaining  the  apparent  failure  of  the  pro- 
duct of  the  two  complex  expressions  to  represent  the  power. 
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but  is  unattractive,  except  to  those  versed  in  non-commuta- 
tive algebra,  because  of  the  necessity  of  remembering  that 
j  X  1  ^j  is  not  the  same  as  1  x  y  =  —j. 

Chapter  XIII  is  devoted  to  those  cases  where  it  is  not 
permissible  to  assume  that  at  any  instant  the  value  of  the 
current  is  the  same  throughout  the  circuit ;  an  instance  is  a 
submarine  cable  or  any  line  along  which  capa>city  in  some 
quantity  is  uniformly  distribute.  In  such  cases  the  simple 
vector  diagram  and  the  algebra  of  complex  quantities  do 
not  suffice ;  however,  by  considering  the  values  of  r,  x,  g, 
b  per  unit  length  of  line,  the  author  forms  and  solves  the  dif- 
ferential equations  for  both  current  and  E.M.F.,  as  varjing 
from  point  to  point  in  the  line.  While  exhaustive  in  discus- 
sion and  most  useful,  the  chapter  offers  no  striking  applica- 
tion of  the  symbolic  method. 

In  chapters  XIV,  XV,  and  XVI  the  symbolic  method  is 
extended  to  the  analysis  of  the  transformer  and  the  induc- 
tion motor,  i,  e. ,  the  motor  with  rotating  magnetic  field  ; 
they  are  shown  to  belong  to  the  same  general  type  of  ap- 
paratus (a  fact  not  before  recognized),  called  by  the  author 
the  general  alternating  current  transformer.  Consider  the 
simple  transformer  consisting  of  a  magnetic  circuit  inter- 
linked with  two  electric  circuits,  a  primary  and  a  secondary. 
The  primary  circuit  carrying  current  sets  up  a  field  in  the 
magnetic  circuit,  which  induces  an  E.M.F.  in  the  secondary 
which  supplies  current  to  its  load.  The  secondary  is  now 
considered  as  a  simple  circuit  with  a  given  impressed 
E.M.F.,  having  an  internal  impedance  Z,  =  r,  —jx^  due  to 
its  resistance  and  self-induction,  and  feeding  a  load  circuit 
of  impedance  Z=  r  —jx.  Since  the  same  magnetic  circuit 
links  with  both  coils,  the  actions  in  the  secondary  are  shown 
to  be  reducible  to  the  primary  by  the  ratio  of  the  numbers 
of  turns  in  each  ;  the  primary  has  also  its  internal  imped- 
ance Zq  =  r^  —  i^o  1  combining  the  primary  impedance  with 
the  reduced  values  of  the  secondary  circuit,  the  effect  of  the 
whole  transformer  is  brought  to  the  expression  of  a  single 
impedance.  By  proper  attention  to  the  difference  in  fre- 
quency between  primary  and  secondary  due  to  the  **  slip  " 
of  the  armature  (secondary)  behind  the  rotating  field  due 
to  the  primary,  the  same  method  of  procedure  is  adopted 
for  the  induction  motor. 

Chapter  XXIV  is  a  most  interesting  extension  of  the 
symbolic  method  to  the  representation  of  the  general  alter- 
nating wave  as  distinguished  from  the  simple  sine  wave  of 
the  type  A  ^=  a^  cos  (^  —  «)  ;  to  the  latter  only  is  the  vector 
representation  A  =  a'  +  ja^  =  a(cos  a  -|-  jf  sin  a)  applicable. 
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If  the  two  half  periods  of  a  wave  are  similar,  the  even  har- 
monics are  absent  and  the  general  wave  is  expressed  by 

A==  A^  cos  (<p  —  flj)  +  u4j  cos  (S<p  —  flj) 
+  A^  cos  (5sP  —  aj)  +  •.., 

which  may  not  be  represented  by  a  single  complex  vector 
quantity.  The  individual  harmonics,  however,  of  this  gen- 
eral wave  are  independent  and  no  products  appear,  so  that 
each  may  be  represented  by  a  complex  symbol  and  the  sym- 
bolic expression  for  the  general  wave  is 

J  =  i(2n-i)(a;+i.a;'); 

here  y^  =  \/—  1  always,  but  the  index  otj\  denotes  that  the 
fs  of  different  indices,  while  equal  algebraically,  physically 
represent  different  frequencies  and  so  cannot  be  combined. 
The  general  wave  of  E.M.F.  is  thus  represented  by 

and  the  current  by  a  similar  expression  in  the  t's.  The  ex- 
pression for  the  impedance  undergoes  some  change ;  the 
values  of  x,  the  reactance,  when  due  to  self-induction,  are 
directly,  when  due  to  capacity,  inversely  proportional  to 
the  frequency  ;  there  is  also  a  part  independent  of  the  fre- 
quency ;  thus  the  impedance  of  a  circuit  will  have  different 
values  for  the  several  harmonics  and  its  general  expression  is 


Z=r-i,(ru:^-hx,  +  J) 


Operations  according  to  Ohm's  law  may  now  be  performed 
on  the  general  wave  quantities  E,  /,  and  Z,  just  as  on  the 
simple  sine  wave  ;  multiplication  and  division,  however,  be- 
ing only  performed  on  those  terms  having  the  same  index  n. 
A  common  and  most  useful  medium  for  the  use  of  alter- 
nating currents  is  the  so  called  polyphase  system  in  which 
several  equal  E.M.F.'s  differing  in  phase  by  the  same  angle 
are  generated  in  the  same  machine  ;  the  induction  motor  is 
the  most  conspicuous  form  of  apparatus  depending  on  the 
polyphase  system.  The  symbolic  method  lends  itself  ad- 
mirably to  the  representation  of  such  a  system  by  means  of 
the  nth  roots  of  unity.  In  the  polar  diagram  the  n  E.  M.  F.  's 
of  an  n-phase  system  are  represented  by  n  equal  vectors 
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following  each  other  under  equal  angles  2/7rn.  In  sjrmbolic 
notation,  advance  or  rotation  through  an  angle  2r/H  is 
represented  by  multiplying  by  the  quantity  cos  2:r/n  -f 
y  sin  2r/n,  and  so  the  E.M.F.'s  of  a  polyphase  system  are 

E,    E\  cos  ""  -  -h  7'  sin    '  I ,    E\  cos     '  +  j  sin    "  I ,  etc. 

In  chapters  XXVI  and  XXVIII  the  author  handles  this 
application  for  the  deduction  of  the  expression  for  the 
rotating  magnetic  field,  the  ring  and  star  E.M.F.'s  of  in- 
terlinked systems,  and  other  matters  of  general  use,  but  up 
to  this  time  wanting  an  analytical  expression. 

The  writer  has  only  gratitude  to  express  at  the  appear- 
ance of  this  work,  and  his  one  regret  is  that  its  author  did 
not  also  include  in  it  his  recent  articles  on  the  rotary  con- 
verter. 


Johns  Hopkins  University, 
Apnl  18,  1901. 


John  B.  Whitehead,  Jr. 


SHORTER  NOTICE. 

Lemons  Nouvelles  sur  les  Applications  Geometriques  du  Calctd 
DifferentieL  By  W.  de  Tannenberg.  Paris,  A.  Her- 
mann, 1899.     192  pp. 

This  volume,  which  M.  de  Tannenberg  has  contributed  to 
the  literature  of  the  theory  of  curves  and  surfaces,  is  very 
opportune.  We  have  wanted  a  book  which  would  make 
possible  for  the  beginner  a  knowledge  of  the  more  funda- 
mental geometrical  applications  of  the  calculus  and  in  a  way 
which  would  prepare  him  for  the  treatises  of  Darboux  and 
Bianchi.  To  be  sure,  this  field  has  been  covered,  more  or 
less,  in  the  chapters  devoted  to  geometrical  applications  in 
the  French  treatises  on  analysis — notably  by  Jordan,  Picard, 
Appell — but  rather  as  examples  of  the  methods  of  analysis 
and  not  standing  forth  as  a  systematic  development  of  the 
elements  of  another  field  of  mathematics.  Again,  there 
have  been  in  recent  years,  quite  a  number  of  shorter  treat- 
ises with  just  the  scope  of  the  volume  under  discussion,  but 
their  treatment  of  the  subject  has  been  along  lines  quite 
different  from  the  well  known  methods  of  the  calculus : 
Ricci  in  his  Lezioni  arrives  at  the  results  by  the  study  of 
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differential  forms,  M6ray  makes  use  of  the  methods  which 
he  has  developed  in  his  Le9ons  nouvelles  sur  P  analyse 
infinit^simale^  Fehr  adopts  the  vector  method  of  Grassman. 

But  M.  de  Tannenberg  has  given  us  a  treatment  of  the 
subject  by  methods  which  involve  only  the  simplest  notions 
of  the  calculus,  and  in  a  way  that  is  at  the  same  time  clear, 
concise,  and  rigorous.  Limiting  himself  to  the  study  of 
curves  and  surfaces  in  the  region  of  ordinary  points,  he 
considers  the  cartesian  coordinates  as  developed  according 
to  ascending  powers  of  one  or  two  variables,  and  from  the 
study  of  these  developments  determines  many  of  the  geomet- 
rical properties  of  the  given  locus.  As  one  reads,  he  is  im- 
pressed with  the  simplicity  of  the  methods ;  very  often  an 
important  result  follows  as  a  corollary,  or  is  embodied 
in  a  remark,  and  at  times  the  examples  which  are  scattered 
through  the  book  serve  the  double  purpose  of  illustration 
and  a  step  toward  the  further  development  of  the  subject. 
Very  little  is  said  about  plane  curves ;  and,  when  treated,  it 
is  simply  as  a  particular  case  of  curves  in  general. 

The  book  has  two  main  divisions :  the  first,  consisting 
of  two  parts,  treats  of  the  descriptive  properties  of  curves 
and  surfaces ;  the  second,  in  three  parts,  treats  of  their 
metric  properties. 

Of  particular  interest  in  the  first  division  is  the  treatment 
of  the  theory  of  envelopes,  whether  of  curves  or  surfaces. 
The  conditions  necessary  and  sufficient  for  the  existence  of 
envelopes  are  set  forth  so  clearly  that  the  beginner  should 
not  experience  the  usual  difficulty  with  this  subject.  The 
second  part  closes  with  a  brief  discussion  of  systems  of  lines 
— ruled  surfaces,  congruences,  and  linear  complexes. 

In  the  third  part  of  the  book  and  the  first  of  the  second 
division,  the  notion  of  the  geometi-ical  derivative  of  a  seg- 
ment is  introduced  and  is  of  great  service  in  the  definition 
of  first  curvature  and  torsion  of  a  curve,  and  the  derivation 
of  the  Serret  formulae.  As  an  application  of  these  formulas, 
the  variation  of  a  segment  of  a  right  line  is  discussed,  and 
the  results  thus  obtained  enable  the  author  to  simplify  the 
proofs  of  many  theorems  in  the  theory  of  surfaces.  In  par- 
ticular, they  are  applied  to  the  study  of  skew  and  develop- 
able surfaces  ;  this  forms  the  fourth  part. 

The  fifth  part  is  the  most  important ;  it  comprises  nearly 
one-half  of  the  book  and  is  devoted  to  the  theory  of  curved 
surfaces.  First  the  six  fundamental  functions,  character- 
istic of  a  surface,  are  defined  and  the  relations  which  they 
satisfy  are  found  ;  then  the  general  properties  of  curves 
traced  on  surfaces  are  discussed.     From  the  theorems  of 
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Meusnier  and  Bonnet  follow  the  definitions  of  asymptotic 
lines  and  lines  of  curvature  ;  their  properties,  together  with 
those  of  conjugate  lines,  are  then  discussed  and  geodesic 
lines  are  defined.  After  an  application  of  the  preceding 
theories  to  several  of  the  simpler  surfaces — cones,  surfaces 
of  revolution,  quadrics,  developables,  surfaces  of  Monge — 
the  book  closes  with  a  treatment  of  the  general  equation  of 
geodesic  lines. 

The  print  is  good,  the  figures  are  helpful  and  the  general 
arrangement  is  very  attractive. 

L.  P.  ElSENHABT. 


NOTES. 

The  secretaryship  of  Section  A  of  the  American  associa- 
tion for  the  advancement  of  science  has  been  filled  by  the 
appointment  of  Dr.  G.  A.  Miller.  Papers  intended  for 
the  programme  of  the  Denver  meeting  (August  24-31)  of 
Section  A,  should  be  sent  to  Dr.  Miller,  at  115  Cook  St., 
Ithaca,  N.  Y. 

The  April  number  of  the  American  Journal  of  Mathematics 
(volume  23,  number  2)  contains  the  following  articles : 
**  The  cross-ratio  group  of  120  quadratic  Cremona  transfor- 
mations of  the  plane,"  by  H.  E.  Slaught  ;  **  Memoir  on 
the  algebra  of  symbolic  logic,''  by  A.  N.  Whitehead  ; 
**  On  a  special  form  of  annular  surfaces,"  by  V.  Snydeb; 
*  *  On  the  transitive  substitution  groups  whose  order  is  a 
power  of  a  prime  number,"  by  G.  A.  Miller  ;  ^*  Geometry 
on  the  cubic  scroll  of  the  second  kind,"  by  F.  C.  Ferry. 

At  the  regular  meeting  of  the  London  mathematical 
society  held  on  May  9,  1901,  the  following  papers  were  read  : 
**  A  case  of  algebraic  partitionment,"  by  Major  P.  A.  Mac- 
Mahon  ;  "  On  the  series  whose  terms  are  the  cubes  and 
higher  powers  of  the  binomial  coeflBcients,"  by  Major  P.  A. 
MacMahon  ;  '*  a  property  of  recurring  series,"  by  Dr.  G.  B. 
Mathews  ;  ^'  The  product  of  two  spherical  surface  harmonic 
functions,"  by  Mr.  J.  B.  Dale. 

The  German  Society  for  the  promotion  of  instruction 
in  mathematics  and  science  held  its  tenth  annual  meeting 
the  last  week  of  May  at  Giessen  under  the  presidency  of 
Dr.  Rausch.     The  society  has  nine  hundred  members. 

The  committee  elected  to  judge  the  competition  in  1901 
for  the  Francoeur  and  Poncelet  prizes  of  the  Paris  academy 
of  sciences  consists  of  Professors  C.  Jordan,  H.  Poincar6, 
E.  PicARD,  P.  Appell,  and  Maurice  Levy. 
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The  following  additional  volumes  (see  Bulletin,  volume 
6,  pp.  306  and  355)  are  announced  as  either  in  preparation  or 
under  the  press  for  B.  G.  Teubner's  series  of  text-books  in 
the  mathematical  sciences :  G.  Bohlmann,  The  mathematics 
of  insurance  ;  G.  H.  Bryan,  Thermodynamics  ;  L.  E.  Dick- 
son, Linear  groups,  with  an  exposition  of  the  Galois  field, 
theory  (English,  in  press);  G.  EnestrSm,  with  the  coopera- 
tion of  other  scholars,  Handbook  on  the  history  of  mathe- 
matics ;  Ph.  FurtwIngler,  Mechanics  of  the  simplest  kinds 
of  physical  apparatus  and  of  experiments ;  M.  GrI^bler, 
Hydraulic  motors ;  L.  Henneberg,  Text-book  of  graphical 
statics  ;  K.  Hexjn,  The  kinetic  problems  of  the  modern 
theory  of  machines ;  G.  Jung,  Geometry  of  masses  ;  H. 
Lamb,  Acoustics;  A.  Loewy,  Lectures  on  the  theory  of 
linear  substitution  groups ;  A.  E.  H.  Love,  Textbook  of 
hydrodynamics;  A.  E.  H.  Love,  Theory  of  elasticity;  W. 
Meyerhoffer,  The  mathematical  foundations  of  chemistry  ; 
E.  OvAzzA  (from  the  field  of  mechanics);  Fr.  Pockels, 
Optics  of  crystals;  P.  Stackel,  Textbook  of  general  dy- 
namics ;  H.  E.  Timerding,  Theory  of  systems  of  vectors 
and  screws;    A.   Voss,   Principles  of  rational    mechanics. 

Of  the  volumes  previously  announced  three  have  appeared, 
viz.,  E.  Pascal,  Determinants ;  O.  Stolz  and  J.  A. 
Gmeiner,  Theoretical  arithmetic.  Part  I ;  E.  v.  Weber, 
Lectures  on  the  problem  of  Pfaff.  Three  others  are  in 
press,  viz.,  L.  E.  Dickson,  Linear  groups  (see  above);  G. 
LoRiA,  The  theory  and  history  of  special  algebraic  and 
transcendental  plane  curves ;  E.  Netto,  Theory  of  combi- 
nations. 

Subscriptions  are  invited  toward  the  publication  of  the 
complete  works  of  the  late  Professor  E.  Beltrami  (see 
Bulletin,  volume  7,  p.  46) ,  which  has  been  undertaken  by 
the  faculty  of  science  of  the  University  of  Rome.  There  will 
be  four  large  volumes  with  about  2000  pages  in  all.  A  copy 
of  the  complete  works  will  be  sent  to  those  who  subscribe 
not  less  than  fifty  lire.  Subscriptions  may  be  sent  to  Isaia 
SoNzoGNO,  Piazza  S.  Pietro  in  Vincoli,  5,  Rome. 

It  appears,  from  Nature,  that  the  English  civil  service 
commission  no  longer  insists,  in  its  examinations  in  geome- 
try, on  preserving  the  Euclidean  sequence  of  propositions, 
but  now  accepts  correct  demonstrations  whether  those  of 
Euclid  or  not.  Recent  papers  also  encourage  teaching  of  a 
less  abstract  character  than  that  usually  associated  with 
Euclid^ s  geometry. 

To  the  list  of  mathematical  courses  to  be  given  at  Coluui- 
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bia  University  in  1901-1902,  as  announced  in  the  last  num- 
ber of  the  Bulletin,  there  is  to  be  added  a  course  on  **  The 
history  of  mathematics, ' '  three  hours  weekly,  by  Professor 
D.  E.  Smith. 

A  bust  of  Gauss  has  been  placed  in  one  of  the  halls  of 
the  University  of  Berlin. 

Professor  E.  H.  Moorb  is  one  of  the  five  new  members 
elected  to  the  National  academy  of  sciences  at  its  annual 
meeting  April  16th-18th. 

Dr.  J.  A.  Gmbiner  has  been  made  professor  extraordi- 
narius  of  mathematics  at  the  German  University  of  Prague. 

Professor  Gino  Fano,  now  at  Messina,  has  been  made 
assistant  professor  of  projective  and  descriptive  geometry  at 
the  University  of  Turin.  Professor  U.  Dini  of  the  Uni- 
versity of  Pisa  has  been  elected  a  member  of  the  superior 
council  of  instruction  of  Italy. 

At  Yale  University  Professor  J.  E.  Clark,  James  E. 
English  professor  of  mathematics  in  the  Sheffield  Scientific 
School  since  1873,  has  resigned  because  of  poor  health.  He 
has  been  made  professor  emeritus,  and  Professor  P.  F. 
Smith  has  received  the  title  of  James  E.  English  professor. 
Dr.  E.  R.  Hedrick  has  been  appointed  instructor  in  mathe- 
matics in  the  Sheffield  Scientific  School. 


NEW  PUBLICATIONS. 

L     HIGHER  MATHEMATICS. 

Ball  (W.  W.  R.).  A  short  acxionnt  of  the  history  of  mathematios.  3d 
edition.  London  and  New  York,  Macmillan,  1901.  12mo.  552  pp. 
Cloth.  —  "-K  lOs. 


Bbman  (W.  W.).    See  Dedekind  (R). 

Blichfeldt  ( H. ).  On  a  certain  class  of  groups  of  transformations  in 
space  of  three  dimensions.     ( Diss. )     Leipzig,  1900.     8to.     61  pp. 

BoNNEL  ( J. ).  Note  sar  les  sjstemes  de  geometric  et  Patome.  Paris, 
Gauthier-Villars,  1900.     8vo.     15  pp.  Fr.  1.00 

C  ADEN  AT  (A.).    See  Russell  (B.  A.  W.). 

Carnoy  (J.).  Conrs  d'algebre  snp^rienre :  principesdela  throne  des 
determinants ;  thdorie  des  equations  ;  introduction  ^  la  th^rie  des 
formes  alg^briques.    2^  iSdition.     Paris,  Gauthier-Villars,  1900.   8vo. 

Fr.  11.00 

CouTUBAT  (L.).    See  Russell  (B.  A.  W.). 

Crivetz  (T.).  Essai  sur  P^quidistante.  Buoarest,  Gobi,  1900.  8vo. 
50  pp. 

Dabbeye  (A.).  Polare  Felder  und  Kegelsohnitte  mit  gemeinaamem 
Poldreieck.     (Diss.)     Strassburg,  1900.     8vo.     41  pp.,  2  plates. 
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Davisson  (S.  C.)'  Ueber  die  Reodatiaohe  Linie  der  Manigfaltigkeit 
ds^  =  dx^-{-  8in*aj  dy  -}-  dzK     {Dm, )    Tubingen,  1900.     8vo.     22  pp. 

Dbdekind  (  R.  ).  Essays  on  the  theory  of  nnmbers :  ( 1)  Continuity  and 
irrational  nnmbers ;  (2)  The  natnre  and  meaning  of  numbers. 
Authorized  tranithition  by  W.  W.  Beman.  Chicago,  Open  Court 
Publishing  Company,  1901.     12mo.     4  +  115  pp.     Cloth.  $0.75 

DObll  ( W. ).  Die  Probleme  des  logarithmischen  Potentials  f iir  eine  von 
zwei  Kreisbogen  begrenzte  ebene  Flaohe.  (Diss.)  Leipzig  [1900]. 
8vo.     134  pp.,  2  plates. 

Ebmakof  (V.  P.).  Lectures  on  analytic  geometry  delivered  in  the 
University  and  in  the  Polytechnic  Institute.  Part  II :  Solid  geome- 
try.   Kief,  1900.     8vo.    208  pp.     (Russian.)  M.  7.00 

.    Lectures  on  the  integral  calculus.    Parts  I  and  II.     Kief,  1900. 

8vo.     350  pp.     (Russian.)  M.  9.00 

GUTZMEB  (A.),  Hensel  (K.),  Heuk  (K.).    See  Jahberberioht. 

HiLBERT  (D.).  Lesprincipes  fondamentaux  de  la  g^m^trie.  Traduit 
par  L.  I^ugel.     Paris,  Gauthier-Villars,  1900.     4to.     114  pp. 

Fr.  5.00 

Jacobstthal  (W.  ).  Ueber  die  aKymptotische  Darstellung  der  Integrate 
einer  gewissen  linearen  Differentialgleichung  zweiter  Ordnung. 
(Diss.)     Strassburg,  1899.     8vo.     40  pp. 

jAHBEBBBBiCHTderdeutschenMathematiker-Vereinigung.  Vol.9:  ent- 
haltend  die  Chronik  der  Vereinigung  fur  das  Jahr  1900,  die  auf  der 
Yersammlung  in  Aachen  gehaltenen  Vortrage,  sowie  :  Die  kinetischen 
Probleme  der  i/vissensohaftlichen  Technik,  Berioht  von  K.  Heun. 
Herausg^eben  im  Auftrage  des  Yorstandes  von  K.  Hensel  und  A. 
Gutzmer.     Leipzig,  Teubner,  1901.    8vo.    4  +  140  -f  6  -f- 123  pp. 

M.  8.00 

Junker  (F.).  Hohere  Analysis.  Teil  I:  Differentialrechnung.  2te 
Auflage.  Leipzig,  Goschen,  1901.  12mo.  231pp.  Cloth.  (Samm- 
lung  Goschen,  No.  87. )  M.  0.80 

Karstens  (H.).  Ueber  gewisse  asymptotische  Losungen  der  Differen- 
tialgleichungen  deranalytisohen Mechanik.  (Diss.)  Berlin,  Mayer 
&  MuUer,  1901.     8vo.     37  pp.  M.  1.20 

Killing  (W.).  Lehrbuch  der  analytischen  Geometric  in  homogenen 
Koordinaten.  Teil  2:  Die  Geometric  des  Raumee.  Paderbom, 
Schoningh,  1901.     8vo.     8  -f  361  pp.  M.  5.60 

Lauqel  ( L . ).    See  Hilbebt  ( D.  ) . 

Marc  (L.).  Conforme  Abbildung  eines  von  irregularen  Hyperbeln  nter 
Ordnung begrenzten  Flachenstackes  auf  dem  Einheitskreise.  (Diss. ) 
Miinchen,  1899.     8vo.     27  pp. 

Markof  (A.  A.).  Calculus  of  probabilities.  St.  Petersburg,  1900.  8vo. 
279  pp.     (Russian.) 

Meyer  (P.).  Ueber  die  Siebenteilung  der  Lemniskate.  (Diss.)  Strass- 
burg, 1900.     8vo.    23  pp. 

Meyer  (F.).  Rapporto  sui  progressi  della  teoria  proiettiva  degli  in- 
varianti  nelPultimo  quarto  di  secolo.  Traduzione  dal  tedesco  di  G. 
Vivanti  con  aggiunte  e  modificazioni  dell'autore.  Napoli,  Pellerano, 
1900.     8vo.     237  pp. 
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Pabomensky  (  a.  )•  Differential  and  integral  calonlos  with  applications 
to  analysis  and  geometry.  2d  edition,  revised.  St.  Petersbnig,  1901. 
8vo.     431pp.     (Russian.)  M.  12.00 

PiNCHESLE  (&.)•  Introdozione  al  corso  di  algebra  complementare  e  di 
geometria  analitica  ;  appnnti  redatti  per  nso  d^li  stadenti.  Bo- 
logna, Zaniobelli,  1901.    8vo.     66  pp.  Fr.  2.00 

Repertoire  bibliograpbiqne  des  soienoes  math^matiques.  8e  s^rie : 
fiobes  701 4  800.  9e  86rie :  fiobes  801 4  900.  Paris,  Gaatbier-Villars, 
1900.     18mo.     200  pp.  Fr.  4.00. 

Russell  (B.  A.  W.).  Essai  sar  les  fondements  de  la  g^m^trie.  Tra- 
duction par  A.  Cadenat,  revue  et  annot^epar  Pauteur  etpar  L.  Cou- 
turat.     Paris,  Gautbier-Villars,  1901.     8vo.    10  -f  274  pp. 

ScHiFF  ( y. ).  Collection  of  exercises  and  problems  in  tbe  differential  and 
integral  calculus.  Parts  I  and  II.  2d  edition.  St.  Petersburg, 
1900.     8vo.     405+599  pp.  (Runian.)  M.  15.00 

Solomon  (6.).  Plane  analytic  geometry.  2d  edition.  Moscow,  1900. 
8vo.     418  pp.     (Russian.)  M.  9.00 

.    Solid  analytic   geomeby.    2d    edition.     Moscow,    1900.     8vo. 

297pp.     (Russian.)  M.  6.50 

Spobeb(B.).  Niedere  Analysis.  2te  Auflage.  Leipzig,  Goscben,  1901. 
12mo.    176  pp.    Clotb.     (Sammlung  Goscben,  No.  53. )        M.  0.80 

Viv ANTi  ( G. ) .    See  Meter  (  F.  ) . 

II.     ELEMENTARY  MATHEMATICS. 
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ner,  1901.    8vo.    7  +  314  pp.     Cloth.  M.  2.60 
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Weber,  1901.  12mo.  8+135  pp.  Clotb.  (Weber's  illustrirte 
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Ghersi  (J.).  Metodl  facili  per  risolvere  i  problemi  di  geometria  ele- 
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GiKA  (D.).  Elements  of  geometry.  3d  edition.  Moscow,  1900.  8vo. 
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Chamberlain,  1901.    12mo.     12 +  276  pp.     Cloth.  $2.00 
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Lehrerbildongsaiistalten.  5te  Anflage.  RegeDsbtu^,  Habbel,  1901. 
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KoBDOiEN  (H.).  Das  matbematifohe  PeDsnm  for  das  Einjahrig-Frei- 
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Edition.     Paris,  Gauthier-Villars,  1900.     4to.  Fr.  4.40 

Malinin  (a.)  and  Egobof  (F.).  Geometry,  with  a  collection  of  geo- 
metrical problems.  5tb  edition.  Moscow,  1900.  8vo.  272  pp. 
(Russian.)  M.  3.50 

Michel  (F.).  Recueilde  problemesde  g^om^trie  analytique  4  Pusage 
des  classes  de  math^matiques  sp^ciales ;  solutions  des  probl^mes 
donnas  aux  concours  d'admission  a  PEcole  Polytechnique,  de  1860  k 
1900.     Paris,  Gauthier-Villars,  1900.     8vo.     240  pp.  Fr.  6.00 

MUBOMTSEF  ( A. ) .    See  GiK a  ( D. ). 

PiBTZKER  (F.).    See  Babdby  (E.). 

Pbesleb  (  O.  ) .    See  B ardey  (  E.  ) . 

Shmulevitch  (P.).  Collection  of  problems  in  trigonometry,  to  be  nsed 
in  preparing  for  the  examinations  at  mining,  technical,  and  other 
institutions.  St.  Petersburg,  1900.  8vo.  292 pp.,  2  phites.  (Rus- 
sian.) M.  4.50 

SiMASHKO  (F.).  Trigonometry.  5th  edition.  St.  Petersburg,  1900. 
8vo.    98  pp.     (Russian.)  M.  3.00 

Scorn  (G. ).  Elementi  di  aritmetica  ragionata  ad  uso  del  ginnasio  supe- 
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Socci  (A.)  e  Tolombi  (G.).  Elementi  di  geometria  secondo  il  metodo 
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Firenze,  Le  Monnier,  1901.     8vo.    21  4-93  pp.  Fr.  1.00 

.    Vol.  II:    per  la  V.  classe  ginnasiale.     Firenze,  le  Monnier,  1901. 

8vo.     Pp.  95-173.  Fr.  0.75 

Tobel  (E.  von).  Geometric  fur  Seknndarschulen.  Auflosungen  zu  den 
Aufgaben.    Ziirich,  FUssli,  1901.    8vo.   6 +  80  pp.    Boards.   M.  1.80 

ToLOMEi  ( G. ) .     See  Socci  ( A. ) . 

VoiNOF  (A.).  Collection  of  problems  in  geometry,  algebra  and  trigo- 
nometry.   2d  edition.     Moscow,  1899.     8vo.     148  pp.     (Russian.) 

M.  3.00 

Wells  (W.).  Plane  and  spherical  trigonometry.  With  four-place  ta- 
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III.     APPLIED  MATHEMATICS. 

Bakhuis-Roozeboom  (H.  W.).    See  Laab  (J.  J.  van). 
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Laab  (J.  J.  van).  Lehrbaoh  der  mathematisohen  Chemie.  Mit  einer 
Einleitang  von  H.  W.  Bakhais-Roozeboom.  Leipzig,  Barth,  1901. 
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Levy  (M.).  Lemons  sar  la  tbeorie  des  marges,  profess^es  an  Collie  de 
France.  ( En  2  volames. )  Vol.  I :  Theories  ^l^mentaires  :  formales 
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Mayb  (R.).  Ueber  Korper  von  kinetisoher  Symmetrie.  (Diss.) 
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F.R.S.,  Sadlerian  Profenor  of  Pore  MatbematioB,  Fellow  of  Trinity 
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phy  in  the  Royal  Institution,     Just  Ready,  Tol.  I.   aff.OO  t>eC. 
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ford Jr.  University.     Illnstrated.   New  Edition  Thoroughly  Revised, 

Cloth.    8to.    S*.  a  net. 
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4to.    Cloth,    race,  Sl.ao  net. 
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4to.    Cloth.    Price,  l.OO  net. 

Descriptive  Qeometry— Pure  and  Applied.  With  a  chapter  of 
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in  the  University  of  Tasmania.     Cambridge  University  Press. 
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SURFACES  WHOSE  FIRST  AND  SECX)ND  FUN- 
DAMENTAL  FORMS  ARE  THE  SECOND 
AND   FIRST   RESPECTIVELY  OF 
ANOTHER    SURFACE. 

BY  DB.   L.   P.   EI8ENHABT. 

( Bead  before  the  American  Mathematioal  Sooiety,  February  23, 1901. ) 

Thb  fundamental  theorem  in  the  theory  of  surfaces  is  :  * 
Given  two  quadratic  differential  forms 

/=  Edu'  +  2Fdudv  +  Gdv" 
W  ^  ^  j^^^t  ^  2iydudv  +  U'dv", 

of  which  the  first  is  definite^  in  order  that  there  exist  a  surface 
which  shall  have  f  and  ^  for  its  first  and  second  fundamental  forms 
respectively y  U  is  necessary  and  sufficient  that  the  coefficients  of  these 
forms  satisfy  the  Codazzi  equations 


dD     ziy 


dv        du 
(2) 

3w        dv 


{i^M{"}-{?})^+{"K» 


{?}^+ ({?}-{?})  ^-{?}^-» 

and  the  equation  of  Gatus 

,,-  VEO-F'ldv\         E  \^)) 


-U^i^^l\)\ 


EG—r 


where  the  Christoffel  symbols  \   .   \  are  formed  with  respect 

to  the  form/.     And,  moreover,  when  these  conditions  are  satis- 
fied the  corresponding  surface  is  unique  and  determinate. 

We  propose  now  to  determine  those  surfaces  S  with  fun- 
damental forms  (1)  which  have  associated  with  them  sur- 
faces Si,  whose  first  and  second  fundamental  forms  are,  re- 
spectively, 

*  Bianobi,  Lezioni,  p.  92. 
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Ddu'  +  2iydudv  +  ly^dv', 
Edu*  +  2Fdudv  +  OdiP. 
Denoting  by  subscript  j  functions  belonging  to  5„  we  have 

/i  =  ^i  =  ^1^^*  +  ^F.dudv  +  G.dv', 
ip^^  D,du^  +  2D^dudv  +  D^'dif. 

Comparing  these  wit|glM%bove,  we  remark  that  for  a  sur- 
face S^  satisfying  the  conditions  of  the  problem, 

(5)  E, ^D,F,=^  jy,  O,  =  D";  D,  =  E,  D/  =  jP,  D,"  =  G. 

It  is  evident  that  the  double  system  of  lines  which  is  con- 
jugate for  S  and  S^  is  composed  of  the  lines  of  curvature  on 
each  surface.  We  will  refer  both  surfaces  to  these  lines  ; 
then 

(6)  jP=0,        iy  =  o. 

With  this  special  choice  of  parametric  lines  the  Codazzi 
equations  become 

dp 

dv 
(7) 

and  the  Gauss  equation 

DD"      9  /    1    dx^G\   ,9/1    3^A_o 

In  order  that  S^  may  be  a  surface  the  coefficients  of  its 
fundamental  forms  must  satisfy  these  equations.  Hence  in 
order  that  S  may  be  the  kind  of  surface  sought,  it  is  neces- 
sary that  its  fundamental  coefficients  satisfy  the  conditions 

9E_    9Z)/E       (l\_ci 

dv    ^  dv\D'^  ly^)"^' 

(9) 

du    ^  du  \D^iy')     ^' 

and 

(10)       -^«-  +  A/_L9^'\+9_/_l_?^?\»0 


dv       ^  dv\E'^   0f~^' 
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dE 
Substituting  in  equations  (7)  the  expressions  for  ^    and 

^,  as  given  by  equations  (9),  we  get  in  each  case 

Denote  by  p^  and  p^  the  principal  radii  of  curvature  at  the 
point  (w,  v)  on  S;  then 

1^^^       l^iT 
P,     E'    p,      6' 

When  these  expressions  for  /Oj  and  ^,  are  replaced  by  the 
latter  in  the  equation  of  condition  (11),  it  becomes 

(12)  ±^^a^}\ 

P1P2     ypi    Ptf 

Hence  S  must  be  a  surface  for  which  the  total  curvature  at 
a  point  and  the  Casorati  *  curvature  are  equal.  Develop- 
ing equation  (12)  we  remark  that  it  is  necessary  that 

Pi  =  Pr 

Hence,  in  order  that  the  prst  and  second  fundamental  forms  of  a 
surfa^  S  may  determine  a  surface  for  which  these  forms  shall  he 
respectively  the  second  and  first  forms  it  is  necessary  thai  S  have  its 
two  radii  equal  and  of  the  same  sign. 

This  class  of  surfaces  has  been  the  object  of  a  study  by 
Monge,t  and  later  by  Forsyth.  J  The  former  has  shown 
that  the  sphere  is  the  only  real  surface  belonging  to  the  class. 
His  discussion  was  with  reference  to  the  differential  equa- 
tion of  the  second  order,  characteristic  of  such  surfaces,  viz. 

=  4(r<-0(l +?'  +  '?'), 

for  the  determination  of  which  the  surface  was  given  by  the 
equation 

*  "  M^snre  de  la  ooarbnre  des  surfaces  saivant  I'id^e  commune  ^\  Ada 
Mathematical  14,  2. 

t  AppIicatioD  de  Tanalyse  ^  la  geom^trie,  5th  ed.,  pp.  196-211. 

X  ^'NoteoD  surfaces  whose  radii  of  curvature  are  equal  and  of  same 
sign,"  Messenger  of  Mathematics,  new  series,  no.  321. 
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(14)  ^^My), 

and  where,  as  originally  denoted  by  Monge, 

,      dz    dz    d'z       dh      dh 

(15)  P,  (?,         r,         B,         <=3-,  g^,  g^,  g^-g^,  ^. 

Forsyth  int^rated  the  same  equation  (13)  by  a  process 
differing  from  that  used  by  Monge  and  found  that  all  such 
surfaces  are  given  by  eliminating  m  between  the  equations 

16)  y  +  /^  =  ^(m),  z-ix{l  +  fi')l  =  ^(/x) 

where  ^  and  (p  are  arbitrary  functions.  We  shall  now  de- 
termine the  forms  of  the  functions,  which  correspond  to  sur- 
faces furnishing  a  solution  to  our  problem. 

To  this  end  we  remark  that  the  notations  of  Oauss  and  of 
Monge  have  the  following  relations  : 

(17)  D^- 


s/  1  -h  i>^  -h  q' 


2)'=_^_^^,^^,   lyf  ' 


V  1+f  +  q^  ^/1+y^.^ 

It  is  evident  then  that  our  problem  reduces  to  the  finding 
of  <p  and  4'  such  that 

V  1+p^  +  q^ 

and 

(19)  1+/,  n.  i  +  5^  =  v/l^4   .' 

where  the  subscript ,  denotes  that  the  functions  belong  to  the 
associated  surface  S^, 

Substituting  for  the  functions  in  (18)  their  expressions 
as  derived  from  equations  (16)  and  from  the  similar  equa- 
tions 

y  +  !\x  =  <f,{!x,), 

2-iXl+0*  =  vS(^), 

corresponding  to  the  surface  5„  we  find  on  equating  to  zero 
the  coefficients  of  a;*,  x^  and  1,  the  following  relations  : 
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(20) 


(21) 


(22) 


(1 +;«')»"  1  +  M,' 
2/. 


(1  +  /«')» 


P?AB  =  2 


[f.V 


v'l+;£,'J 
2a>V 

-JL_  +  A^\v'<!>''  -  9"4n 
V  1  +  /»' 


(l-fM')*     1  +  ^" 
1 


^/^+ 


-At^B 


=  t(iV.v,  -  s/1  +  ;x,v.')  +  ;/i^ 

VI  +  /i' 

—  a  1 


(1 +  /.')'       !  +  /«." 

_^5=-2..'+-f:'.„ 


where,  for  the  sake  of  brevity,  we  have  written 

A \=-, 

(23)  W'  +  V  1  +  /iV' 

^  =  v^"  -  9'i(\  +  mO  -*  +  ^/^(l  +  mO  -*/'. 

The  similar  relations  arising  from  equations  (19)  can  be 
gotten  at  once  from  the  above  by  giving  subscripts  to  the 
terms  not  having  them  and   removing  them  from  those 
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which  have ;   we  shall  refer  to  these  relations  as  (20'), 
(21')  and  (22'),  respectively. 

From  the  first  relations  of  (20),  (21),  and  (22)  we  see 
that 

/*i  =  /^> 

hence  these  three  relations  and  the  corresponding  ones  in 
(20'),  (21')  (22')  may  be  replaced,  respectively,  by 

(24)  ^^+^ 


Combining  these  with  the  second  relations  of  (20),  (21), 
(22)  and  (20')  (21'),  (22'),  we  find  that  the  latter  may  be 
replaced  by 


i>/l  +  /.'[<*"  -  i(l  +  At')-*?'  +  t/t  (1  +  m')-*?"] 


(25)  '  v/l+;.» 

tVilvEv^/'  -  i(l  +  A*')-*^/  +  tM(l  +  i^*)-*f/'] 

=  +2sr'-2ii^(l  +  /i')-*- 

Differentiating  the  second  of  equations  (24)  and  combin- 
ing the  result  with  the  second  of  equations  (25)  and  both 
of  (24),  we  find 

(26)  S^/  =  /,        0/  =  ^'', 

hence  <p^  and  4\  can  differ  at  most  from  tp  and  v^',  respec- 
tively, by  an  additive  constant.  Hence  S  and  S^  are  the  same 
surface,  to  a  translation  prhs. 

Making  use  of  the  preceding  results,  we  find  that  the 
third  equations  of  (20),  (21),  (22),  (20'),  (21'),  and  (22') 
are  equivalent  to  the  single  one 

(27)        is/inr\<p'r  -  ^9>n  =  /  +  ^''. 

Expressing  this  relation  in  terms  of  ^  and  its  derivatives, 
we  find 

from  which  we  get 


(29)  ^^x/i  +  ^^  +  c,fi  +  C,, 
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where  C^  and  C,  are  arbitrary  constants.    On  substituting 
this  expression  in  (24),  we  find 


(30)  yp^cyi  +  fi'  +  fi  +  C,, 

C,  being  a  third  arbitrary  constant.     From  (29)  and  (30) 
we  get 


(31)  *=^  +  ^=(^i+l)('*+^l  +  ^')+^«  +  ^»' 

r=^-i^=(c,-i)(M-^/rT7)+c,-c,. 

It  is  readily  seen  that  equations  (16)  can  be  replaced  by 


y-w+(M-^/"lT7)a;=  r, 

where  ^  and  ^  have  the  expressions  (31).  Writing  in  these 
expressions 

C,  =  a,         C,^h,        C,=^ie, 

and  eliminating  fi  from  the  equations  (32)  thus  obtained  we 
get 

(x-^ay  +  Cy^by-h(z^cy^l; 

that  is,  a  sphere  of  center  (a,  b,  c)  and  radius  unity. 
Moreover,  only  when  the  radius  is  unity  are  the  conditions 
satisfied. 

We  have  then  the  following  results  : 

The  ruled  mrfaceSy  defined  by  the  equations 


are  the  only  surfaces  whose  first  and  second  fundamental  forms  can 
be  taken  for  the  second  and  first  fundamental  forms  of  a  surface. 
Further  the  second  surface  is  only  the  first  to  a  translation  pres. 
And  of  these  surfaces  the  only  real  one  is  the  sphere  of  radium 
unity, 

Pbinceton  Univkesity, 
February  14,  1901. 


Digitized  by  VjOOQIC 


424  GROUPS   GENERATED   BY   TWO   OPERATORS.  [July, 


ON  THE  GROUPS  GENERATED  BY  TWO 
OPERATORS. 

BY  DB.  G.  A.  MILLER. 

(Read  before  the  Amerioan  Mathematioal  Society,  April  27,  19U1.) 

It  is  well  known  that  the  only  abelian  groups  which  are 
generated  by  two  operators  are  those  whidi  have  just  two 
independent  generators.*  If  the  order  of  such  a  group  is  p* 
(  p  being  any  prime  number) ,  it  must  be  of  type  (m  ^a,  a). 
In  general,  if  the  order  of  any  one  of  these  abelian  groups 
is  written  in  the  form  2"*/)j"*|)8"'-  (p^,  |>„—  being  odd 
prime  numbers)  it  is  clear  that  at  least  one  of  the  sub^^oups 
of  orders  2"*,  p^''\  1>,"S"  contains  just  two  independent  gen- 
erators while  the  remaining  ones  (if  any)  are  cyclic 

When  the  two  generating  operators  are  not  commutative 
the  matter  becomes  much  more  diflBcult.  A  very  interest- 
ing and  simple  case  presents  itself  when  each  of  these  opera- 
tors («,,  «,)  is  of  order  two.  From  the  equation  «j«,  =  «,  we 
obtain  the  following  : 

Since  «i  and  «,  transform  «,  into  its  inverse  they  generate  the 
group  of  dihedral  rotations.f  By  properly  selecting  «,  and  «, 
the  order  of  «,  can  be  made  any  positive  integer  whatever.  J 
That  is,  every  group  that  is  generated  by  two  operators  of  order 
two  is  a  dihedral  rotation  group  and  every  dihedral  rotation  group 
IS  generated  by  two  operators  of  order  two.  When  the  order  of 
«3  is  two  this  group  is  abelian  and  vice  versa. 

From  the  known  theorems  which  we  proceed  to  give,  it 
follows  almost  directly  that  every  symmetric  group  and 
every  alternating  group  is  generated  by  two  operators.  ( 1 ) 
If  a  primitive  group  whose  degree  exceeds  8  contains  a  sub- 
stitution whose  degree  is  less  than  6,  it  is  alternating  or 
symmetric.  §  (2)  If  a  transitive  group  of  degree  n  contains 
a  substitution  whose  order  is  a  prime  number  j>>n/o  (a 
being  the  smallest  factor  of  n)  it  is  primitive.     (3)  If  two 

*  Frobenius  and  Stiokelberger,  Crelle^  vol.  86,  1879,  p.  217.  Only  non- 
oyolic  gronps  are  considered  in  the  present  note. 

tCf.  Klein,  Ikosaeder,  1884,  p.  9. 

X  American  Journal  of  Mathematics,  vol.  22,  1900,  p.  185. 

i.  Netto-Cole,  Theory  of  substitntions,  1892,  p.  138  ;  Bulletin,  vol.  4, 
1898,  p.  141. 
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substitutions  have  only  one  common  element,  their  commu- 
tator is  of  degree  three,  and  if  they  have  two  consecutive 
elements  in  common,  without  being  commutative,  their 
commutator  is  of  degree  four  and  order  two.*  (4)  There 
is  at  least  one  prime  number  between  m  and  2m  ^  2,  when- 
ever m>  7/2.t 

As  a  direct  consequence  of  the  la«t  theorem  we  have  the 
theorem  :  The  alternating  group  G  of  degree  n  contains  a 
substitution  Sy^  of  prime  order  p  >  n/2.  From  the  other 
three  theorems  it  follows  that  S,  and  any  circular  substitu- 
tion S,  which  involves  all  the  elements  of  O  that  are  not 
contained  in  S^  together  with  either  one  or  two  elements  of 
Sj,  generate  the  symmetric  group  when  S^  is  negative  and 
the  alternating  group  when  \  is  positive.  If  S,  is  positive 
when  it  has  one  element  in  common  with  Sj,  it  must  be  neg- 
ative when  it  has  two  elements  in  common.  Hence  every 
symmetric  and  every  alternating  group  whose  degree  ex- 
ceeds 8  is  generated  by  two  operators.  It  is  easy  to  verify 
that  this  theorem  is  also  true  when  n  ^  8J. 

It  has  been  observed  that  two  operators  of  order  two 
generate  a  group  which  is  well  known.  The  next  case  in  the 
order  of  simplicity  presents  itself  when  one  of  the  generat- 
ing operators  8^  is  of  order  three  while  the  other  5,  is  of 
order  two.  When  their  product  is  of  order  two,  three, 
four,  or  five,  these  operators  generate  the  symmetric  group 
of  order  6,  the  alternating  group  of  order  12,  the  symmetric 
group  of  order  24,  or  the  alternating  group  of  60  respec- 
tively. §  We  proceed  to  prove  that  /Sj  and  /S,  may  be  so  chosen 
that  they  generate  the  alternating  group  and  also  so  that  they 
generate  the  symmetric  group  of  every  degree  n  >  8.     Let 

s^  =  OiOaOj  •  a^a^a^ a^2a^_ia^,    s^  =  ctsa*  *  o^i dp-aO^-j. 

It  is  clear  that  «i«/  ^^  *  circular  substitution  of  degree  ii. 
We  shall  form  «,  by  adding  suitable  transpositions  to  s^. 
In  what  follows  p^s^n-^  a  will  be  used  to  represent  a  prime 

number  such  that  7i  —  2  >  p  >  -  and  it  will  be  assumed  that 

II  >  11  unless  the  contrary'  is  stated. 

When  71  =  <5  and  a  is  odd,  we  may  obtain  generators  of  the 
alternating  and  the  symmetric  group  by  multiplying  s^  by 
ajo^o+j  and  aio^a-s  •  a»_4an-i  respectively  ;  when  a  is  even,  the 


*Bochert,  Math.  Annalen,  vol.  40,  1892,  p.  176. 

tTchebichef,  Petersh,  Mem.,  vol.  6  (1851);  LiouciUe,  vol.  17  (1852). 

X  Cf.  Netto,  loc.  cii.,  p.  90. 

JCf.  Baraside,  Theory  of  Groups,  1897,  p.  291. 
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corresponding  multipliers  are  OiOsa.,  •  a^g.ia^  and  0^030+4  re- 

spectively.  By  using  the  «,  thus  obtained  and  the  given  s^, 
we  can  therefore  generate  any  alternating  or  symmetric 
group  whose  degree  exceeds  9  and  is  divisible  by  3.  When 
n  =  ^  +  1  and  a  is  odd,  we  may  multiply  «/  by  OiOso+i  •  opo^+i 

and  OiOjo-s  *  0'fi€Lfi+i  *  a^^a^i  respectively  to  obtain   the  re- 

quired  «, ;  while  the  corresponding  multipliers  are  ai<ha-t  * 

~2~ 

ap^ap^i  •  a/5_ia|5  and  aja/i+i  •  a^^+i  when  a  is  even.*     Finally, 

when  n  =  /5  +  2  and  a  is  odd,  suitable  factors  of  «/  are 
ttiCbtt-Hi  •  a^-ittp+i  '  o^a^+a  and  aiasa-5  *  a^-T^/s-*  *  O/s-ia^+i  *  «^<*p+2 ; 

2  X 

when  a  is  even  the  factors  are  aiajo-x  •  a^iajs+a  *  o^-4a^+l  *  O/a-iOp 

and  Oia^+i  •  a,asa+4  •  ^iga^+j,  respectively. 

2 

When  n  <  12,  it  is  easy  to  examine  the  cases  directly  and 
thus  prove  that  every  aUemating  group  with  the  exception  of 
those  of  degrees  3,  6,  7,  8  i«  generated  by  two  of  its  substitutions 
of  orders  two  and  three  respectively,  and  every  symmetric  group 
with  the  exception  of  those  of  degrees  5,  6,  S  is  generated  by  two  of 
its  substitutions  of  the  same  orders.  Hence  6  and  8  are  the  only 
degrees  for  which  neither  the  symmetric  nor  the  alternating 
gi'oup  is  generated  by  two  of  its  substitutions  of  orders  two 
and  three  respectively.  The  only  transitive  groups  gener- 
ated in  these  two  cases  are  of  orders  6,  12,  18,  24,  48,  60, 
168  and  336. 


A  CURIOUS  APPROXIMATE  CONSTRUCTION 

FOR  r. 

BY  MB.  OEOBOB  PBIBCE. 

(Read  before  the  American  Mathematical  Society,  April  27,  1901.) 

Construction:  J.C,  BD  are  perpendicular  diameters  of 
a  circle.  DE ^  AO,  CE  produced  cuts  BD  in  O  and  the 
circle  in  F, 

To  prove  that  -r  =  FC  +  BG  approximately. 


*  When  n  ==  13  we  may  assume  a  =  2,  Quar.  Jour,  of  Math.,  vol.  29 
(1898),  p.  228. 
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Draw  EPperpendicular  to  ^C.    Then  CE=r  \/S.    Also 
FE^AE'  ED/EG ^t{\/2-  1)/^/3. 


Therefore 


FC^  CE+FE^  M^6  -j-  2v/3). 


Again 


OG  =  PE'  OC/PC=  FE   OCjs/EC'  -  PE' 

;r(l  -  i  %/2)/^3- (l-iv/2)'  =  r(3  -  2  s/2), 


and 


BQ^BO+  OG=r(4-2v/2) 
Hence 

i^C+  -BG  =  r(4  -  2  %/2  +  f  ^/3"'+  J  %/6)=3.14277r. 

Now  TT  =  3.14159.  Hence  the  error  is  less  than  1/2600 
of  the  whole  ;  in  a  circle  of  75  yards  radius  the  error  would 
be  about  one  inch. 

Havebfobd  College. 
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NON-EUCLIDEAN  GEOMETRY. 

Non-Eadidean   Oeametry.     By   Henry   Parker    Manning, 

Ph.D.     Boston,  Ginn  &  Co.,  1901.     16mo.,  pp.  95. 

This  work  is,  as  far  as  we  know,  the  first  original  book 
upon  this  subject  that  has  been  published  in  English.  Per- 
haps, the  adjective  ''  original "  is  misleading,  for  the  author, 
in  his  preface,  disclaims  any  attempt  at  originality.  His 
object  is  to  collect  a  number  of  the  simpler  theorems  of  non- 
euclidean  geometry,  and  present  them  in  compact  and  log- 
ical form  to  readers  of  slight  mathematical  knowledge. 

At  the  outset,  he  avoids  a  dangerous  pit-fall :  metaphys- 
ics. To  pass  over  in  silence  all  of  those  philosophical  ques- 
tions which  lie  at  the  base  of  geometry,  would  be  unpardon- 
able in  a  book  of  more  ambitious  nature,  but  in  this  case,  the 
omission  seems  wise.  A  beginner  can  extract  but  little  profit 
from  discussions  of  the  foundations  of  geometry.  He  will 
accept  with  equal  gladness  Russell's  contention  that  the 
conception  of  geometrical  equality  depends  upon  that  of 
rigid  motion,  or  Veronese's  view  that  rigid  motion  presup- 
poses a  continuous  succession  of  geometrically  equal  figures. 
At  the  same  time  our  author  makes  a  mistake  in  throwing 
upon  the  elementary  text  books  the  responsibility  for  most 
of  the  fundamental  definitions  and  assumptions.  We  are 
left  in  doubt,  for  instance,  whether  he  considers  a  line  as  the 
path  of  a  moving  particle  or  the  boundary  of  a  surface.  It 
seems  also  a  mistake  to  lay  down,  as  universally  valid,  the 
axiom  that  two  straight  lines  can  meet  but  once,  for  spherical 
geometry  is  thus  excluded.  It  is  safe  to  say  that  spherical 
geometry  is  of  quite  as  much  importance  as  elliptic,  and  the 
study  of  such  a  figure  as  the  sphere  with  two  centers,  might 
well  prove  attractive  to  beginners.*  A  wiser  plan  would 
be  to  put  this  axiom  among  the  assumptions  for  restricted 
figures,  and  then  prove  that  if  space  may  be  moved  as  a 
whole,  two  straight  lines  can  not  intersect  more  than  twice,  f 

The  general  arrangement  of  the  book  seems  to  us  excel- 
lent. The  author  first  brings  out  the  points  of  similarity 
of  his  three  kinds  of  geometry,  then  develops  their  individ- 
ual peculiarities.  Moreover,  the  analytic  work  is  placed  at 
the  end,  out  of  consideration  for  those  readers  who  prefer  to 
avoid  trigonometry,  and  are  stampeded  by  the  calculus. 

*  Cod!.  Veronese,  Grundzuge  der  Geometrie  von  mehreren  Dimensionen 
(German  translation  by  Sobepp),  p.  503. 
t  Killing,  Grnndlagen  der  Geometrie,  p.  56. 


I 
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The  first  chapter  deals  with  **  Pure  Geometry  "  and  gives 
a  number  of  propositions  for  both  unlimited  and  restricted 
figures,  which  are  universally  valid  under  the  axioms  laid 
down.  Then  the  three  hypotheses  concerning  the  fourth 
angle  of  a  trirectangular  quadrilateral  are  stated  and  carried 
along  side  by  side  to  the  end  of  the  chapter. 

The  second  chapter  deals  with  **  Hyperbolic  Greometry '' 
and  develops  the  theory  of  intersecting,  parallel,  and  non- 
intersecting  lines  in  a  most  elementary  way,  with  a  short 
notice  of  boundary  and  equidistant  curves. 

The  third  chapter,  which  consists  of  five  pages  only,  is 
devoted  to  **  Elliptic  Greometry.''  Here  it  must  be  noticed 
that  the  author  passes  over  in  absolute  silence  the  most 
striking  peculiarity  of  the  elliptic  plane ;  namely  that  it  is 
a  unilateral  or  double  surface.  Now  not  only  is  this  a 
matter  of  great  importance  in  itself,  but  there  lurks  here  a 
very  serious  difficulty  for  the  beginner,  which  may  be  stated 
as  follows  :  Suppose  that  in  the  elliptic  plane  we  have  two 
straight  lines  a  and  b  lying  close  to  one  another  through- 
out their  whole  extent. 


Let  a  man  start  from  their  intersection  F  and  make  a 
complete  circuit  of  the  line  a.  If  he  starts  in  the  right  di- 
rection he  will  notice  that  6  will  at  first  lie  on  his  right 
hand  ;  yet  when  he  has  nearly  completed  the  circuit  and  is 
approaching  P  again,  b  will  seem  to  be  on  his  left,  and  the 
change  will  have  occurred  without  the  two  lines  crossing  in 
the  meanwhile.  Of  course  the  explanation  is  that  when  he 
draws  near  to  P  at  the  end  of  the  journey  his  head  is  point- 
ing in  the  opposite  direction  from  what  it  was  before  ;  but 
it  is  scarcely  fair  to  assume  that  a  banner  will  be  sharp 
enough  to  think  this  out. 

The  fourth  chapter  gives  the  analytic  development  of  what 
has  gone  before  and  the  book  closes  with  a  very  short  his- 
torical note. 

The  merits  of  the  book  are,  then,  a  judicious  choice  of  sub- 
ject matter,  and  logical  arrangement.  Also  the  author  has 
the  rare  gift  of  being  interesting.    The  defects  consist  in  care- 
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lessness  in  matters  of  detail,  and  occasional  lack  of  rigor  in 
demonstration.  For  instance,  the  whole  analytic  work  is 
based  on  the  connection  between  plane  and  spherical  tri- 
angles. In  Chapter  I,  part  3,  theorem  11,  we  find  the  state- 
ment that  spherical  trigonometry  is  the  same  nnder  all  three 
hypotheses,  and  the  reason  given  is  that  the  relations  of 
spherical  figures  depend  merely  upon  the  magnitude  of 
plane  and  diedral  angles.  But  the  connection  between  a 
spherical  and  a  diedral  angle  comes  through  the  plane  angle 
of  the  latter ;  what  right  have  we  to  assume  that  two  plane 
angles  of  the  same  diedral  angle  are  equal?  The  proof 
given  in  all  of  the  elementary  books  with  which  we  are 
familiar  is  based  on  parallel  lines,  and  hence  is  inadmissible 
in  the  present  case.  Incidentally,  all  propositions  concern- 
ing mutually  perpendicular  planes  stand  or  fall  with  the 
equality  of  these  plane  angles. 

Fortunately,  it  is  true  that  in  non-euclidean  geometry  two 
plane  angles  of  the  same  diedral  angle  are  equal.  An  easy 
proof  may  be  found  from  the  projective  definition  of  the 
magnitude  of  an  angle  with  regard  to  the  Absolute.  Or  a 
proof  more  suited  to  the  present  work  might  be  developed 
on  the  following  lines  :  The  magnitude  of  a  diedral  angle 
may  be  shown  to  vary  directly  with  the  plane  angle  at  any 
point.  Hence  two  plane  angles  of  the  same  diedral  angle 
have  a  constant  ratio.  When  one  plane  angle  is  0,  the  other 
is  an  arbitrary  multiple  of  2;r  which  we  are  at  liberty  to  as- 
sume is  0  also.  Then  when  one  angle  is  :r,  the  other  is  -n  also. 
Hence  the  factor  of  proportionality  is  1,  or  the  two  angles 
are  always  equal. 

The  treatment  of  continuity  is  obscure.  Axiom  4  states 
that  *  *  A  geometrical  magnitude,  for  example  an  angle, 
or  the  length  of  a  portion  of  a  line,  varying  from  one 
value  to  another,  passes  through  all  intermediate  values. '' 
This  seems  to  us  almost  romantically  vague.  Moreover, 
unless  we  embody  the  axiom  itself  in  our  definition  of  the 
word  **  vary,''  it  is  not  true.  For  instance,  if  we  mean  by 
an  angle  of  a  triangle  an  internal  angle,  as  is  habitual  in 
elementary  books,  and  if  the  base  of  a  triangle  is  fixed, 
while  the  opposite  vertex  describes  a  circumference  upon 
the  base  as  a  chord,  the  angle  will  vary  from  a  given  value 
to  its  supplement,  without  passing  through  any  intermedi- 
ate value.  Another  example  of  carelessness  in  treating 
continuity  occurs  on  page  13  where  we  find  the  state- 
ment that  if  a  line  move  so  as  always  to  cut  off  equal  dis- 
tance from  the  feet  of  two  perpendiculars  to  a  given  line, 
the  angles  which  it  makes  with  these  perpendiculars  vary 
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continuously.  This  is  of  fundamental  importance,  as  hereon 
rests  the  proof  that  the  same  quadrilateral-hypothesis  must 
hold  everywhere  in  the  same  plane,  but  it  should  not  be  left 
without  proof,  merely  because  it  is  plausible,  or  because 
we  ardently  wish  it  to  be  true. 

In  the  historical  note  at  the  end  are  serious  errors.  The 
author  states  (p.  92)  that  Saccheri,  after  developing  elliptic, 
hyperbolic,  and  parabolic  geometries  side  by  side,  states 
dogmatically  that  the  two  first  are  false.  Now  this  is  not 
only  incorrect,  but  it  conveys  an  unfair  impression  of  the 
Jesuit  mathematician.  He  does  not  state  dogmatically  that 
these  geometries  are  false,  but  gives  an  elaborate  and  in- 
genious sequence  of  propositions  in  each  case,  to  show  that 
the  system  is  self -contradictory.*  Again  the  author  states 
on  the  following  page,  that  elliptic  geometry  was  discovered 
by  Eiemann.  This  seems  to  us  rash.  It  is  by  no  means 
clear  whether  Eiemann  looked  upon  the  geodesies  of  a 
surface  of  constant  positive  curvature  as  cutting  in  one 
or  two  points :  the  probability  being  that  he  held  the 
latter  view,  so  that  it  is  customary  to  credit  Klein  and 
Newcomb  with  the  discovery  of  elliptic  geometry,  f 

We  may  say,  in  conclusion,  that  the  book  is  a  contribu- 
tion to  educational  rather  than  to  mathematical  literature. 
It  is  neither  a  scholarly  nor  a  profound  work,  but  comes  in 
answer  to  a  real  need,  and  marks  a  step  in  advance. 

Julian  Lowell  Coolidge. 

Harvard  University. 


BIANCHI'S  DIFFERENTIAL  OEOMETRY. 

Vorlemngen  uher  Differentialgeometrie.     Von  Luigi  Bianchi. 

Autorisierte   deutsche   Uebersetzung  von  Max   Lukat. 

Leipzig,  B.  G.  Teubner,  1896-1899.     Pp.  xvi  +  659. 

In  1886  Bianchi  published  a  lithographed  edition  of  his 
lectures  on  differential  geometry  given  at  the  University 
of  Pisa  during  the  winter  1885-86.  This  publication,  on 
which  the  book  now  before  us  is  based,  consisted  of  only 
fourteen  chapters.  The  Vorlemngen  contains  twenty-two. 
Professor  Loria,  of  Genoa,  says  of  the  lithographed  edition  :  J 


*Ck>Df.  Engel  und  Staeokel,  Die  Theorie  der  Parallellinien  von  £a- 
klid  bis  anf  GauBs,  pp.  67  and  109. 

t  Killing,  loo.  cit.,  p.  70.  Rossel,  The  Foundations  of  Geometry,  pp. 
39,  40. 

XJahrbuch  uber  die  Forischriiie  der  Mathematik,  1880,  p.  648. 
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^  ^  In  our  opinion  it  fills  a  lamentable  gap  in  mathematical 
literature  *  *  *  We  know  no  book  which  treated  ex 
profe^Bo  infinitesimal  geometrj'.  *  *  *  in  these  note- 
worthy lectures  we  have  to  admire  not  only  the  clearness 
of  presentation,  the  elegance  of  the  calculations,  and  the 
great  number  of  interesting  examples,  but  also  the  selection 
and  the  coordination  of  the  material.''  It  will  perhaps  be 
of  interest  to  give  the  headings  of  the  fourteen  chapters  of 
this  first  edition.  I.,  Space  curves  ;  II.,  Curvilinear  coor- 
dinates on  surfaces,  conformal  representation;  III.,  Geo- 
desic lines,  geodesic  curvature;  IV.,  Curvature  of  sur- 
faces ;  v..  Surfaces  defined  by  their  linear  element ;  YI., 
Developable  surfaces;  VII.,  Surfaces  one  of  whose  radii 
of  curvature  is  a  function  of  the  other;  VIII.,  Surfaces 
of  constant  curvature;  IX.,  Surfaces  whose  mean  curva- 
ture is  constant ;  X. ,  Surfaces  defined  by  properties  of 
their  lines  of  curvature;  XI.,  Ruled  surfaces;  XII., 
Curvilinear  coordinates  in  space,  triply  orthogonal  systems 
of  surfaces ;  XIII. ,  Elliptic  coordinates,  geodesic  lines  on 
the  ellipsoid ;  XIV. ,  Triply  orthogonal  Weingarten  sys- 
tems ;  Appendix,  Codazzi's  formulas. 

In  1894  appeared  the  enlarged  and  improved  G^eometria 
differenziale,  published  by  Spoerri  in  Pisa,  containing 
twenty  chapters.  The  mathematical  situation  was  then 
different,  for  during  these  eight  years  had  appeared  the  first 
three  volumes  of  Darboux's  Lemons  sur  la  th6orie  g6n- 
6rale  des  surfaces,*  a  work  which  in  the  words  of  Bianchi 
*  *  gives  a  complete  presentation  of  all  the  results  obtained 
in  the  field  of  infinitesimal  geometry.''  Bianchi's  book  has 
none  the  less  its  place,  and  that  an  honorable  one.  His 
aim  as  stated  in  his  preface  is  entirely  different  from  Dar- 
boux's.  Bianchi's  purpose  is  **  to  confine  himself  to  an  ex- 
planation of  the  principles  of  the  theory,  and  to  its  chief 
applications ;  to  collect  in  a  volume  of  moderate  compass 
everything  necessary  to  enable  beginners  *  *  *  themselves 
to  read  the  original  memoirs."  That  Bianchi  .has  suc- 
ceeded in  this  task  is  evident.  That  this  purpose  is  indeed 
different  from  Darboux's  will  appear  to  all  who  read  the 
latter' s  book. 

The  Geometria  differenziale  is  not  merely  the  litho- 
graphed edition  with  six  additional  chapters.  Apparently 
the  whole  book  has  been  re-written,  and  the  subjects  are 
taken  up  in  somewhat  different  order  and  in  different  con- 
nections.    I  cannot  compare  this  book  in  any  detail  with 

*  Referred  to  in  this  review  as  "  Darboux." 
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the  original  lithographed  edition,  for  I  have  not  been  able 
to  obtain  a  copy  of  the  latter. 

Shortly  after  the  appearance  of  the  Geometria  differen- 
ziale,  a  Grerman  translation  this  work  was  undertaken  by 
Max  Lukat.  The  translation  was  published  under  the  title 
of  Vorlesungen  iiber  Differentialgeometrie.  This  edition 
appeared  in  three  parts,  of  which  the  first  was  published  in 
1896,  the  last  in  1899.  All  references  in  the  following 
pages  are  to  the  German  edition. 

I  shall  now  consider  in  some  detail  the  contents  of  the 
Greometria  differenziale.  The  first  chapter  on  **  Curves 
of  double  curvature  'Ms  a  brief  and  complete  exposition  of 
the  principal  properties  of  space  curves.  In  it  are  discussed 
much  the  same  questions  that  are  taken  up  by  Picard  in 
Chapter  XI.  and  in  the  following  chapters  of  the  first 
volume  of  his  Trait6  d'analyse.  Bianchi's  treatment  is 
usually  concise  and  clear.  It  is  noticeable,  however,  that 
he  uses  for  the  direction  cosines  of  the  principal  directions 
of  a  curve  at  any  point  the  expressions  cos  «,  cos  /5,  etc.,  in- 
stead of  employing,  as  is  customary  with  French  writers, 
single  letters  for  these  quantities.  It  seems  to  me  that  the 
French  practice  is  to  be  preferred. 

In  this  chapter  there  is  no  explanation  of  the  term  **edge 
of  regression, '^  in  the  treatment  of  developable  surfaces. 
Such  an  explanation  as  is  to  be  found  for  example  in  Picard, 
1.  c,  I.,  p.  298,  would  add  to  the  value  of  the  discussion. 
It  is  perhaps  worth  mentioning  that  Bianchi  does  not  sup- 
pose his  coordinate  axes  disposed  as  French  and  German 
writers  generally  do,  but  adopts  the  so-called  "  English  dis- 
position.'' 

In  the  second  chapter  we  have  the  analytic  foundation 
of  the  book,  a  study  of  quadratic  differential  forms. 
Bianchi  defines  the  first,  second,  and  mixed  differential 
parameters,  and  states  in  a  remark  (p.  47)  that  all  the  dif- 
ferential parameters  of  two  arbitrary  functions  U  and  F, 
formed  from  a  binary  quadratic  differential  form,  may  be 
obtainM  by  repeated  applications  of  the  symbols  A„  A„ 
and  V,  which  indicate  the  first,  second,  and  mixed  differ- 
ential parameters,  respectively.  For  a  proof  he  refers  to 
Darboux,  III.,  p.  260.  The  reference  should  be  to  page  203. 
This  mistake  in  the  Italian  is  not  corrected  in  the  transla- 
tion. The  proof  given  by  Darboux  is  simple  and  short,  and 
might  with  advantage  have  been  reproduced  by  Bianchi. 
The  several  symbols  of  Christoffel  are  then  defined.  These 
symbols  are  used  throughout  the  book.  As  the  author 
says  in  his  preface,  they  have  the  advantage  of  giving  the 


Digitized  by  VjOOQIC 


434  BIANCHI'S   DIFFERENTIAL   GEOMETEY.  [J^ly? 

formulaB  a  simple  and  elegant  appearance  which  makes 
them  easier  to  remember.  While  I  a^ee  fully  with  this 
statement,  I  am  not  yet  convinced  that  the  use  of  these 
symbols  is  entirely  desirable.  To  one  not  accustomed  to 
them,  they  have  always  a  strange  look,  and  surely  many 
an  American  reader,  at  least,  must  turn  back  to  the  defi- 
nitions if  ever  he  wants  to  know  what  a  formula  really 
means.  It  is  questionable  too  if  it  is  desirable  to  memorize 
the  complicated  formulas  of  differential  geometry.  On  the 
other  hand  it  may  be  urged  that  the  formulas  would  be  of 
great  complexity  and  of  ungainly  appearance  without  the 
use  of  ChristoffePs  symbols.  Often  that  is  the  case.  It 
would  be  easy  to  mention  books  where  it  is  so.  But  Dar- 
boux  does  not  use  them,  and  I  think  no  book  is  more  el^ant 
in  style  and  appearance  than  his.  It  is  finally  a  matter  of 
taste.  The  chapter  contains  also  a  study  of  the  equivalence 
of  two  quadratic  forms.  One  other  criticism  of  this  very 
important  chapter  must  be  made.  The  whole  chapter  would 
be  much  more  readily  understood  by  the  beginner,  and  so 
more  in  accord  with  the  purpose  of  the  book,  if  the  theory 
had  been  developed  for  binary  forms  instead  of  for  forms  in 
n  variables.  The  binary  form  is  the  only  one  used  in  the 
study  of  surfaces.  Let  those  who  will  study  surfaces  in  n 
dimensions  generalize  for  themselves,  and  let  the  student  of 
surfaces  in  space  not  be  forced  to  swallow  what  he  cannot 
digest. 

The  next  seven  chapters  (III.-IX.)  contain  an  admirable 
development  of  the  general  theory  of  surfaces.  Their  head- 
ings are  as  follows :  III. ,  Curvilinear  coordinates  on  sur- 
faces, conformal  representation  ;  IV. ,  The  fundamental 
equations  of  the  theory  of  surfaces ;  V. ,  Spherical  repre- 
sentation after  Gauss,  plane  coordinates ;  VI. ,  Geodesic 
curvature,  geodesic  lines;  VII.,  Applicable  surfaces; 
VIII.,  Deformation  of  ruled  surfaces;  IX.,  Evolute  sur- 
faces and  the  theorem  of  Weingarten. 

Bianchi's  consistent  point  of  view  in  these  chapters,  and 
indeed  throughout  the  book,  is  that  the  study  of  surfaces  is 
the  study  of  two  simultaneous  quadratic  differential  forms  ; 
the  **  first  fundamental  form''  being  the  square  of  the  lin- 
ear element 

ds'  =^dx'  +  df  +  dz^  =  Edu'  +  2Fdudv  +  Gdv"  ; 

the  **  second  fundamental  form ''  is 

Xd'x  +  Yd^y  ^-M'z^-  {^dXdx  +  dYdy  +  dZdz) 
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The  letters  X  Y,  Z  denote  the  direction  cosines  of  the  nor- 
mal to  the  surface  at  the  point  (a:,  y,  z).  These  seven 
chapters  are  admirably  done,  and  contain  thoroughly  clear 
discussions  of  many  most  interesting  and  fundamental 
problems.  I  feel  that  the  author  is  to  be  taken  to  task, 
however,  for  advising,  in  his  preface,  the  beginner  to  omit 
the  eighth  chapter  (on  the  deformation  of  ruled  surfaces). 
It  is  not  an  especially  difficult  chapter,  but  it  is  an  espe- 
cially interesting  one,  and  no  one  should  omit  it.  Chapter 
III.  deals  with  the  fundamental  properties  of  curvilinear 
coordinates  on  a  surface.  The  conformal  representation  of 
a  surface  upon  a  plane  or  upon  another  surface  is  then  stud- 
ied by  means  of  isothermal  systems  of  coordinates.  In  the 
study  of  isothermal  systems,  the  author  omits  to  prove  that 
it  is  necessary,  as  well  as  sufficient,  in  order  that  the  curves 
(m,  v)  form  an  isothermal  system,  that  the  linear  element  in 
terms  of  these  coordinates  be 

A  simple  proof  of  the  necessity  of  this  condition  is  given  by 
Darboux,  Volume  I. ,  p.  146.  Bianchi  makes  no  use  of  **  sym- 
metric coordinates,^'  which  are  the  parameters  of  the  mini- 
mal curves  of  the  surface.  These  coordinates  seem  to  me 
.  to  furnish  the  simplest  method  of  treating  the  problems  of 
conformal  representation.  Bianchi  fails  also  to  refer  to  the 
subject  of  the  ordinary  maps  of  a  sphere,  such  as  Mercator's 
projection.  This  jsubject  furnishes  one  of  the  most  direct 
and  interesting  applications  of  conformal  representation. 
The  chapter  closes  with  a  study  of  stereographic  projection, 
where  the  author  shows,  following  Cayley,  that  the  move- 
ments of  a  sphere  on  itself  may  be  represented  by  a  linear 
substitution  with  constant  coefficients. 

The  fourth  chapter  begins  the  discussion  of  the  two  fun- 
damenta.1  forms  of  the  surface.  The  formulas  connecting 
the  coefficients  E^  F,  G,  D,  D',  D"  of  the  two  forms,  due 
to  Mainardi  and  Codazzi,  are  deduced.  There  follows  a 
clear  and  simple  discussion  of  the  problem  of  determining 
the  surface,  having  given  the  coefficients  of  the  fundamental 
forms.  This  discussion  seems  to  me  one  of  the  best  things 
in  the  book.  One  footnote  in  this  chapter  will  hardly 
please  the  reader.  On  page  95  we  are  referred  for  a  proof  of 
a  simple  theorem  in  differential  equations,  **  for  example, 
[to]  C.  Jordan,  Cour  d'analyse,  vol.  III.''  Such  an  in- 
definite reference  is  of  no  value,  and  is  even  irritating. 
Moreover,  I  cannot  find  that  Jordan  gives  explicitly  the 
theorem  referred  to. 
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The  last  part  of  the  chapter  contains  applications  of  the 
results  of  the  first  part  to  proofs  of  the  theorems  of  Euler 
and  Meusnier  on  the  curvature  of  the  curves  of  a  surface 
passing  through  any  point  of  the  surface.  The  celebrated 
theorem  of  Gauss  on  the  total  curvature  of  a  surface  at  any 
point  is  then  proved.  Finally,  the  indicatrix  of  Dupin  is 
discussed.  Bianchi  departs  from  what  is,  I  believe,  the 
general  usage,  in  calling  the  indicatrix  at  a  hyperbolic  point 
of  a  surface  the  two  conjugate  hyperbolas.  By  so  doing 
there  is  a  certain  loss  of  generality  in  the  definition  of  the  in- 
dicatrix. In  the  Vorle»ungen  are  inserted  in  the  proper  place 
(p.  114)  the  differential  equations  of  the  lines  of  curvature 
and  of  the  asymptotic  lines  of  a  surface  having  its  equation 
in  the  form,  z  ^f(^xy).  In  the  Italian  these  equations 
were  accidentally  omitted,  and  were  printed  at  the  end  of 
the  book. 

Chapter  V.  treats  Gauss's  spherical  representation  of  the 
surface,  and  tangential  or  plane  coordinates.  Especially  to 
be  noticed  in  this  chapter  are  the  formulas  of  Bonnet  and 
of  Enneper  relative  to  the  torsion  of  asymptotic  lines,  the 
study  of  a  surface  referred  to  its  asymptotic  lines,  the  for- 
mulas of  Lelieuvre,  and  the  discussion  of  some  particular 
problems  (p.  144).  Bianchi  defines  a  moulding  surface 
{surface  moulure^  Gesimsfldche)  as  a  surface  generated  by  a 
plane  curve  whose  plane  rolls  without  slipping  on  anj^  de- 
velopable  surface.  By  Darboux  and  some  other  writers  the 
term  is  applied  only  when  the  developable  surface  is  cylin- 
drical. 

It  is  not  desirable  to  discuss  in  detail  all  the  chapters  of 
Bianchi's  book,  pointing  out  what  the  author  has  omitted 
that  might  have  been  put  in,  and  describing  and  criticizing 
his  methods.  It  seems  to  me  that  it  will  give  a  good  idea 
of  the  scope  and  completeness  of  the  book  to  discuss  in  con- 
siderable detail  one  chapter  of  the  book,  and  to  compare 
that  with  the  writings  of  other  authors  on  the  same  subject. 
I  have  chosen  for  that  purpose  the  sixth  chapter,  on  geo- 
desic curvature  and  geodesic  lines,  because  it  is  both  inter- 
esting and  typical.  I  shall  compare  this  chapter  with  the 
part  of  Darboux' s  work  which  treats  the  same  subject.  It 
is  to  be  remembered  that  the  purposes  of  the  authors  are 
utterly  different,  and  that  the  standard  of  comparison  is  the 
most  difficult  that  could  be  set.  The  comparison  is  not 
meant  to  be  in  any  way  disparaging  to  Bianchi.  It  is  in- 
tended merely  to  show  how  much  about  any  subject  we  may 
expect  to  find  in  his  book,  and  to  illustrate  the  choice  and 
coordination  of  material  which  he  has  made. 
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The  Bixth  chapter  of  Bianchi's  Varlemrtgen  conBists  of 
thirty-two  pages.  Darboux  devotes  to  the  same  subject 
about  two  hundred  and  forty  pages,  printed  somewhat  more 
closely,  besides  a  discussion  of  mechanics,  based  on  the 
treatment  of  geodesic  lines,  covering  seventy-three  pages. 
Bianchi  defines  first  the  geodesic  or  tangential  curvature, 
and  obtains  the  analytic  expression  for  the  tangential  cur- 
vature of  the  coordinate  lines  supposed  orthogonal.  Fol- 
lowing Bonnet,  he  then  obtains  by  the  use  of  differential 
parameters  the  geodesic  curvature  of  any  line  of  the  surface, 
^(u,  v)  =  0.  Darboux  defines  geodesic  curvature  at  first  in 
the  same  way  in  a  chapter  (Livre  V.,  Ch.  I.)  on  '*  Formules 
g^n^rales,''  and  notes  that  the  center  of  geodesic  curvature 
is  the  intersection  of  the  axis  of  the  osculating  circle  of  the 
curve  with  the  plane  tangent  to  the  surface  at  the  point 
considered.  Darboux  obtains  his  expression  for  the  geodesic 
curvature  from  kinematical  considerations.  Later  (Livre 
VI.,  Ch.  VI.)  he  gives  various  other  definitions  and  prop- 
erties of  the  geodesic  curvature,  and  finally  in  a  chapter  on 
differential  parameters  (Livre  VII.,  Ch.  I.)  we  find  Bon- 
net's expression  for  the  geodesic  curvature  of  any  curve. 
Bianchi  gives  next  Liouville's  expression  for  the  total  cur- 
vature of  a  surface  at  any  point  expressed  in  terms  of  the 
geodesic  curvature  of  the  coordinate  lines  supposed  orthog- 
onal. From  this  expression  may  at  once  be  proved  the 
theorem  that  only  on  surfaces  of  constant  negative  curva- 
ture can  there  exist  two  orthogonal  families  of  curves  hav- 
ing all  the  same  constant  geodesic  curvature. 

Bianchi  then  defines  geodesic  lines  on  a  surface  as  lines 
whose  principal  normals  coincide  always  with  the  normals 
to  the  surface.  The  differential  equation  of  the  geodesies  is 
next  obtained  in  several  forms.  Darboux  obtains  practi- 
cally the  same  equations  (Livre  V.,  Ch.  IV.),  starting 
again  from  kinematical  considerations.  Darboux  obtains 
also  the  differential  equation  of  the  geodesic  lines,  in  a  form 
which  is  frequently  useful,  by  defining  them  as  the  shortest 
lines  of  the  surface  between  two  points  of  the  surface,  and 
by  solving  the  simple  problem  in  the  calculus  of  variations 
posed  by  this  definition.  I  regret  that  Bianchi  does  not 
study  at  all  this  problem  of  the  calculus  of  variations.  He 
merely  states  its  result  (p.  154).  Darboux  next  calls  at- 
tention to  the  fact  that  the  minimal  curves  of  the  surface 
are  geodesic  lines  in  the  sense  that  they  satisfy  the  differen- 
tial equation  of  the  geodesies.  He  shows  also  how  they 
satisfy  the  first  definition  given  for  geodesies.  We  may 
note  here  that  Bianchi  makes  no  mention  of  the  minimal 
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curves  of  a  surface,  so  far  as  I  know,  throughout  the  book. 
This  seems  to  me  unfortunate.  For,  though  these  curves 
are  always  imaginary,  they  are  of  considerable  interest,  and 
sometimes  of  use  in  solving  problems  concerning  the  real 
elements  of  surfaces.  They  have  many  curious  properties 
which  deserve  mention  in  such  a  book  as  Bianchi's.  Be- 
sides being  geodesic  lines,  they  are  all  lines  of  curvature, 
and  furnish  the  only  exception  to  the  theorem  proved  by 
Bianchi  (p.  166)  that  all  geodesic  lines  which  are  at  the 
same  time  lines  of  curvature  are  plane  curves.  Another 
property  of  these  curves  is  the  following,  proved,  for  ex- 
ample, by  Raffy,  Applications  g6om6ti*iques  de  1' analyse,  p. 
147  :  The  only  surfaces,  not  spheres,  all  of  whose  points  are 
umbilics  are  developable  surfaces  whose  edges  of  regression 
are  minimal  curves.  All  these  theorems  are  omitted  by 
Bianchi.* 

A  considerable  r61e  in  the  theory  of  geodesic  lines  is 
played  by  the  problem  of  determining  in  how  far  the  geo- 
desic lines  are  the  shortest  lines  of  the  surface  between  two 
of  their  points.  Fundamental  for  this  problem  is  the  sys- 
tem of  **  polar  coordinates''  consisting  of  the  geodesies 
radiating  from  a  point  of  the  surface  and  their  orthogonal 
trajectones.  Before  such  a  system  can  be  used  as  a  coor- 
dinate system  it  is  necessary  to  know  that  any  point  of  a 
surface  can  be  surrounded  by  a  region  in  which  the  geo- 
desies issuing  from  the  point  do  not  again  intersect.  This 
is  a  point  assumed  by  most  writers,  among  them  Bianchi. 
Darboux  proves  the  theorem  very  carefully  (Volume  II.,  p. 
408).  This  theorem  assumed,  it  is  easy  to  prove  that  the 
geodesic  line  is  actually  the  shortest  line  from  the  origin  of 
the  polar  coordinates  to  any  point  of  the  surrounding  region. 
This  fact  is  proved  by  Bianchi  (p.  163).  The  minimum 
properties  of  the  geodesies  are  not  further  considered  by 
him.  Darboux  devotes  a  very  interesting  chapter  of  twenty- 
six  pages  (Livre  VI.,  Ch.  V.)  to  this  subject.  This  chap- 
ter is  to  a  considerable  extent  the  application  of  Jacobi's 
work  in  the  calculus  of  variations  to  the  special  problem  of 
the  geodesic  lines.  In  §80  Bianchi  returns  to  the  differen- 
tial equation  of  the  geodesies  and  obtains  for  it  a  n^w  form, 
due  to  Gauss,  in  terms  of  the  angle  which  a  geodesic  makes 
with  one  of  the  coordinate  curves.  This  equation  he  uses 
to  give  a  new  definition  of  geodesic  curvature,  which  is 
the  natural  generalization  of  the  curvature  of  a  plane  curve. 
The  author  next  discusses  systems  of  geodesically  parallel 

♦  See  p.  93. 
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curves,  defining  them  and  obtaining  the  necessary  and  suf- 
ficient condition  that  a  given  family  of  curves  shall  be  geo- 
desically  parallel.  In  the  next  section  he  discusses  the  sub- 
ject of  geodesic  circles.  Bianchi  defines  a  geodesic  circle  as 
the  locus  of  a  point  whose  geodesic  distance  from  a  fixed 
point  is  constant ;  Darboux  defines  a  geodesic  circle  as  a 
curve  of  constant  geodesic  curvature.  Both  authors  call 
attention  to  the  fact  that  these  definitions  are  not  in  general 
coincident.  Neither  discusses  the  question.  Bianchi  states 
in  a  footnote  (p.  162),  that  the  two  definitions  are  equi- 
valent for  surfaces  of  constant  curvature,  but  gives  no 
proof.  The  statement  may  be  proved  in  a  couple  of  lines,  and 
might  perhaps  well  have  been  proved.  The  consideration  of 
this  problem  leads  to  the  more  general  theorem  that  the  nec- 
essary and  sufficient  condition  that  each  curve  of  one  family 
of  concentric  geodesic  circles  (in  Bianchi' s  sense)  should  have 
constant  geodesic  curvature  is  that  the  total  curvature  of 
the  surface  should  be  constant  along  each  curve.  This  may 
be  otherwise  stated  :  The  necessary  and  sufficient  condition 
that  there  exist  on  a  surface  a  single  family  of  concentric 
geodesic  circles,  such  that  the  geodesic  curvature  of  each 
circle  is  constant,  is  that  the  surface  shall  be  applicable  to 
a  surface  of  revolution  so  that  the  geodesic  circles  fall  on 
the  latitude  circles  of  the  surface  of  revolution. 

It  is  noticeable  that  Bianchi  has  very  little  to  say  about 
curves  of  constant  geodesic  curvature.  In  the  last  section 
of  the  chapter  (§91)  he  proves  the  theorem  :  A  doubly 
orthogonal  system  of  curves  of  constant  geodesic  curvature 
is  always  isothermal,  and  conversely,  if  one  family  of  curves 
of  an  isothermal  system  be  curves  of  constant  geodesic  curva- 
ture, the  curves  of  the  other  family  will  also  be  of  constant 
geodesic  curvature.  We  have  no  discussion  of  the  isoperi- 
metrical  problem  on  a  surface.  The  solution  of  this  problem 
gives,  as  is  known,  always  a  curve  of  constant  geodesic  curva- 
ture. This  and  analogous  problems  are  discussed  at  length 
by  Darboux  in  a  chapter  on  '^Les  cercles  g^odfeiques ' ' 
(Livre  VL,  Ch.  VI.).  It  seems  to  me  that  the  subject  of  cur- 
ves of  constant  geodesic  curvature  is  worthy  of  even  fuller 
discussion  than  that  given  by  Darboux.  It  would  be  interest- 
ing, for  example,  to  find  what  surfaces  admit  such  curves 
which  are  in  general  closed  ;  for  on  such  surfaces  the  isoper- 
imetrical  problem  is  of  especial  interest.  That  these  curves 
are  not  generally  closed  appears  from  the  fact  that  a  surface 
may  be  passed  through  any  curve  without  singularities, 
so  that,  for  that  surface,  the  curve  is  of  constant  geodesic 
curvature.     In  §83,  Bianchi  takes  up  the  subject  of  geode- 
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sic  conies,  and  gives  a  concise  treatment  of  them.  He 
omits  the  discussion  of  surfaces  on  which  there  exist  fami- 
lies of  curves  which  may  be  regarded  in  more  than  one  way 
as  geodesic  conies.  These  surfaces  are  surfaces  for  which 
the  linear  element  may  be  written  in  the  form  known  by 
the  name  of  Liouville,  as  is  proved  by  Darboux  (Volume  8, 
p.  17).  Next  are  taken  up  the  subjects  of  the  torsion  of  the 
geodesic  line,  and  of  the  geodesic  torsion  of  any  curve  of 
the  surface.  In  a  footnote  is  added  the  interesting  expres- 
sion for  the  torsion  of  a  geodesic  line,  when  the  lines  of 
curvature  are  chosen  as  co5rdinate  curves.  In  the  next 
two  sections  are  taken  up,  briefly,  methods  of  finding  the 
geodesic  lines  of  a  surface  from  an  int^ral  of  the  partial 
differential  equation  J,^=  1.  Though  these  sections  are 
naturally  much  less  complete  than  Darboux*  s  treatment  of 
the  same  subject,  we  find  in  them  the  important  results  of 
the  theory.  These  methods  are  then  applied  to  Liouville's 
surfaces  and  to  surfaces  of  revolution.  The  equation  of 
any  geodesic  line  on  a  Liouville' s  surface  is  9^/9a  =  6, 
where 

0  =  J\/a(u)  +  a  du db  J^y^iy)  —  a  •  dv, 

a  and  h  being  arbitrary  constants.  As  is  proved  by  Bianchi, 
the  curves  (t^,  v)  are  at  the  same  time  isothermal  coordi- 
nates and  the  parameters  of  families  of  a  system  of  confocal 
geodesic  conies.  It  is  easily  seen  that  the  *  *  ground  curves ' ' 
of  the  families  of  conies  are  any  two  curves  0  =  constant, 
with  opposite  connecting  signs,  where  the  same  value  is 
given  to  a  in  both  cases.  From  this  it  follows,  as  stated 
above,  that  the  system  of  geodesic  conies  (m,  v)  may  be  re- 
garded as  conies  in  an  infinite  number  of  ways,  i.  e. ,  for  all 
values  of  a.  In  his  discussion  of  the  geodesies  on  a  surface  of 
rotation,  Bianchi  obtains  **  Clairaut's equation,*'  rsin  (!'  =  k. 
In  the  last  paragraph  of  the  section  (p.  174)  is  the  obvious 
slip,  for  the  ease  where  the  surface  has  a  maximum  circle 
of  latitude  :  '*  die  Curve  verlauft  ganz  innerhalb  der  Zone, 
in  der  die  Radien  der  Parallelkreise  nicht  grosser  sind  als 
h. ' '  For  grosser  read  kleiner.  This  mistake  occurs  in  the 
Ita,lian,  and  was  not  corrected  in  the  translation.  Darboux 
discusses  ( Volume  3,  pp.  2-9)  the  determination  of  surfaces  of 
revolution,  all  of  whose  geodesies  are  closed  curves;  Bianchi 
omits  this  discussion.  Finally  (§90)  we  have  a  very  neat 
and  simple  proof  of  Gauss's  theorem,  that  the  total  curva- 
ture of  a  geodesic  triangle  is  equal  to  the  excess  of  the  sum 
of  its  angles  over  two  right  angles.  Darboux  gives  a  very 
elaborate  discussion  of  the  properties  of  geodesic  triangles 
based  on  Gauss's  memoir  of  1828  (Livre  VI.,  Ch.  VIII.). 
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There  are  various  problems  connected  with  geodesic  lines 
to  be  found  in  other  parts  of  the  volume.  For  example,  on 
page  436  is  discussed  very  simply  the  problem  of  finding  the 
surfaces  which  can  be  represented  in  such  a  way  on  the 
plane  that  the  geodesies  of  the  surface  are  represented  by 
the  straight  lines  of  the  plane.  Darboux  gives  an  entirely 
different  proof ,  longer  but  simpler  in  some  respects,  and  dis- 
cusses the  more  general  problem  of  the  **  geodesic  represen- 
tation '*  of  one  surface  on  another. 

In  closing  my  account  of  this  chapter  I  must  say  that  it 
appears  to  me  a  most  admirable  one.  All  the  principal  re- 
sults of  the  theory,  with  almost  insignificant  exceptions,  are 
given  in  very  small  compass  and  in  perfectly  clear  form. 

Of  the  remaining  chapters  I  can  give  but  a  brief  sum- 
mary. In  writing  this  summary  I  have  followed  a  short 
review  of  Bianchi's  book  published  by  Darboux  in  the  Bul- 
letin des  Sciences  mathematigues.  Volume  32  (1897),  p.  253. 
Chapter  VII.  contains  the  fundamental  theorems  relative  to 
applicable  surfaces.  Chapter  VIII.  discusses  ruled  surfaces, 
especially  the  problem  of  the  deformation  of  such  surfaces. 
In  it  are  given  the  chief  results  of  Chasles,  Bonnet,  Mind- 
ing, and  Beltrami.  Chapter  IX.  discusses  evolute  surfaces, 
and  begins  the  study  of  surfaces  known  as  W  or  Weingarten 
surfaces,  for  which  there  exists  a  relation  between  the  two 
principal  radii  of  curvature  of  the  surface  at  every  point. 
Chapter  X.  gives  the  infinitesimal  theory  of  rectilinear  con- 
gruences. Chapters  XI.  and  XII.  treat  the  infinitesimal 
deformation  of  surfaces  and  the  correspondence  of  sur- 
faces with  orthogonal  elements.  Chapter  XIII.  discusses 
*' cyclical  systems,  ^^  that  is  to  say  congruences  of  circles 
normal  to  a  family  of  surfaces.  Chapter  XIV.  discusses 
the  elements  of  the  theory  of  minimal  surfaces.  In 
Chapter  XV.  is  given  a  very  detailed  study  of  Schwarz's 
minimal  surface  bounded  by  four  contiguous  edges  of 
a  regular  tetrahedron.  Chapter  XVI.  studies  the  con- 
formal  representation  of  a  pseudo-spherical  surface  on 
the  half  plane.  Chapter  XVII.  contains  a  study  of  the 
transformations  of  surfaces  of  constant  curvature.  Chap- 
ters XVIII.,  XIX.,  and  XX.,  the  last  three  chapters  of 
|;he  Italian  edition,  contain  a  summary  of  the  theory  of 
orthogonal  curvilinear  coordinates  in  space  or  of  triply 
orthogonal  systems  of  surfaces.  There  are  to  be  found  the 
theorems  of  Dupin  and  Darboux,  the  theorem  of  Liouville 
on  the  conformal  representation  of  space,  the  theorem  of 
Combescure  on  triple  systems  having  a  given  spherical  rep- 
resentation, and  the  application  of  the  general  theory  to 
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homofocal  surfaces  of  the  second  degree,  together  with  a 
detailed  study  of  the  geodesic  lines  of  these  surfaces. 

Finally  is  given  the  investigation,  due  to  Bianchi,  of  triple 
systems  containing  a  family  of  surfaces  of  constant  curva- 
ture. In  chapters  XXI.  and  XXII. ,  which  are  published  for 
the  first  time  in  the  German  translation,  are  given  the 
principal  formulas  of  n-dimensional  differential  geometrj-, 
with  especial  reference  to  spaces  of  constant  Riemann's 
curvature.  An  appendix  to  chapter  XVII.,  printed  at  the 
end  of  the  Vorlestmgen,  contains  a  short  report  of  Bianchi 's 
recent  researches  on  the  transformation  of  surfaces  of  con- 
stant positive  curvature. 

It  remains  only  to  say  a  few  words  of  the  book  as  a  whole. 
It  is  certainly  a  magnificent  production  ;  the  treatment  is 
throughout  clear  and  usually  exhaustive.  There  is  not  a 
page  that  is  dull,  though  there  are  many  that  are  difficult. 
If  the  book  has  any  fault,  it  is  that  it  is  in  many  places  too 
difficult  for  the  beginner.  This  fact  is  recognized  by  the 
author  who  advises  the  student  to  omit,  in  his  first  reading, 
certain  chapters.  A  good  testimony  to  tiie  excellence  of  the 
book  is  that  Darboux  finds  in  it  nothing  to  criticise  but  its 
title.*  It  is,  I  think,  to  be  regretted  that  the  author  gives 
so  few  direct  references.  A  table  of  authors  consulted, 
printed  at  the  end  of  the  volume,  hardly  fills  their  place. 
A  very  great  convenience  is  the  giving  of  page  references 
to  formulas  previously  obtained.  This  very  excellent  plan 
is  adopted  in  no  other  book  that  I  know. 

Strange  as  it  may  seem,  the  translation  is  in  many  respects 
an  improvement  on  the  original.  It  is,  so  far  as  I  can  see, 
an  excellent  translation.  It  is  printed  with  better  type  and 
on  better  paper  than  the  onginal.  A  heading  is  printed  at 
the  beginning  of  each  section.  This  makes  the  page  more 
attractive  than  that  of  the  original,  besides  being  a  consid- 
erable convenience.  Moreover  to  the  translation  has  been 
added  a  general  index.  Most  of  the  errors  and  misprints  of 
the  Italian  have  been  corrected,  but  not  all,  as  I  have 
already  noted.  A  few  new  errors  and  misprints  have  crept 
in,  but  none  would,  I  think,  inconvenience  the  reader.  It 
seems  not  worth  while  to  give  a  list  of  these.  Certainly 
Bianchi  and  his  translator,  Liikat,  have  rendered  the  mathe- 
matical public  no  inconsiderable  service  in  the  production 
of  the  ''  Differentialgeometrie.'* 

J.  K.  Whittemore. 

Harvard  University. 


*  BuUetin  des  sciences  math/' mat iqiiea,  vol.  34  (1899),  p.  323. 


Digitized  by  VjOOQIC 


1901.]  NOTES.  443 


NOTES. 

The  third  (July)  number  of  Volume  II.  of  the  Trans- 
actions of  the  American  Mathematical  Society  contains 
the  following  papers :  *  *  On  the  convergence  of  continued 
fractions  with  complex  elements/'  by  E.  B.  Van  Vleck  ; 
*^  Geometry  within  a  linear  spherical  complex,''  by  P.  F. 
Smith;  *'A  new  determination  of  the  primitive  continu- 
ous groups  in  two  variables,"  by  H.  F.  Blichfeldt  ;  '*  De- 
termination of  all  the  groups  of  order  ^"*  which  contain  the 
abelian  group  of  type  (m— 2, 1),  p  being  any  prime,"  by  G. 
A.  Miller  ;  "  Zur  linearen  Transformation  der  i9-Reihen," 
by  F.  Mertens  ;  *  *  On  a  fundamental  property  of  a  mini- 
mum in  the  calculus  of  variations,  and  the  proof  a  theorem 
of  Weierstrass,"  by  W.  F.  Osgood;  **  Concerning  Har- 
nack's  theory  of  impix)per  definite  integrals,"  by  E.  H. 
Moore. 

The  July  number  (volume  23,  number  3),  of  the  Amer- 
ican Journal  of  Mathemaiics  contains  the  following  articles  : 
**  Geometry  on  the  cubic  scroll  of  the  second  kind,"  by  F. 
C.  Ferry  ;  **  Congruent  reductions  of  bilinear  forms,"  by 
T.  J.  I' A.  Bromwich  ;  '*0n  the  imprimitive  substitution 
groups  of  degree  fifteen,  and  the  primitive  substitution 
groups  of  degree  eighteen,"  by  E.  N.  Martin  ;  **  Removal 
of  two  terms  from  a  binary  quantic  by  lineai'  transforma- 
tions," by  B.  G.  Morrison. 

The  July  number  (second  series,  volume  2,  number  4) 
of  the  Annals  of  Mathematics  contains  the  following  papers  : 
*•  Concerning  du  Bois-Reymond's  two  relative  integrability 
theorems,"  by  E.  H.  Moore;  **0n  a  theorem  of  kine- 
matics," by  P.  Saurel  ;  **  The  collineations  of  space  which 
transform  a  non-degenerate  quadric  surface  into  itself,"  by 
R.  G.  Wood  ;  **  Note  on  multiply  perfect  numbers,"  by  J. 
Westlund  ;  '*  The  isoperimetrical  problem  on  any  surface," 
by  J.  K.  Whittemore  ;  **  On  a  surface  of  the  sixth  order 
which  is  touched  by  the  axes  of  all  screws  reciprocal  to  three 
given  screws,"  by  E.  W.Hyde;  '*  Note  sur  revaluation 
d^une  int^grale  d^finie,"  by  D.  Sintsof. 

Cornell  University. — During  the  academic  year  1901- 
1902,  the  follo\^ing  advanced  courses  will  be  offered  by  the 
department  of  mathematics,  each  course  extending  through 
the  year  unless  the  contrary  is  explicitly  stated  :  By  Pro- 
fessor  L.   A.   Wait  :  Advanced   analytic  geometry,  three 
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hours  ;  Advanced  differential  calculus  three  hours. — By 
Professor  J.  McMahon  :  Theoretical  mechanics,  two  hours ; 
Potential  functions  and  spherical  harmonics,  two  hours ; 
Theory  of  sound,  two  hours. — By  Professor  J.  H.  Tanner  : 
Algebraic  invariants,  two  hours ;  Reading  course  in  Ger- 
man, two  hours. — By  Professor  Trevor  :  Mathematical 
theory  of  thermodynamics,  two  hours. — By  Dr.  J.  I.  Hutch- 
inson :  Advanced  int^ral  calculus,  two  hours  ;  Elliptic, 
automorphic,  and  abelian  functions,  three  hours. — By  Dr. 
V.  Snyder  :  Projective  geometry,  three  hours ;  Algebraic 
curves,  three  hours  ;  General  function  theory,  three  hours. 
By  Dr.  W.  B.  Fite  :  Introduction  to  the  theory  of  groups, 
three  hours ;  Theory  of  numbers,  two  hours. — By  Mr. 
:  Diflferential  equations,  three  hours. 

Johns  Hopkins  University. — The  following  advanced 
coui*ses  are  offered  by  the  department  of  mathematics  dur- 
ing the  academic  year  1901-1902: — By  Professor  F.  Morley: 
Geometry  (advanced  course),  three  hours  :  The  differential 
equations  of  physics,  two  hours,  first  half  year ;  Kinematics, 
two  hours,  second  half-year ;  Mathematical  seminary, 
weekly. — By  Dr.  A.  Cohen  :  Advanced  differential  equa- 
tions, two  hours  ;  Theory  of  algebraic  numbers,  two  hours ; 
Elementary  theory  of  functions,  two  hours ;  Elementary 
differential  equations,  two  hours. 

Dr.  F.  Franklin  will  give  a  short  course  on  Probability 
in  the  second  half-year. 

Professors  David  Hilbert,  of  Gottingen,  Georg  Can- 
tor, of  Halle,  and  Ulisse  Dini,  of  Pisa,  have  been  elected 
honorary  foreign  members  of  the  London  mathematical 
society. 

Dr.  G.  Zeuner,  of  Dresden,  has  been  elected  a  corre- 
sponding member  of  the  Paris  academy  of  sciences,  in  the 
section  of  mechanics. 

Dr.  a.  S.  Chessin,  formerly  of  Johns  Hopkins  Univer- 
sity, has  been  appointed  professor  of  mathematics  at  Wash- 
ington University,  St.  Louis,  Mo.,  to  succeed  Professor  E. 
A.  Engler,  who  was  recently  elected  president  of  the 
Worcester  Polytechnic  Institute. 

At  Harvard  University  Mr.  J.  L.  Love  has  been  pro- 
moted to  an  assistant  professorship  of  mathematics. 

Dr.  W.  B.  Fite  has  been  promoted  to  an  instructorship 
in  mathematics  at  Cornell  University. 
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The  death  is  announced  of  Dr.  P.  Helmling,  formerly 
professor  of  mathematics  at  the  University  of  Dorpat,  at 
the  age  of  eighty-four. 

Pbofessor  C.  S.  James,  formerly  professor  of  mathematics 
and  physics  in  Bucknell  College,  died  June  8,  1901. 

Pbofessor  T.  H.  Safford,  of  Williams  College,  died 
June  13,  1901,  aged  sixty-seven  years. 
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Tubingen,  1900.     8vo.     40  pp. 

Hamilton  (W.  R.).  Elements  of  quaternions.  2d  edition  by  C.  J. 
Joly.     Vol.  II.     London,  Longmans,  1901.     8vo.  21s. 
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JoLY  (C.  J.).  See  Hamilton  (W.  R.)- 

KiEPEBT  (L.  )•  Tabelle  der  wicbtigsten  Formeln  aus  der  Differential- 
reobnung.     Hannover,  Helwing,  190L     8vo.  34  pp.  M.  0.50 

Kbohs  (G.  ).  Die  algebraiscb  losbaren  irredaoiblen  Gleiobangen  funften 
Grades.     Teil  I.     Berlin,  1900.     4to.  M.  1.00 

LoREY  (W.).  Ueber  das  geometrisobe  Mittel,  insbesondere  iiber  eine 
dadurcb  bewirkte  Annabernng  kubisober  Irrationalitaten.  (Diss. ) 
Kemsobeid,  Krnmm,  1901.     4to.    27  pp.  M.  1.00 

Opitz  (H.  R.  G.).  Stndie  uber  die  Rndio'soben  Flaoben.  Berlin, 
1901.     4to.  M.  1.00 

Palaqyi  (M.  ).  Neue  Tbeorie  des  Raumes  und  der  Zeit ;  die  Grand be- 
griffe  einer  Metageometrie.     Leipzig,  1901.     8vo.  M.  0.80 

PicABD  (E.)*  Traits  d'analyse.  2e  ^>dition,  revue  et  oorrig^e.  Vol.  I : 
Integrales  simples  et  multiples  ;  T Equation  de  Laplace  et  ses  applica- 
tions ;  d^veloppements  en  series  ;  applications  g^m^triqnes  dn  calcnl 
infinit^imal.     Paris,  Gantbier-Villars,  1901.     8vo.     15  -f  484  pp. 

Fr.  16  00 

Pinch  BRLE  (S. )  e  Amaldi  (U.).  Le  operazloni  distribntive  e  le  loro 
applicazioni  alPanalisi.  Bologna,  Zaniobelli,  1901.  8vo.  12  +  490 
pp.  Fr.  15.00 

Repertoire  biblioqbaphique  des  sciences  matb^matiqnes.  Public  par 
la  commission  permanente  da  Repertoire.  S^rie  IX  :  Ficbes  9UI- 
1000.     Paris,  1900.  Fr.  2.00 

RuNFER  (A.).  Ueber  Scbraabenlinien  and  Scbranbenflaoben.  (Diss.) 
Bern,  1900.    4to.    66  pp.,  8  plates. 

ZiEOEL  ( R. ).  Die  lineare  Differentialgleicbung  dritter  Ordnang  mit  al- 
gebraiscben  Integraleu.     ( Diss. )     Berlin,  1900.    8vo.    25  pp. 


II.     ELEMENTARY  MATHEMATICS. 

AoAPOF  ( D.  v.).  Solution  and  discussion  of  tbe  more  diffioalt  arith- 
metical problems  in  tbe  collections  of  A.  Malinin,  K.  Burenin,  and 
Veresbcbagin.    Orenburg,  1900.    8vo.    273  pp.  (Russian). 

M.  3.50 

BacKhaus  (K.).    See  Wie8E  (B.). 

Bendt  (F.  ).  Katechismus  der  Trigonometric.  Leipzig,  1901.  8vo. 
8+135  pp.  M.  2.00 

Bebt^and  (J.).  Traits  d'aritbm^tique.  Traduit  en  ruase  d'aprds  la 
He  Edition  fran^aise  par  M.  V.  Piroyekof.  St.  Petersburg,  1901. 
8vo.     236  pp.  M.  6.00 

Blasendorff  (M.  ).  Ueber  die  Tbeilung  des  Kreisbogens.  Berlin, 
1901.     4to.  M.  1.00 

BoYMAN  (I.  R.)    See  FOchtjohann  (H.). 

BrCckneb  (M.)*  Vieleoke  und  Vielflacbe ;  Tbeorie  und  Gesobichte. 
Leipzig,  Teubner,  1900.     4to.     8  +  227  pp  ,  12  plates.         M.  16.00 

Burenin  (  K.  ).    See  Agapof  ( D.  V. ). 

Euclid.    See  Finn  (S.  W.). 
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Finn  (S.  W.  ).  Junior  Enolid  ;  books  3  and  4.  London,  Frowde,  1901. 
12mo.    204  pp.    Cloth.  2r. 

FCcHTJOHANN  ( H. ).  Losung  der  Anfgaben  in  I.  R.  Bojman's  Lehrbuch 
der  Planimetrie.  Teil  I.  Aufgabe  1-733.  Bonn,  Cohen,  1901. 
8vo.     3 -h  160  pp.  M.  3.60 

Fuss  (K. ).  Sammlnn);  von  Anfgaben  aus  der  Bnohstabenreohnnng  nnd 
Algebra.  Fiir  Sohnlen  nnd  znm  Belbstnnterricht  bearbeitet.  5te 
Anflage.     Niimberg,  Kom,  1901.     8vo.     11-1-203  pp.  M.  2.40 

Frantz  (R.).  Ueber  die  Anflosnng  der  knbiaohen  Gleiohnngen. 
(Progr. )     Magdebnrg,  1901.    4to.    24  pp. 

G AMBiOLi  ( D. ) .  Calcolo  litterale  ed  eqnazioni  di  primo  grado,  oon  appen- 
dice  snlle  radioi  qnadrata  e  onbica.  2a  edizione,  ampliata  e  miglio- 
rata.     Bologna,  1901.     12mo.    248  pp.  Fr.  2.50 

Glaoolbf  (  a.  N.  ).  Text-book  of  theoretical  arithmetic.  Moscow,  1900* 
8vo.    215  pp.    (Russian.)  M.  3  50 

Grass  (J.).  Der  gmndlegende  Reohennnterricht  im  Zahlenranme  von 
1  bis  100  naoh  den  Forderungen  der  Physiologic  nnd  Psychologic. 
Umgearbeitete  nnd  erweiterte  Anflage  der  Schrift  iiber  die  Ver- 
anschanlichnng  beira  grnndlegenden  Recbnen.  Miinohen,  Kellerer, 
1901.     8vo.     6 -h  187  pp.  M.  2.00 

Grbmioni  (M.).  Elementi  di  geometria  ad  nso  delle  acuole  tecniche  e 
professionali.  Planimetria,  libro  I-II.  2a  edizione.  Firenze,  Bem- 
porad,  1901.     16mo.     11 +  151  pp.     (Biblioteca  scolastica. ) 

Fr.  1.20 

Handel  (O.).  Elementar-synthetische  Kegelschnittslehre.  Mit  zahl- 
reichen  Uebnngsanfgaben.  Znm  Gebranch  an  hoberen  Lehran- 
stalten  bearbeitet.  2te  Anflage.  Berlin,  Weidmann,  1901.  8vo. 
6  4- 85  pp.     Board.  M.  1.60 

Hantzschel  (£.).  Elementare  Herleitnng  der  Newton 'schen  Reihen 
fiir  Sinns  nnd  Cosinns.     Berlin,  1901.     4to.  M.  1.00 

KiSELEF  ( A. ) .    See  Wroble wsKi  { W. ) . 

Kambly  nnd  Robder.  Trigonometric,  vollstandig  naoh  den  prens- 
siscben  Lehrplanen  von  1892  bearbeitet.  Ausgabe  der  Trigonometric 
von  Kambly.  Lehranfgabe  der  Ober-Scknnda  nnd  der  Prima. 
Unter  Voranstcllnng  der  planimctrischen  Lehraufgabe  der  Ober- 
Scknnda.  3tc  Anflage  (26ste  der  Kamblyscbcn  Trigonometric. )  Bres- 
lan,  Hirt,  1901.    8vo.     189  pp.     Cloth.  M.  2.00 

LiCHTBLAU  (W.).    See  Wiese  (B.). 

Malinin  (A.).    See  Agapof  (D.  V.). 

Okhitovich  (a.  p.).  a  new  method  for  solving  algebraic  equations, 
equations.  (In  two  parts. )  Part  I.  Kazan,  1900.  8vo.  331  pp. 
(Russian.)  M.  8.00 

Roccella  (  D.  ).  Elementi  di  calcolo  algebrico  ad  uso  del  licei.  Ferrara, 
Taddei,  1900.     8vo.    49  pp. 

ROEDER.    See  Kambly. 

Rupert  (W.  W. ).  Famous  geometrical  theorems  and  problems,  with 
their  history.  (In  4  parts.)  Part  III.  New  York,  Heath,  1901. 
16mo.     Pp.  59-75. 
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ScHAFHBiTLiN  (P.)*  Eioige  Satzc  der  elementaren  Raomlehre.  Berlin, 
1900.     4U>.     1  plate.  M.  1.00 

ScHULTZE  (A.)  and  Sevenoak  (  F.  L.).  Plane  and  solid  geometry. 
New  York,  Macmillan,  1901.     11  +  370  pp.    hf.  leather.  $1.10 

Sevenoak  (F.  L.).    SeeScHULTZE  (A.). 

Sladeczek  (a.).  Die  Bereobnang  der  Flaoben  nnd  Korper ;  Erklii- 
mngen,  Regeln,  Formeln,  Beispiel-  nnd  Uebnngsanfgaben.  Fur  die 
Hand  der  ?^cbule^.      Freiburg,    Herder,    1901.      8vo.     8  +  72  pp. 

M.  0.60 

Stbomillo  (S.  ).  L'aritmetica  razionale  preeoritta  al  ginnaaio  snperiore 
dairultimo  programma  governativo.  Napoli,  Mnoa,  1901.  16mo. 
8 +118  pp.  Ft.  1.00 

ToDHUNTBB  (I.).  Plane  coordinate  geometry  and  oonic  sections,  with 
a  collection  of  problems.  Kussian  translation  by  E.  A.  Predtechen- 
sky.    St.  Petersburg,  1901.     8vo.     326  pp.  M.  5.00. 

VooT  (H. ).  Elements  de  math^matiques  sup^rieures  k  Pnsage  des 
physiciens,  chimistes  et  ing^nienrs  et  des  aspirants  ^  oes  titres,  des 
condnoteurs  de  travaux,  et  des  eldves  des  facultes  des  sciences  et  des 
^coles  industrielles.     Paris,  Nony,  1901.     8vo.     5  +  603  pp. 

Ft.  10.00 

Vebeshchaoin.    See  Aoapof  (D.  V.). 

WiBNECKE  (E.).  Geometric  fiir  Volksschulen,  mit  150  Uebnngsanfga- 
ben.    Berlin,  Oehmigke,  1901.     870.  2  +  46  pp.  M.  0.40 

.  Die  Losung  geometrischer  Konstruktionsanfgaben  dnrch  geome- 

trische  Oerter  in  sohnlgemasser  Weise  erlautert  an  250  Anfgaben. 
Berlin,  Oehmigke,  1901.     8vo.     5  +  74  pp.  M.  1.20 

W1E8E  (B.),  LiCHTBLAU  (W. )  und  BACKHAUfl  (K.).  Ranmlehre  fur 
Lebrerseminare.  Teill:  Flanimetrie  (Flacbenlehre).  4te  Auflage. 
Breslau,  Hirt,  1901.     8vo.     190  pp.     Boards.  M.  2.25 

Wb6blewski  (  W.).  Solution  of  the  problems  in  A.  Kieselef's  Elemen- 
tary geometry.    St.  Petersburg,  1901.     8vo.  562  pp.     (Russian.) 

M.  7.00 

III.     APPLIED  MATHEMATICS. 

Albrecht  (M.  a.)  und  Vierow  (C.  S.).  Lebrbnch  der  Navigation 
nnd  ihrer  mathematischen  Hiilfswissenschaften.  Fiir  die  k.  prens- 
sischen  Navigationsechulen  bearbeitet.  8te  Auflage,  neu  bearbeitet 
von  G.  Holz.     Berlin,  1901.     8vo.  M.  14.00 

Bach(C.).  Die  Maschinen-Elemente,  ibre  Berechnung  und  Konstruk- 
tion  mit  Riicksicht  auf  die  neueren  Versuche.  8te  Auflage.  (In  2 
Biinden.)  Mit  in  den  Text  gedruckten  Abbildungen,  3  Texttafeln 
nnd  57  Tafeln  Zeichnungen.  Stuttgart,  Bergstrasser,  1901.  8vo. 
20  +  810 +  29  pp.  M.  30.00 

Babtlbtt  (D.  p.).  General  principles  of  the  method  of  least  squares, 
with  applications.  2d  edition.  Boston,  Mass.  Institute  of  Technol- 
ogy, 1900.     8vo.     142^-11  pp.  $2.25 

Brandt  (A.  A.).  The  elements  of  thermodynamics,  with  applications 
to  the  steam  engine.  St.  Petersburg,  1900.  (Russian.)  8vo. 
147  pp. 
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Bbissb  (C.)«  Coare  de  g^m^trie  deeoriptive.  2e  ^itioD,  revae  par  C. 
Bonrlet     (2 parties.)    Partie  I.     Paris,  1900.    8vo.  Fr.  5.00 

BoBGMANN  (J.  J.).    See  Planck  (M) . 

BouBLBT  (C).    See  Bbisse  (C). 

BowLBY  (A.  L.).    Elementoof  statics.     London,  1901.    8vo.     342  pp. 

10B.6d. 

Catb  (G.)  etSAiLLABD  (A.).  M^niqne  et  Electricity  indnstrielles. 
Nanoj,  1901.    dva    500  pp.  Fr.  12.00 

CoLAgAO-BELMONTE  (£.  M.  J.).  EncTgic  en  eleotridteit.  Groningen 
1901.    8vo.     9  -f  162  pp.  M.  3.00 

Cboaby  (C.  S.).  Key  to  Rosenberg's  First  stage  mechanics  of  solids. 
London,  Clive,  1901.  12mo.  98pp.  (Organic  science  series.) 
aoth.  Is. 

Ebn8t(J.).  Abgekorzte  Mnltiplikations-Reohentafeln  for  sammtliche 
Zahlen  von  2-1000,  nebst  einem  Anbang,  enthaltend  die  Qoadrat- 
zablen  von  1-1000.  Braunschweig,  Vieweg,  1901.  8vo.  10  -f  503 
pp.  M.  4.00. 

Gebabd  (E.).  Mesores  Electriqnes.  Lecons  profess^ee  i  Plnstitat 
Eleotrotechniqne  Montefiore  annexE  k  1  QniversitE  de  Li^.  2e  Mi- 
tion,  refondne  et  oomplEt<^e.    Paris,  1901.    8vo.    8  -h  532  pp. 

Fr.  12.00 

Gebteis  (a.).  Wissen  nnd  Leistnngen  der  modernen  Starkstrom- 
Electrotecbnik,  mit  Ansschlass  der  elektrieohen  Bahnen.  (3  Theile.) 
Theil  I ;  Electridtat ;  ibre  Eigenscbaften,  Wirknngen  and  Gesetze! 
Halle,  1901.    8vo.  M.  5.00 

Gbassi  (N.).  Elementi  di  geometria  descrittiva  per  nso  della  r.  aoca- 
demia  navale  e  dei  rr.  istitnti  teonici.  Teste.  Livorno,  Belforte, 
190L    8vo.     6 +  264  pp. 

Gbay  (a.).  Treatise  on  Physics.  Volume  I :  Dynamics  and  properties 
of  matter.     London,  1901.     8vo.     23  -f  688  pp.  15s. 

Guillbmin  (a.).  Notions d'aconstiqae.  Introduction^  P^tude  de  la 
phonation.     Paris,  1901.    8vo.     192  pp.  Fr.  5.00 

HoLZ  (G.).    See  Albbbcht  (M.  A.). 

Keck  (  W.  ).  Vortrage  uber  Meohanik  als  Gmndlage  fiir  das  Ban-  and 
Mascbinenwesen.  Teil  II :  Mecbanik  elastiscb-fester  and  flassiger 
Korper.   2teAnflage.    Hannover,  Hel wing,  1901.    8vo.  10 -f  380  pp. 

M.  12.00 

Koeniqsbbbobb  (L.).  Die  Principien  der  Mecbanik;  matbematische 
Untersucbungen.  Dem  Andenken  Helmboltz's  gewidmet.  Leip- 
zig, Teubner,  1901.    8vo.     12  +  228  pp.     Cloth.  M.  900 

Laukoy  (G.  de).  Precis  de  oosmographie  et  de  navigation  et  notions 
de  trigonometric  spb^rique.  2e  ^ition,  revue  et  aogment^e.  Paris, 
1901.     8vo.     367  pp. 

Mach  (E.).  Die  Mecbanik,  in  ibrer  Entwicklung  historisob-kritisch 
dargestellt.  4te,  verbeaserte  and  vermebrte  Auflage.  Leipzig, 
1901.     8v9.     257  pp.  M.  8.00 
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MiNCHiN  (G.  M.)-  The  8tadeut*8  dynamios,  oomprisiDg  statios  and 
kinetics.  London  and  New  York,  Maomillan,  1901.  12mo.  12  + 
258  pp.    Cloth.  10.90 

Mob  AND  DB  LA  Pbbbellb  (J.).  AflBnranoes  snr  la  vie.  Calonl  des 
primes  des  prinoipales  oombinaisons.    Paris,  1901.     8vo.       Fr.  2.50 

Oettinqbn    (A.    von).    Eleinente   des    geometrisoh-perspeotiviac^en 
Zeiohnens.    Leipzig,  1901.     8vo.     7 +177  pp.  M.  8.00 

Pappbbitz  (E.).    See  Rohn  (K.). 

PoDiASEi  (L.).  Ueber  die  doroh  Energieemission  hervorgebraohte 
Dampfang aknstiaoher  Sohwingnngen.  (Diss.)  Berlin,  IfiKX).  6vo. 
36  pp. 

PoHLHAUSEN  (A.).  Bereohnang,  Eonstmktion  and  Anlage  der  Tiana- 
miasions-Dampfmaschinen.  Lehr-  and  Handbnoh  far  Teohniker  and 
Ingenienre.  ( In  2  Banden. )  2te  Anflage,  mit  in  den  Text  gedrnok- 
ten  Abbildangen  and  50  Tafeln  Zeichnnngen.  Mittweida,  Poly- 
technisohe  Bachhandlang,  1901.    4to.    5  -{-  341  pp.    Half-mor. 

M.  30.00 

Pbandtl  (L.).  Eipp-Ersobeinangen  ;  ein  Fall  von  instabilem  elas- 
tisohem  Gleiohgewioht.  (Diss.)  Niirnberg,  1901.  8yo.  75  pp., 
2  plates.  M.  2.40 

Reynolds  (O.).  Papers  on  meobanioal  and  physical  sabjeots.  Re- 
printed from  varioas  transactions  and  jonmals.  Yolame  II :  1881- 
1900.     Cambridge,  1901.     8yo.  21s. 

RoHN  (K.)  and  Pappbbitz  (E.).  Lehrbnch  der  darstellenden  Geome- 
tric. (In  2  Banden.)  Vol.  I.  2te  Anflage.  Leipzig.  Veit,  1901. 
8vo.     20  +  418  pp.  M.  12.00 

RosENBBBO.    See  Cbosby  (C.  S.). 

Saillabd  (A. ).    See  Cate  (G.  ). 

ScHUBBBT  (F.).  Die  darstellende  Geometric  an  masohinenteohnischen 
Lehranstaltcn,  Gewerbe-  and  Faohschnlcn.  Teil  II :  Die  darstel- 
lende Geometric,  cinschliesslich  der  Elemente  der  Projcktionslchre, 
Schattcnlehrc,  Axonometrie  and  Perspcktivc.  Mittweida,  Poly- 
technisohe  Bachhandlang,  1901.    8yo.    Pp.  259-559.    Cloth. 

M.  5.50 

Study  (E.).  Geometric  der  Dynamen.  Die  Zasammcnsetzong  von 
Eraften  and  verwandte  G^genstande  der  Geometric.  (In  2  Liefer- 
nngen. )    Erste  Licfernng.    Leipzig,  Tenbncr,  1901.    8vo.     M.  7.60 

ViEBOW  (C.  S.).    See  Albbecht  (M.  A.). 

ZoNDEBVAN  (H.).  Allgcmcinc  Eartenkandc.  Ein  Abriss  ihrer  Ge- 
sohiohtc  and  ihrer  Methoden.  Leipzig,  Teabner,  1900.  8vo.  10  ■+ 
210  pp.,  5  phitea.  M.  4.60 
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SUBSEQUENTLY   PUBLISHED,    INCLUDING    BEFEBENCES 

TO   THE    PLACES   OF   THEIB   PUBLICATION. 

BLAKBf  £.  M.  Two  Plane  MovemeDts  Generating  Qnartio  Scrolls.  Read 
Dec.  28,  1899.  Transactions  of  the  American  Mathematical  Society, 
vol.  1,  No.  4,  pp.  421-429  ;  Oct.,  1900. 

Blichfkldt,  H.  F.    Note  on  the  Functions  of  the  Form /(a;)B=0(ar) 

-|-  ayif*-^  -»-  Oja:**-*-!- \-an  which  in  a  given  Interval  Differ  the  least 

Possible  from  2iero.  Read  (Chicago)  April  14,  1900.  Transactions  of 
the  American  Mathematical  Society f  vol.  2,  No.  1,  pp.  100-102  ;  Jan., 
1901. 

A  new  Determination  of  the  Primitive  Continaoos  Groaps  in  Two 

Variables.  Read  April  27,  1901.  Transactions  of  the  America n 
Mathematical  Society,  vol.  2,  No.  3,  pp.  249-258  ;  July,  1901. 

BdCHBB,  M.  Application  of  a  Method  of  D'Alembert  to  the  Proof  of 
Stnrm's  Theorems  of  Comparison.  Read  Jnne  29,  1900.  Transac- 
tions of  the  American  Matheinatical  Society,  vol.  1,  No.  4,  pp.  414-420  ; 
Oct,  1900. 

On  Linear  Dependence  of  Functions  of  One  Variable.     Read  Oct.  27, 

1900.  Bulletin  of  the  American  Mathematical  Society,  vol.  7,  No.  3, 
pp.  120-121  ;  Deo.,  1900. 

Certain  Cases  in  which  the  Vanishing  of  the  Wronskian  is  a  Suffi- 
cient Condition  for  linear  Dependence.  Read  Dec.  28, 1900.  Trann- 
actions  of  the  American  Mathematical  Society,  vol.  2,  No.  2,  pp.  139-149  ; 
April,  1901. 

An  Elementary  Proof  of  a  Theorem  of  Sturm.     Read  Feb.  23,  1901. 

Transactions  of  the  American  Mathematical  Society,  vol.  2,  No.  2,  pp. 
150-151  ;  April,  1901. 

Green's  Functions  in  Space  of  One  Dimension.  *  Read  Feb.  23, 1901. 

Bulletin  of  the  American  Mathematical  Society,  vol.  7,  No.  7,  pp.  297- 
299 ;  April,  1901. 

Non-Oscillatory  Linear  Differential  Equations  of  the  Second  Order. 

Read  Feb.  23,  1901.  Bulletin  of  the  American  Mathematical  Society, 
VOL  7,  No.  8,  pp.  333-340;  May,  1901. 

Cajobi,  F.  Divergent  and  Conditionally  Convergent  Series  whose  Prod- 
uct is  Absolutely  Convergent.  Read  April  28,  1900.  Transactions 
of  the  American  Mathematical  Society,  vol.  2,  No.  1,  pp.  25-36  ;  Jan., 
1901. 

Dickson,  L.  E.  The  Cyclic  Subgroup  of  the  Simple  Group  of  Linear 
Fractional  Substitutions  of  Determinant  Unity  in  two  Non-Homoge- 
neous Variables  with  Coefficients  in  au  Arbitrary  Galois  Field.  Read 
(Chicago)  Dec.  28,  1899.  American  Journal  of  Mathematics,  vol.  22, 
No.  3,  pp.  231-252  ;  July,  1900. 

Determination  of  an  Abstract  Simple  Group  of  Order  2^  3^.  5.7 

Uoloedrically  Isomorphic  with    a  certain  Orthogonal   Group,  and 
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with  a  certain  Hyperabelian  Group.  Read  (Chicago)  April  14,  1900. 
Tranmrtians  of  the  Anurican  Mathematical  Society^  voL  1,  No.  3,  pp. 
353-370 ;  July,  1900. 

Canonical  Forms  of  Qoatemary  Ahelian  Snhstitntions  in  an  Arbi- 
trary Galois  Field.  Read  (Chicago)  Dec.  28,  1900.  Tranmdiotu  of 
the  American  Mathematical  Society^  vol.  2,  No.  2,  pp.  103-138  ;  April, 
1901. 

Concerning  Real  and  Complex  Continaoos  Groups.     Read  Feb.  23, 

1901.  Bulletin  of  the  American  Mathematical  Society ^  vol.  7,  No.  8, 
pp.  340-350  ;  May,  1901. 

EiSBNHABT,  L.  P.  A  Demonstration  of  the  Impossibility  of  a  Triply 
Asymptotic  System  of  Surfaces.  Read  Dec.  28,  1900.  Bulletin  of 
the  American  Mathematical  Society ^  vol.  7,  No.  4,  pp.  184-186  ;  Jan., 
1901. 

Possible  Triply  Asymptotic  Systems  of  Surfaces.     Read  Feb.  23, 

1901 .  Bulletin  of  the  American  Mathematical  Society,  vol.  7,  No.  7, 
pp.  303-305  ;  April,  1901. 

Surfaces  whose  First  and  Second  Fundamental  Forms  are  the  Second 

and  First  Respectively  of  Another  Surface.  Read  Feb.  23,  1901. 
Bulletin  of  the  American  Mathematical  Society,  vol.  7,  No.  10,  pp.  417- 
423 ;  July,  1901. 

Fields,  J.  C.  On  the  Reduction  of  the  General  Ahelian  Integral.  Read 
Aug.  16,  1897.  Transactions  of  the  American  Mathematical  SociHy, 
vol.  2,  No.  1,  pp.  49-86 ;  Jan.,  1901. 

FoBD,  W.  B.  Dini's  Method  of  Showing  the  Convergence  of  Fourier's 
Series  and  Other  Allied  Developments.  Read  Dec.  28,  1900.  Bui 
letin  of  the  American  Mathematical  i^odety,  vol.  7,  No.  5,  pp.  227-230  ; 
Feb..  1901. 

Gale,  A.  S.  Wiener's  Theory  of  Displacements,  with  an  Application  to 
the  Proof  of  Four  Theorems  of  Chasles.  Read  April  28,  1900.  An- 
nals of  Mathematics,  2d  series,  vol.  2,  No.  1,  pp.  1-7  ;  Oct.,  1900. 

GoBDAK,  P.  Die  Hesse'sche  und  die  Cayley 'sche  Curve.  Read  June  28, 
1900.  Transactions  of  the  American  3fathematiaal  Society,  vol.  1,  No. 
4,  pp.  402-413  ;*Oot.,  1900. 

Hathaway,  A.  S.  Pure  Mathematics  for  Engineering  Students.  Read 
(Chicago)  Deo.  28,  1900.  Bulletin  of  the  American  Mathematical  So- 
ciety,  vol.  7,  No.  6,  pp.  266-271  ;  March,  1901. 

Uawkbs,  H.  E.  Note  on  Hamilton's  Determination  of  Irrational  Num- 
bers. Read  Feb.  23,  1901.  Bulletin  of  the  American  Mathematical  So- 
ciety, vol.  7,  No.  7,  pp.  306-307  ;  April,  1901. 

Hilbebt,  D.  Ueber  Flachen  von  oonstanter  Gauss'soher  Kriimmung, 
Read  Oct.  27,  1900.  Transactions  of  the  A  merican  Mathematical  Society. 
vol.  2,  No.  1,  pp.  87-99  ;  Jan.,  1901. 

Hutchinson,  J.  I.  On  Certain  Relations  Among  the  Theta  Constants. 
Read  Dec.  28,  1899.  Transactions  of  the  American  Mathematical  So- 
ciety,  vol.  1,  No.  4,  pp.  391-394  ;  Oct.,  1900. 

On  some  Birational  Transformations  of  the  Kummer  Surface  into 

Itself.  Read  Dec.  28,  1900.  Bulletin  of  the  American  Mathematical 
Society,  vol.  7,  No.  5,  pp.  211-217 ;  Feb.,  1901. 
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Htde,  E.  W.  Od  a  Surface  of  the  Sixth  Order  Which  is  Toaohed  hy  the 
Axes  of  all  Screws  Eeciprocal  to  Three  Given  Screws.  Read  April  27, 
1901.  AnnaU  of  Mathematics,  2d  ser.,  vol.  2,  No.  4,  pp.  179-188 ; 
July,  1901. 

Kasnbb,  E.  The  iDvariaut  Theory  of  the  Inversion  Group  :  Geometry 
upon  a  Quadric  Surface.  Read  (Ck>lnmhus)  Aug.  25, 1899.  Trans- 
actions of  the  American  Mathematical  Society ,  vol.  1,  No.  4,  pp.  430- 
498  ;  Oct.,  1900. 

On  the  Algebraic  Potential  Curves.     Read  Feb.  23,  1901.     Bulletin 

of  the  American  Mathematical  Society,  vol.  7,   No.   9,  pp.   392-399  ; 
June,  1901. 

Ketsbb,  C.  J.  Theorems  Concerning  Positive  Definitions  of  Finite  As- 
semblage and  Infinite  Assemblage.  Read  Dec.  28, 1900.  Bulletin  of 
the  American  Mathematical  Society,  vol.  7,  No.  5,  pp.  218-226  ;  Feb., 
1901. 

Kbause,  M.  tJeber  Systeme  von  DifFerentialgleichnngen  denen  vier- 
fach  periodische  Functionen  Geniige  leisten.  Read  (Chicago)  April 
14,  1900.  Transactions  of  the  American  Mathematical  Society ,  vol.  1, 
No.  3,  pp.  287-292  ;  July,  1900. 

Loud,  F.  H.  Sundry  Metric  Theorems  Concerning  n  Lines  in  a  Plane. 
Read  April  28,  1900  Transactions  of  the  American  Mathematical  So- 
ciety, vol.  1,  No.  3,  pp.  323-338  ;  July,  1900. 

LovETT,  E.  O.  The  Condition  that  a  Linear  Total  Differential  Equation 
be  Integral.  Read  April  28,  1900.  Annals  of  Mathematics,  2d  series, 
vol.  1,  No.  4,  pp.  175-176 ;  July,  1900.  Also  Report  of  the  BrUUh 
AssadaiUm  for  the  Advancement  of  Science,  1899,  p.  652. 

Note  on  Geometry  of   Four  Dimensions.     Read  April  28,   1900. 

Bulletin  of  the  American  Mathematical  Society,   vol.  7,  No.  2,  pp.  88- 
100 ;  Nov.,  1900. 

Construction  of  the  Geometry  of  Euclidean  n-Dimensional  Space  by 

the  Theory  of  Continuous  Groups.     Read  Oct.  27,  1900.    American 
Journal  of  Mathematics,  vol.  23,  No.  1,  pp.  57-67 ;  Jan.,  1901. 

McClintock,  E.  a  Simplified  Solution  of  the  Cubic.  Read  Dec.  28, 
1900.  Annals  of  Mathematics,  2d  series,  vol.  2,  No.  3,  pp.  151-152  ; 
April,  1901. 

Martin,  E.  N.  On  the  Imprimitive  Substitution  Groups  of  Degree 
Fifteen  and  the  Primitive  Substitution  Groups  of  Degree  Eighteen. 
Read  Aug.  25,  1899.  American  Jtmrnal  of  Mathematics,  vol.  23,  No. 
3,  pp.  259-286  ;  July,  1901. 

Mebtens,  F.  Zur  linearen  Transformation  der  i^-Reihen.  Read  (Chi- 
cago) Apr.  6,  1901.  Transactions  of  the  American  Mathematical  So- 
ciety, vol.  2,  No.  3,  pp.  331-342 ;  July,  1901. 

MiLLEB,  G.  A.  On  the  Groups  which  have  the  Same  Group  of  Isomor- 
phisms. Read  Dec.  28,  1899.  Transactions  of  the  American  Mathe- 
matical Society,  vol.  1,  No.  4,  pp.  395-401  ;  Oct.,  1901. 

On  Holomorphisms  and  Primitive  Roots.     Read  Feb.   23,  1901. 

Bulletin  of  the  American  Mathematical  Society,  vol.  7,  No.  8,  pp.  350- 
354;  May,  190L- 

On  the  Groups  Generated  by  Two  Operators.     Read  Apr.  27,  1901. 

Bulletin  of  the  American  Mathematical  Society,  vol.  7,  No.  10,  pp.  424- 
426 ;  July,  1901. 
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ii«.r.<  A  «f^  ^  ^  ifcT-fr**  ^(TbTAtf-i'v  Sirv^t.  ^eL  T,  X#.  ft,  pp.  390- 

fp^iffr,  V  F,  ^>t  tffl*  Eirao«o»  if  12*  vrw-t'*  Frartroe  Jar  tbe  moat 
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^o^  %  No,  2.  pp-  IV^:^  :  ApcU,  1901. 

<yii  a  Fcryiar^esta:  ProtKrrr  of  a  Minisics  ia  tbe  Ckkolos  of  Vazia- 

t-y/maod  tb^  Prw>f  of  a  th«cirein  of  W«««tnB.    Reftd  Apiil  :37, 1901. 

pp.  27^-2^  ;  JoJj,  190L 

}'Elbf:t.  G.  A  Cnnoos  Approximate  Cooetroctioo  for  *.  Rmd  Apr.  27, 
IJ^il.  Bm/Mtm  i>f  the  Am^rtcam  M^kfWMUc^  S*et^,  roL  7,  Xo.  10, 
pp.  42ft-427  ;  Jalj,  1901. 

Pell.  A.  *'D''  Lines  on  Qoadrics.  Read  Colambns'  Aug.  SS,  1899. 
TranJtnHiowt  of  the  Am^rtcnm  Matktmatittd  Sonttf,  toL  1,  Xo.  3,  pp. 
3L>-:«2 ;  JoJj,  19*J0. 

PlEBP^jXT,  J.  P.  Galois*  Theory  of  Al^braic  Eqoatioiis.  Ptet  IL  Irm- 
tional  Resolveoui.  Read  Sept.,  1^96.  AmnaU  of  Jfa/Aflnafies,  2d 
Beries,  vol.  2,  Xo.  1,  pp.  22-56  ;  Oct  .  1900. 
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PoBTBB,  M.  B.  Sets  of  CoiDoidenoe  Points  on  the  Non-Singalar  Cnbios 
of  a  Syzygetio  Sheaf.  Read  June  29,  1900,  under  a  different  title. 
TVanaaetums  of  the  American  Mathematical  Society,  vol.  2,  No.  1,  pp. 
37-42 ;  Jan.,  1901. 

PupiN,  M.  I.  Wave  Propagation  Over  Non-Uniform  Electrical  Con- 
ductors. Read  Deo.  28,  1899.  Transactions  of  the  American  Mathe* 
matieal  Society,  vol.  1,  No.  3,  pp.  259-286  ;  July,  1900. 

Reid,  L.  W.  a  Table  of  Class  Numbers  for  Cubic  Number  Bodies, 
ivith  the  Method  of  their  Calculation.  Read  Feb.  24,  1900.  Amer- 
ican Journal  of  Matheihaticsy  vol.  23,  No.  1,  pp.  68-84  ;  Jan.,  1901. 

Roe,  £.  D.  On  a  Formuhiof  Interpolation.  Read  Dec.  28,  1900.  Amer- 
ican Mathematical  Monthly,  vol.  8,  No.  1,  pp.  1-9  ;  Jan.,  1901. 

Slauoht,  H.  E.  The  Cross-Ratio  Group  of  120  Quadratic  Cremona 
Transformations  of  the  Plane.  Part  Second  :  Complete  Form-Sys- 
tem of  Invariants.  Read  Dec.  28, 1900.  American  Journal  of  Mathe- 
mattes,  vol.  23,  No.  2,  pp.  9^138 ;  April,  1901. 

Smith,  P.  F.  On  Surfaces  Enveloped  by  Spheres  Belonging  to  a  Linear 
Spherical  Complex.  Read  June  29,  1900,  under  a  different  title. 
Transtictions  of  the  American  Maihematical  Society,  vol.  1,  No.  4,  pp. 
371-390 ;  Oct,  1900. 

Geometry  ivithin  a  Linear  Spherical  Complex.     Read  Oct.  27,  1900. 

Transactions  of  the  American  Mathematical  Society,  vol.  2,  No.  3,  pp. 
234-248 ;  July,  1901. 

Sntdbb,  V.  On  Some  Invariant  Scrolls  in  Collineations  which  Leave  a 
Group  of  Five  Points  Invariant.  Read  April  28,  1900.  American 
Journal  of  Mathematics,  vol.  22,  No.  3,  pp.  253-268  ;  July,  1900. 

On  a  Special  Form  of  Annular  Surfaces.    Read  June  27,  1900. 

American  Journal  of  Mathematics,  vol.  23,  No.  2,  pp.  166-172  ;  April, 
1901. 

On  a  System  of  Plane  Curves  Having  Factorable  Parallels.     Read 

Dec.  28,  1900.     Bulletin  of  the  American  Mathematical  Society,  vol.  7, 
No.  7,  pp.  299-302  ;  April,  1901. 

Stbckeb,  H.  F.  On  the  Determination  of  Surfaces  Capable  of  Conformal 
Representation  upon  the  Plane  in  such  a  Manner  that  Geodetic  Lines 
are  Represented  by  Algebraic  Curves.  Read  Feb.  23,  1901.  Trans- 
actions of  the  American  Mathematical  Society,  vol.  2,  No.  2,  pp.  152- 
165  ;  April,  1901. 

Strinqham,  I.  On  the  Geometry  of  Planes  in  a  Parabolic  Space  of  Four 
Dimensions.  Read  (Chicago)  Dec.  27,  1900.  Transactions  of  the 
American  Mathematical  Society,  vol.  2,  No.  2,  pp.  183-214  ;  April,  1901. 

Strong,  W.  M.  Note  on  Non-Quaternion  Number  Systems.  Read 
(Columbus)  Aug.  25,  1899.  Transactions  of  the  American  Mathemai- 
ieal  Society,  vol.  2,  No.  1,  pp.  43-48  ;  Jan.,  1901. 

Van  Vleck,  E.  B.  On  Linear  Criteria  for  the  Determination  of  the 
Radius  of  Convergence  of  a  Power  Series.  Read  Feb.  24,  1900. 
Transactions  of  the  American  MtUhematical  Society,  vol.  1,  No.  3,  pp. 
293-309  ;  July,  1900. 

On  the  Convergence  of  Continued  Fractions  with  Complex  Elements. 

Read  Feb.  23,  1901  and  April  27, 1901.     Transactions  of  the  American 
Mathematical  Society,  vol.  2,  No.  3,  pp.  215-233  ;  July,  1901. 


Digitized  by  VjOOQIC 


456  TENTH   ANNUAL   LIST   OF   PAPEBS.  [J^lj, 

WxsTLUND,  J.  Note  on  Mnltiplj  Perfect  Nnmben.  Read  Apr.  6, 1901. 
Annals  of  Mcsthtmatiei,  2d  series,  toI.  2,  No.  4,  pp.  172-174  ;  July, 
1901. 

WiLOZTNSKi,  E.  J.  An  Applioation  of  Gronp  Theory  to  HjdrodynamioB. 
Read  (Chicago)  Dec  29,  1899.  TranMctian*  of  the  American  Mathe- 
matical Society,  vol.  1,  No.  3,  pp.  339-352  ;  Jolj,  1900. 

Transformationfl  of  SyBtema  of  Linear  Differential  Equations.    Read 

April  28,  1900.     American  Journal  of  MathematicSy  vol.  23,  No.  1,  pp. 
29-36 ;  Jan.,  1901. 

Wood,  R.  G.  The  Collineations  of  Space  which  Transform  a  Non -De- 
generate Qnadric  Surface  into  Itself.  Read  Dec  28,  1900.  AnnaU 
of  Mathematics,  2d  series,  vol.  2,  No.  4,  pp.  161-171 ;  July,  1901. 
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INDEX. 

Academy  of  Sciences :  Berlin,  283,  320  ;  BrnaeelB,  150  ;  Cracow,  190 ; 

Gottingen,  105 ;   Madrid,  321  ;  National,   149,  412 ;  Naples,  321  ; 

Paris,  46,  191,  193,  235,  236  ;  Turin,  321. 
Adams  Prize,  321. 

Adams's  (J.  C.)  Unpublished  Papers,  E.  W.  Brown,  272. 
Alasia,  C,  363. 

Algebraic  Potential  Curres,  On  the,  E.  Kasner,  392. 
Allardioe,  R.  E.,  106. 

Alternating  Current  Phenomena,  Steinmetz's,  J.  B.  Whitehead,  Jr.,  399. 
American  Association  for  the  Advancement  of  Science,  The  Forty-ninth 

Annual  Meeting  of  the,  G.  A.  Miller,  79. 

Association,  1,  410. 

Journal  of  Mathematics,  152,  282,  410,  443. 

Mathematical  Society,  Seventh  Summer  Meeting,  F.  N.  Cole,  1  ; 

October  Meeting,  F.  N.  Cole,  113 ;  Seventh  Annual  Meeting,  F.  N. 

Cole,  199 ;  February  Meeting,  F.  N.  Cole,  289  ;  April  Meeting,  E. 

Kasner,  373;  December  Meeting  of  Chicago  Section,  T.  F.  Holgate, 

243  ;  April  Meeting  of  Chicago  Section,  T.  F.  Holgate,  383. 

Mathematical  Society,  Amendments  of  Constitution  and  By-Laws, 


199 ;  Annual  Register,  149,  234  ;  Chicago  Section  38,  282 ;  Collo- 
quium, 113, 282  ;  Eighth  Summer  Meeting,  190  ;  Election  of  Officeis, 
201  ;  Library,  373 ;  New  Members  Admitted,  2,  113,  201,  289,  373  ; 
Transactions,  38,  100,  199,  234,  362,  443. 

Analytical  Geometry  and  the  Theory  of  Forms,  Andoyer's  Lectures  on, 
H.  S.  White.  360. 

Andoyer's  (H. )  Lectures  on  the  Theory  of  Forms  and  Higher  Analytical 
Geometry,  Volume  I.,  H.  S.  White,  360. 

Anuals  of  Mathematics,  235,  362,  443. 

Annuaire  des  Math^matioiens,  320. 

Annuaire  pour  PAn  1901  du  Bureau  des  Longitudes,  E.  W.  Brown,  233. 

Annual  List  of  Published  Papers,  Tenth,  451. 

Meeting  of  the  American  Association  for  the  Advancement  of 

Science,  The  Forty-Ninth,  G.  A.  Miller,  79. 

Meeting  of  the  American  Mathematical  Society,  The  Seventh,  F. 


N.  Cole,  199. 

Register,  American  Mathematical  Society,  149,  234. 


Application  of  the  Vectorial  Method  of  Grassman  to  Infinitesimal  Geom- 
etry, Fehr's,  E.  B.  Wilson,  231. 

Applications  of  the  Differential  Calculus,  Tannenberg's  Geometrical,  L. 
P.  Eisenhart,  408. 

April  Meeting  of  the  American  Mathematical  Society,  The,  E.  Kasner, 
373. 

Meeting  of  the  Chicago  Section,  The,  T.  F.  Holgate,  383. 

Approximate  Construction  for  tt,  A  Curious,  G.  Peiroe.  426. 

Arabian  Mathematicans  and  Astronomers,  Suter's,  E^.  W.  Brown,  188. 

Archiv  fur  Mathematik  und  Physik,  192. 

Assemblage,  Finite  and  Infinite,  Theorems  Concerning  Positive  Defini- 
tions of,  C.  J.  Keyser,  218. 

Association,  American,  1,  79. 

British,  100,  235. 

German  Mathematical,  39. 

Astronomers  and  Mathematicians,  Arabian,  Snter's,  E.  W.  Brown,  188. 

Astronomy,  Berry's  Short  History  of,  E.  W.  Brown,  187. 
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simt  Tr:p}T,  L.  P.  Sarabart,  303. 
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Iv».wi  T-iT^  T   .'   :  ».  .X»r  KrrsCT,  C  J-,  218. 

IsTVT.  *.   v.,  ---   J**-  2:^:.  Lo^fTt,  E-  O.,  88,  157. 

r^  MfclTbie,  W.  H-,  14. 

C^r--    r    im  ViiiCT,  G.  A.,  79, 121,  350.  424. 

:.it  r  X,  1  —:.  :*.  2r*h     i^orkr,  f.,  21, 390. 

V  ,*.K'*u?t  .'    1-.  -<:>•  Kwirt.  E-  H-,  15. 
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